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PREFACE. 


HP  HE  aim  of  the  present  work  is  to  set  forth,  as  completely  as  the 
limitations  of  space  permit,  the  analytical  theory  of  the  motion  of 
those  dynamical  systems  which  have  a finite  number  of  degrees  of 
freedom. 

The  treatment  of  the  more  elementary  parts  of  the  subject,  which  is 
given  in  the  earlier  chapters,  is  intended  to  lead  up  continuously  to  that 
view  of  theoretical  Dynamics  which  has  become  prominent  in  recent 
researches,  and  which  is  presented  in  the  latter  part  of  the  book ; in 
particular,  the  soluble  problems  of  the  Dynamics  of  Particles  and  Rigid 
Bodies  are  discussed  in  what  appears  to  be  the  most  natural  place  in  the 
orderly  sequence  of  a general  theory.  Those  special  artifices  and  methods 
of  solution  which  are  available  only  for  small  groups  of  problems  have 
been  discarded  in  favour  of  a uniform  procedure. 

A large  proportion  of  the  subject-matter  has  hitherto  been  accessible 
only  in  scattered  memoirs  by  various  investigators,  among  whom  may  be 
mentioned  (to  take  only  such  as  are  of  comparatively  recent  date)  Lie, 
Rayleigh,  Klein,  Hertz,  Lorentz,  Poincare,  Siacci,  Bruns,  Boltzmann,  Larmor, 
Greenhill,  Appell,  Painleve,  Stackel,  and  Levi-Civita ; it  is  hoped  that  a 
connected  account  of  the  advances  due  to  these  and  other  workers  wil 
prove  a stimulus  to  further  research. 

It  would  ill  become  me  to  omit  mention  of  the  debt  which  I,  in  common 
with  all  English  students  of  Dynamics,  owe  to  the  influence  which  Dr  Routh 
has  so  long  exercised  on  the  study  of  the  science. 

My  grateful  thanks  are  due  to  Mr  J.  G.  Leathern,  M.A.,  Fellow  and 
lecturer  of  St  John’s  College,  Cambridge,  and  Mr  H.  C.  Plummer,  M.A., 
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of  the  University  Observatory,  Oxford,  who  with  great  kindness  have  read 
the  work  in  proof,  and  have  spared  no  pains  to  free  it  from  error.  I wish 
also  to  record  my  obligation  to  the  staff  of  the  University  Press  for 
much  courtesy  and  consideration  shewn  to  me  during  the  progress  of  the 
printing. 

E.  T.  WHITTAKER. 


Cambridge, 

November , 1904. 
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CHAPTER  I. 


KINEMATICAL  PRELIMINARIES. 

1.  The  displacements  of  rigid  bodies. 

The  name  Analytical  Dynamics  is  given  to  that  branch  of  knowledge 
in  which  the  motions  of  material  bodies,  considered  as  due  to  the  mutual 
interactions  of  the  bodies,  are  discussed  by  the  aid  of  mathematical  analysis. 

It  is  natural  to  begin  this  discussion  by  considering  the  various  possible 
types  of  motion  in  themselves,  leaving  out  of  account  for  a time  the  causes 
to  which  the  initiation  of  motion  may  be  ascribed ; this  preliminary  enquiry 
■constitutes  the  science  of  Kinematics.  The  object  of  the  present  chapter  is 
to  establish  a number  of  kinematical  theorems  which  will  be  required  in  the 
rest  of  the  work. 

Kinematics  is  in  itself  an  extensive  subject,  for  a complete  account  of  which  the  student 
is  referred  to  treatises  dealing  exclusively  with  it,  e.g.  that  of  Koenigs  (Paris,  1897).  In 
what  follows  we  shall  confine  our  attention  to  theorems  which  are  of  utility  in  the  appli- 
cations of  Kinematics  to  Dynamics. 

We  shall  say  that  a material  body  is  rigid  when  the  mutual  distance  of 
every  pair  of  specified  points  in  it  is  invariable,  so  that  the  body  does  not 
expand  or  contract  or  change  its  shape  in  any  way,  although  it  may  change 
its  position  with  reference  to  surrounding  objects. 

If  a rigid  body  is  moved  from  one  position  to  another,  the  change  of 
position  is  called  a displacement  of  the  body.  Certain  special  kinds  of 
displacement  have  received  specific  names ; thus,  if  the  position  in  space 
■of  every  point  of  the  body  which  lies  on  some  straight  line  L is  unchanged, 
the  displacement  is  called  a rotation  about  the  line  L ; if  the  position  in 
space  of  some  point  P of  the  body  is  unchanged,  the  displacement  is  called 
a rotation  about  the  point  P ; and  if  the  lines  joining  the  initial  and  final 
positions  of  each  of  the  points  of  the  body  are  a set  of  parallel  straight  lines 
of  length  l,  so  that  the  orientation  of  the  body  in  space  is  unaltered,  the 
displacement  is  called  a translation  parallel  to  the  direction  of  the  lines, 
through  a distance  l. 
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2.  Euler  s theorem  on  rotations  about  a point. 

Consider  a rigid  body,  one  of  whose  points  is  made  immoveable  by  some 
attachment ; suppose  that  the  body  is  free  to  turn  about  this  point  in  any 
manner,  and  let  any  two  possible  configurations  of  the  body  be  taken  : for 
convenience  we  shall  call  these  the  configuration  P and  the  configuration  Q. 
We  shall  now  shew  that  it  is  possible  to  bring  the  body  from  the  configuration 
P to  the  configuration  Q by  simply  rotating  it  about  some  definite  line 
through  the  fixed  point,  i.e.  that  a rotation  about  a point  is  always  equivalent 
to  a rotation  about  a line  through  the  point. 

To  establish  this  result  (which  was  first  given  by  Euler),  denote  the  fixed 
point  by  0 ; let  OA,  OB,  be  the  positions,  in  the  configuration  P,  of  two  lines 
through  the  fixed  point  which  are  fixed  in  the  body  and  move  with  it ; let 
OA',  OB',  be  the  positions  of  the  same  lines  on  the  configuration  Q.  Draw 
the  plane  which  is  perpendicular  to  the  plane  AO  A'  and  bisects  the  angle 
AO  A' ; and  draw  also  the  plane  which  is  perpendicular  to  the  plane  BOB' 
and  bisects  the  angle  BOB'.  Let  OC  be  the  line  of  intersection  of  these  two 
planes,  supposing  them  to  be  not  coincident;  if  they  are  coincident,  we 
denote  by  OC  the  line  of  intersection  of  the  planes  OAB  and  OA' B'. 

Then  clearly  in  either  case  the  line  OC  is  related  to  the  lines  OA',  OB', 
in  exactly  the  same  way  as  it  is  related  to  the  lines  OA  and  OB ; that  is  to 
say,  the  angles  AOC  and  BOC  are  respectively  equal  to  the  angles  A'OC  and 
B'OC.  It  follows  that  if  the  system  OABC  is  rotated  about  0 in  such  a way 
that  the  lines  OA  and  OB  come  into  the  positions  OA'  and  OB'  respectively, 
then  OC  will  retain  its  position  unchanged.  The  line  OC  is  therefore 
unaffected  by  the  displacement  in  question,  and  so  the  displacement  can 
be  represented  by  a rotation  through  some  angle  round  0(7;  which  proves 
the  theorem. 

When  a body  is  continuously  moving  round  one  of  its  points,  which  is 
fixed  in  space,  the  displacement  from  its  position  at  time  t to  its  position  at 
time  t + At,  can,  by  Euler’s  theorem,  be  obtained  by  rotating  the  body  about 
some  definite  line  through  the  fixed  point.  The  limiting  position  of  this 
line,  when  the  interval  At  is  indefinitely  diminished,  is  called  the  instantaneous 
axis  of  rotation  of  the  body  at  the  time  t. 

When  a body  is  continuously  moving  round  one  of  its  points,  which  is  fixed,  the  locus 
of  the  instantaneous  axis  in  the  body  is  a cone,  whose  vertex  is  at  the  fixed  point : the 
locus  of  the  instantaneous  axis  in  space  is  also  a cone  whose  vertex  is  at  the  fixed  point. 
Shew  that  the  actual  motion  of  the  body  can  be  obtained  by  making  the  former  of  these 
cones  (supposed  to  be  rigidly  connected  with  the  body)  roll  on  the  latter  cone  (supposed  to 
be  fixed  in  space).  (Poinsot.) 

A similar  proof  shews  that  if  any  two  positions  of  a plane  figure  in  the 
same  plane  are  given,  the  displacement  from  one  position  to  the  other  can  be 
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regarded  as  a rotation  about  some  point  in  the  plane.  This  point  is  called 
the  centre  of  rotation. 

When  the  body  is  regarded  as  continuously  moving,  the  small  displace- 
ment from  one  position  to  the  position  which  succeeds  it  after  an  infinitesimal 
interval  of  time  can  therefore  be  accomplished  by  a rotation  round  a point ; 
this  point  is  called  the  instantaneous  centre  of  rotation. 

' Example  1.  A lamina  moves  in  any  manner  in  its  plane.  Prove  that  the  locus  at  any 
instant  of  points  which  are  at  inflexions  of  their  paths  is  a circle,  which  touches  the  loci 
in  the  lamina  and  in  space  of  the  centre  of  instantaneous  rotation.  (Coll.  Exam.) 

4 Example  2.  A rigid  body  in  two  dimensions  is  subjected  successively  to  two  finite 
displacements  in  its  plane.  If  D2  be  the  line  joining  the  centres  of  displacement,  and  if 
Zfi  be  the  line  which  is  brought  into  the  position  Z>2  by  half  the  first  displacement  (i.e. 
by  rotation  through  half  the  angle),  and  if  Z>3  be  the  position  to  which  D2  is  brought  by 
half  the  second  displacement,  shew  that  the  centre  of  the  total  displacement  of  the  rigid 
body  is  the  intersection  of  Dx  and  Z>3.  (Coll.  Exam.) 

3.  Hamilton  s theorem. 

Any  two  successive  rotations  about  a fixed  point  can  be  compounded  into 
a single  rotation  by  means  of  a theorem  due  to  Hamilton*,  which  may  be 
stated  as  follows : 


Successive  rotations  about  three  concurrent  lines  fixed  in  space,  through  twice 
the  angles  of  the  planes  formed  by  them,  restore  a body  to  its  original  position. 

For  let  the  lines  be  denoted  by  OP,  OQ,  OR.  Draw  Op,  Oq,  Or,  per- 
pendicular to  the  planes  QOR,  ROP,  POQ,  respectively.  Then  if  a body  is 
rotated  through  two  right  angles  about  Oq,  and  afterwards  through  two  right 
angles  about  Or,  the  position  of  OP  is  on  the  whole  unaffected,  while  Oq  is 
moved  to  the  position  occupied  by  its  image  in  the  line  Or ; the  effect  is 
therefore  the  same  as  that  of  a rotation  round  OP  through  twice  the  angle 
between  the*  planes  PR  and  PQ,  which  we  may  call  the  angle  RPQ.  It 
follows  that  successive  rotations  round  OP,  OQ,  OR,  through  twice  the  angles 
RPQ,  PQR , QRP,  respectively,  are  equivalent  to  successive  rotations  through 
two  right  angles  about  the  lines  Oq,  Or,  Or,  Op,  Op,  Oq  ; but  the  latter 
rotations  will  clearly  on  the  whole  produce  no  displacement ; which  establishes 
the  theorem. 


4.  The  composition  of  equal  and  opposite  rotations  about  parallel  axes. 

A case  of  special  interest  is  that  in  which  a body  is  subjected  in  turn  to 
two  rotations  of  equal  amount  in  opposite  senses  about  two  parallel  axes. 

In  neither  displacement  is  any  point  of  the  body  displaced  in  a direction 
parallel  to  the  axes,  and  this  is  therefore  true  of  the  total  displacement. 
Moreover,  if  any  line  be  taken  in  the  body  in  a plane  perpendicular  to  the 

* Lectures  on  Quaternions,  § 344 ; the  proof  here  given  is  due  to  Burnside,  Acta  Math.  xxv. 
1902). 
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axes,  this  line  in  the  first  displacement  will  be  turned  through  an  angle 
equal  to  the  angle  of  rotation,  and  in  the  second  displacement  will  be  turned 
tack  through  the  same  angle;  so  its  final  position  will  be  parallel  to  its 
original  position ; which  evidently  can  be  the  case  for  every  line  without 
exception,  only  when  the  total  displacement  is  equivalent  to  a simple 
translation.  It  follows  that  two  successive  equal  and  opposite  rotations  about 
parallel  axes  are  equivalent  to  a translation  in  a direction  perpendicular  to 
the  axes ; or,  in  other  words,  a rotation  about  any  axis  is  equivalent  to 
a rotation  through  the  same  angle  about  any  axis  parallel  to  it , together  with 
a simple  translation  in  a direction  perpendicular  to  the  axis. 

The  converse  of  this,  namely  the  theorem  that  a rotation  of  a rigid 
body  about  any  axis , preceded  or  followed  by  a translation  in  a direction 
perpendicular  to  the  axis,  are  together  equivalent  to  a rotation  of  the  body 
about  a parallel  axis,  is  also  true,  being  essentially  the  same  as  the  result 
stated  in  § 2,  that  any  displacement  in  a plane  can  be  regarded  as  a rotation 
round  some  point  in  the  plane.  By  considering  the  angle  between  the 
initial  and  final  positions  of  any  line  which  is  perpendicular  to  the  axis  and 
moves  with  the  body,  we  see  that  the  angles  of  rotation  round  the  two  axes 
are  equal. 

5.  Ghasles  theorem  on  the  most  general  displacement  of  a rigid  body. 

We  shall  now  consider  displacements  of  a more  general  character.  It  is 
evident  that  a free  rigid  body  can  be  moved  from  any  one  selected  con- 
figuration P in  space  to  any  other  Q by  first  moving  some  selected  point  of 
the  body  from  its  position  in  the  configuration  P to  its  position  in  the 
configuration  Q,  each  of  the  other  points  of  the  body  being  moved  by  a simple 
translation  parallel  to  this  (so  that  the  body  is  oriented  in  the  same  way  after 
the  operation  as  before),  and  secondly  rotating  the  body  about  this  point  into 
the  configuration  Q.  By  Euler’s  theorem,  this  latter  operation  can  be 
performed  by  simply  rotating  the  body  about  a line  through  the  point ; so 
we  see  that  the  most  general  displacement  of  a rigid  body  can  be  obtained  by 
first  translating  the  body,  and  then  rotating  it  about  a line. 

We  shall  now  shew  that  the  line  about  which  the  rotation  takes  place  can 
be  so  chosen,  that  the  motion  of  translation  is  parallel  to  this  line.  For  let  A 
be  the  initial  position  of  any  point  of  the  body,  and  B the  position  to  which 
this  point  is  brought  by  the  motion  of  translation.  Let  AK  be  the  line 
through  A parallel  to  the  line  round  which  the  rotation  takes  place,  and  let 
K be  the  foot  of  the  perpendicular  from  B on  AK.  Then  the  motion  of 
translation  can  evidently  be  accomplished  in  two  stages,  the  first  of  which  is 
a translation  parallel  to  the  line  about  which  the  rotation  takes  place, 
bringing  the  point  A to  the  position  K,  and  the  second  of  which  is 
a translation  perpendicular  to  the  line  about  which  the  rotation  takes  place, 
bringing  the  point  K to  the  position  B.  But  by  § 4,  the  second  translation, 
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together  with  the  rotation  which  follows  it,  are  together  equivalent  to 
a simple  rotation  about  a new  axis  parallel  to  the  first  one.  If  therefore  any 
point  on  this  axis  be  taken  as  base  point,  the  whole  displacement  can  be 
accomplished  by  a translation  of  the  body  parallel  to  a certain  line  through 
this  point,  together  with  a rotation  about  this  line ; this  establishes  the 
theorem,  which  was  first  given  by  Chasles. 

This  combination  of  a translation  and  a rotation  round  a line  parallel  to 
the  direction  of  translation  is  called  a screw ; the  ratio  of  the  distance  of 
translation  to  the  angle  of  rotation  is  called  the  pitch  of  the  screw.  It  is 
clear  that  in  a screw  displacement,  the  order  in  which  the  translation  and 
rotation  take  place  is  indifferent. 

6.  Hcdpherfs  theorem  on  the  composition  of  two  general  displacements. 

Halphen  has  shewn  * how  to  determine  geometrically  the  resultant  of  any  two  screw- 
displacements  as  a screw-displacement. 

Let  A1  and  A2  denote  the  axes  of  the  two  screws,  and  A12  their  common  perpendicular. 
Let  B1  be  the  line  which  is  brought  to  the  position  A12  by  half  the  first  displacement 
(i.e.  half  the  translation,  and  rotation  through  half  the  angle),  and  let  B2  be  the  line  to 
whose  position  AX2  is  brought  by  half  the  second  displacement ; let  C denote  the  common 
perpendicular  to  the  lines  B1  and  B2.  Halphen’s  result  is  that  the  axis  of  the  resultant 
screw-displacement  is  C,  and  the  displacement  is  twice  that  which  brings  the  line  B1  to  the 
position  B2. 

For  let  Bx  and  D2  be  lines  such  that  half  the  given  displacements  will  bring  A12  to  the 
position  JD1  and  D2  to  the  position  A12  respectively,  and  let  C'  be  the  common  perpendicular 
to  B1  and  B2. 

The  figure  thus  obtained,  and  that  which  is  obtained  from  it  by  rotating  it  through  two 
right  angles  about  A12 , evidently  coincide  ; whence  we  have  the  relations  : 

Intercept  made  on  Bx  by  A1  and  C=  Intercept  made  on  JD1  by  Ax  and  C', 

Intercept  made  on  B2  by  A2  and  G—  Intercept  made  on  D2  by  A2  and  C', 

Intercept  made  on  C by  B1  and  B2  = Intercept  made  on  C'  by  Bx  and  Z>2, 

Angle  between  the  planes  AXBX,  Bx G=  Angle  between  the  planes  AXBX,  BXG\ 

Angle  between  the  planes  A2B2x  B2G=  Angle  between  the  planes  A2B2,  B2C' , 

Angle  between  Bx  and  B2  = Angle  between  Bx  and  B2. 

It  follows  that  the  screw  about  Ax  brings  G to  the  position  of  C'  produced,  the  inter- 
section of  Bx  and  C being  brought  to  the  position  of  the  intersection  of  Bx  and  C' ; and 
then  the  screw  about  A2  brings  C'  to  the  position  of  G produced,  the  intersection  of 
B2  and  G’  being  brought  to  the  intersection  of  B2  and  G ; so  G is  the  axis  of  the  resultant 
screw,  and  the  amount  of  the  translation  is  twice  the  intercept  made  on  G by  Bx  and  B2. 
Also  the  line  Bx,  which  by  the  first  screw  is  brought  to  the  position  Bx,  is  by  the  second 
brought  to  a position  making  the  same  angle  with  B2  that  B2  makes  with  B1 ; and  therefore 
the  rotation  of  the  resultant  screw  is  twice  the  angle  between  B2  and  Bx . This  establishes 
Halphen’s  theorem. 

Example.  Shew  that  any  infinitesimal  displacement  of  a rigid  body  can  be  obtained 
by  the  composition  of  two  infinitesimal  rotations  round  lines,  and  that  one  of  these  lines 
can  be  arbitrarily  chosen. 

* Nouvelles  Annales  de  Math.  (3)  i.  p.  298  (1882).  The  proof  given  here  is  due  to  Burnside, 
Mess,  of  Math.  xix.  p.  104  (1889). 
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7.  Analytic  representation  of  a general  displacement 

We  shall  now  see  how  any  displacement  of  a rigid  body  can  be  represented 
analytically. 

Let  rectangular  axes  Oxyz  be  taken,  fixed  in  space  : these  will  be  supposed 
to  form  a right-handed  system,  i.e.  if  the  axes  are  so  placed  that  Oz  is  directed 
vertically  upwards  and  Oy  is  directed  to  the  northern  horizon,  then  Ox  will 
be  directed  to  the  east.  Let  the  displacement  considered  be  equivalent  to  a 
rotation  through  an  angle  co  about  a line  whose  direction -angles  are  (a,  /3,  7), 
and  which  passes  through  a point  A whose  coordinates  are  (a,  b,  c ),  together 
with  a translation  through  a distance  d parallel  to  this  line.  The  angle  co 
must  be  taken  with  its  appropriate  sign,  the  sign  being  positive  when  the  line 
(a,  /3,  7)  being  directed  vertically  upwards,  the  rotation  from  the  southern 
horizon  to  the  northern  is  round  by  the  east.  Let  the  point  P whose 
coordinates  are  {x,  y , z)  be  brought  by  the  displacement  to  the  position  of  the 
point  Q ( X , Y,  Z) ; and  let  the  point  P be  brought  by  the  translation  alone 
to  the  position  of  the  point  R (£,  77,  J) ; then  we  have  evidently 
£ = x + d cos  a,  r]  = y + d cos  /3,  f = z 4-  d cos  7. 

Let  K be  the  foot  of  the  perpendicular  from  R (or  Q)  on  the  axis  of 
rotation,  and  let  L be  the  foot  of  the  perpendicular  from  Q on  KR.  Then 
we  have 

X — £ = projection  of  the  broken  line  RLQ  on  the  axis  Ox, 

it  being  understood  that  projections  have  their  appropriate  signs,  so  that  the 
projection  of  a line  AB  on  the  axis  of  x is  (xB  — xA),  not  (xA  — xB). 

Now  the  projection  of  KR  on  the  axis  Ox  is 

£ — a — (projection  of  AK  on  the  axis  Ox) 
or  f — a — cos  a {(f  — a)  cos  a + (77  — b)  cos  /3  + (f  — c)  cos  7}, 

and  as  RL  = — (1  — cos  co)  KR,  it  follows  that  the  projection  of  RL  on  the 
axis  Ox  is 

— (1  — cos  co)  [f  — a — cos  a {(£  — a)  cos  a + (rj  — b)  cos  A 4-  (f  — c)  cos  7}]. 

Moreover,  the  line  LQ  is  normal  to  the  plane  RKA , and  its  direction-cosines 
are  therefore  proportional  to  the  quantities 

(f  — c)  cos  /3  — (77  — 6)  cos  7,  (f  — a)  cos  7 — (f  — c)  cos  a, 

(77  — b)  cos  cl  — (£  — a)  cos  /3, 

and  since  the  sum  of  the  squares  of  these  three  quantities,  divided  by  the 

A 

expression  {(f  — a)2  -1-  (y  — b)2  + (f  — c)2},  represents  the  quantity  sin2  RAK,  it 
follows  that  the  sum  of  the  three  squares  is  equal  to  KR?,  and  the  three 
quantities  themselves  are  the  projections  on  the  axes  of  a length  ± KR 
measured  along  the  line  LQ.  Since  LQ  = + KR  sin  co,  the  projection  of  LQ 
on  the  axis  Ox  is  therefore 

+ sin  co  {(f  — c)  cos  /3  — (rj  — b)  cos  7). 
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On  considering  a special  case,  e.g.  supposing  that  the  axis  of  rotation  is  the 
axis  Oz , we  see  that  the  upper  sign  is  correct ; and  thus  we  have 
X — £ = — (1  — cos  ®){(f  — ct)  — cos2a(f  — a) 

— cos  a cos  /3(7j  — b)  — cos  a cos  7 (f — c)} 

+ sin  « {cos  /3  (f  — c)  — cos  7 (77  — 6)}. 

Substituting  for  f,  77,  f,  their  values  in  terms  of  a?,  y,  z , we  have 
X = ^ + c£  cos  a — (1  — cos  ft>)  {(#  — a)  sin2  a 

— cos  a cos  /3  (y  — b)  — cos  a cos  7 (2  — c)} 

+ sin  « {cos  /3(z  — c ) — cos  7 (y  — 6)}. 

Similarly  we  have 

F=  y + c?  cos  /3  — (1  — cos  co)  {{y  — b)  sin2  /3 

— cos  ft  cos  7 (z  — c)  — cos  /3  cos  a (a?  — a)} 

+ sin  co  {cos 7 (00  — a)  — cos  ol{z  — c)} 

and  Z=z  + d COS7  — (1  — cos  co) {(z  — c)  sin2 7 

— cos  7 cos  a(x  — a)  — cos  7 cos  ft(y  — 6)} 

+ sin  co  {cos  a(y—b)—  cos  — a)}. 

These  equations  give  the  new  coordinates  X,  Y,  Z,  in  terms  of  the 
coordinates  x,  y,  z,  of  the  original  position  of  the  point  and  the  quantities 
which  define  the  displacement. 

8.  The  composition  of  small  rotations. 

We  shall  now  apply  the  last  result  to  the  case  in  which  the  rotation  is 
infinitesimal,  the  axis  of  rotation  passing  through  the  origin  and  there  being 
no  motion  of  translation.  We  shall  write  8\jr  for  ft),  where  Syjr  is  a small 
quantity  whose  square  can  be  neglected.  The  equations  of  the  last  article 
now  become 

X — x + (z  cos  (3  — y cos  7) 

- Y = y + (x  cos  7 — z cos  a)  8^ 

Z = z + (y  cos  a —x  cos  /3)  8^. 

But  these  are  the  equations  which  we  should  obtain  if  we  successively  (in 
any  order)  subjected  the  body  to  infinitesimal  rotations  cos  a . 8yfr  about  Ox, 
cos  /3 . 8\fr  about  Oy,  and  cos  7 . 8yjr  about  Oz.  It  follows  that  any  small  rota * 

A 

tion  8\Jr  about  a line  OK  is  equivalent  to  successive  small  rotations  8 ^ . cosKOx 

A A 

about  Ox,  8yfr . cos  KOy  about  Oy,  and  8^/r . cos  KOz  about  Oz,  where  Ox,  Oy,  Oz, 
are  any  three  mutually  perpendicular  lines  which  intersect  OK  in  one  of  its 
points,  0. 

9.  The  parametric  specification  of  rotations  round  a point. 

The  analytic  expressions  for  the  translational  part  of  a displacement  are, 
as  we  have  seen,  extremely  simple ; but  the  expressions  for  the  rotational 
part  are  not  so  simple,  and  these  will  now  be  further  considered.  Suppose 
then  that  a rigid  body  is  rotated  through  an  angle  co  about  a line  through 
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the  origin,  whose  direction-angles  are  a,  ft,  y.  By  § 7,  the  coordinates 
( X , Y,  Z)  of  the  new  position  of  a point  whose  original  coordinates  were 
(x,  y , z)  are  giveh  by  the  equations 

< Ge) 

X — x—2  sin2  — ( x sin2  a - y cos  a cos  ft  — z cos  a cos  7) 

„ . ft)  co  . 

+ 2 sm  — cos  -{zcosft  — y cos  7), 


CO 


Y = y — 2 sin2  — {y  sin2  ft  — z cos  ft  cos  7 — x cos  ft  cos  a) 


^ . CD  CD  / x 

+ 2 sm  — cos  g (#  cos  7 — z cos  a), 


a? 


Z = z — 2 sin2  — (z  sin2  7 — x cos  a cos  7 — y cos  ft  cos  7) 
A 


~ . CO  CO  / 

+ 2 sm  — cos  — (y  cos  a — x cos  ft). 


Now  introduce  parameters  77,  defined  by  the  equations 


„ . ft)  . ft)  u .&)  co 

f = cos  asm-,  77  = cos  78  sm  — , £ = cos  y sm  — , % = cos  — ; 

these  parameters  evidently  satisfy  the  identical  relation 

P + ^+?2  + X2=l, 

and  the  above  equations  can  be  written  in  the  form 

x = (S2  - v2  - P + Xs) x + 2 ( - &)  y + 2 (I?  + w) *> 

■ r = 2 (fi?  + ?%)  * + (-  £*  + rf  - K2  + x2)  y + 2 (1??  - &)  2, 

/ = 2 (f?-  ’/x)  x + 2 + fx)  y + (-  f2  - v2  + ?2  + x2)  *• 

If  therefore  the  coordinate  axes  are  denoted  by  OXYZ,  and  if  moveable 
axes  which  originally  coincide  with  these  are  brought  into  the  position  Oxyz 
by  the  given  rotation,  the  direction-cosines  of  the  two  sets  of  axes  with 
reference  to  each  other  are  given  by  the  following  scheme : 


X 

r 

z 

• 

X 

e-v2-c2+x2 

2(^  + Cx) 

2(^-»7x) 

y 

2(f  V-(X) 

-&  + r,2-C2+X2 

2 M+&) 

z 

2(IC+^x) 

2 (vC-£x) 

-fW+f+x2 

Example.  Shew  that  the  parameters  (£",  77",  £",  /'),  corresponding  to  the  resultant  of 
two  successive  displacements  (£',  77',  %')  and  (£,  77,  £,  x),  are  given  by  the  equations 

rr=  +,?c'  -tv+xf* 
r= 

^x"=  xx'-£?-w'  - CC- 


(Rodrigues.) 
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10.  The  Eulerian  angles. 

The  most  practically  useful  of  the  various  methods  of  parametrically 
representing  the  displacement  of  a rigid  body  due  to  a rotation  round  a fixed 
point  is  one  due  to  Euler : it  has  the  disadvantage  of  being  unsymmetrical, 
but  is  otherwise  very  simple  and  convenient. 

Let  0 be  the  fixed  point  round  which  the  rotation  takes  place,  and  let 
OXYZ  be  a right-handed  system  of  rectangular  axes  fixed  in  space.  Let 
Oxyz  be  rectangular  axes  fixed  relatively  to  the  body  and  moving  with  it, 
and  such  that  before  the  displacement  the  two  sets  of  axes  OXYZ  and  Oxyz 
are  -coincident  in  position.  Let  OK  be  perpendicular  to  the  plane  zOZ, 
drawn  so  that  if  OZ  is  directed  to  the  vertical  and  the  projection  of  Oz 
perpendicular  to  OZ  is  directed  to  the  south,  then  OK  is  directed  to  the  east. 

Denote  the  angles  zOZ , MOK,  yOK,  by  6,  <p>,  yfr,  respectively ; these  are 
known  as  the  three  Eulerian  angles  defining  the  position  of  the  axes  Oxyz 
with  reference  to  the  axes  OXYZ. 

In  order  to  find  the  direction-cosines  of  Ox , Oy , Oz,  with  respect  to  OX, 
we  observe  that  these  are  equal  to  the  projections  on  Ox,  Oy,  Oz  respectively, 
of  a unit  length  measured  along  OX.  Now  this  unit  length  has  projections 
cos  cp  along  OL  and  — sin  </>  along  OK,  where  OL  is  the  intersection  of  the 
planes  XOY  and  ZOz ; but  a length  cos  </>  along  OL  has  projections  cos  cp  sin  0 
along  Oz  and  qos  cp  cos  0 along  OM,  where  OM  is  the  intersection  of  the 
planes  xOy  and  ZOz  f and  a length  cos  cp  cos  6 along  OM  has  projections 

cos  cp  cos  6 cos  yjr  along  Ox  and  — cos  cp  cos  6 sin  yjr  along  Oy  ; also,  a length 

— sin  cp  along  OK  has  projections  — sin  </>  sin  ^ along  Ox  and  — sin  cp  cos  yjr 
along  Oy.  Hence  finally  the  projections  on  Ox,  Oy,  Oz  respectively  of  the 
unit  length  measured  on  OX  are 

cos  cp  cos  6 cos  y/r  — sin  cp  sin  yfr  along  Ox, 

■ — cos  cp  cos  6 sin  yfr  — sin  cp  cos  yfr  along  Oy, 

k cos  cp  sin  6 along  Oz. 

Proceeding  in  this  way,  we  obtain  for  the  direction-cosines  of  the  two  sets  of 
axes  OXYZ  and  Oxyz  with  respect  to  each  other  the  following  scheme  : 


x 


y 


X Y Z 


cos  cf)  cos  0 cos  — sin  $ sin  \/s 

sin  cp  cos  6 cos  + cos  <p  sin 

— sin  6 cos 

— cos  (p  cos  6 sin  - sin  (p  cos 

— sin  <p  cos  6 sin  yp-  + cos  cp  cos  \p 

sin  $ sin 

cos  <p  sin  6 

sin  <p  sin  6 

cos  6 

z 
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11.  Connexion  of  the  Eulerian  angles  with  the  'parameters  £,  77,  %. 

The  relations  between  the  Eulerian  angles  0,  <j),  and  the  parameters 
V’  S’  X § 9 may  be  obtained  by  comparing  the  schemes  of  direction- 
cosines  which  have  been  given  in  §§  9 and  10  ; they  may  however  be  obtained 
directly  as  follows : 

Let  OXYZ  and  Oxyz  be  the  fixed  axes  and  the  axes  derived  from  these 
by  the  rotation  co  round  a line  OR,  whose  direction -angles  are  (a,  j3,  7). 
Draw  a sphere  of  unit  radius  with  the  point  0 as  centre,  so  that  planes 
passing  through  0 intersect  the  sphere  in  great  circles,  and  lines  intersect  the 
sphere  in  points.  Then  in  the  spherical  triangle  RZz,  the  sides  are  7,  7,  0, 
and  the  angle  at  R is  co ; whence  we  have  the  relation 

. 0 . co 

sin  ^ = sin  7 sin  - . 
z z 


Moreover,  let  v denote  the  angle  RZY,  so  RZz  = - — $ — v.  Then  the 

arc  RZ  is  brought  to  the  position  Rz  by  successive  rotations  about  Z, 
0 about  the  pole  of  Zz,  and  yfr  about  z ; but  the  first  of  these  transforms  RZ 

7 y 77" 

into  an  arc  making  an  angle  ^ — </>  — v + <j>  or  — — v with  Zz,  at  Z ; the 

second  rotation  transforms  this  into  an  arc  making  the  same  angle  ^ — v 
with  Zz,  but  passing  through  z ; and  the  third  rotation  transforms  it  into  an 

77" 

arc  making  an  angle  - — v + y]r  with  Zz,  at  z.  But  this  angle  must  be  equal 

rr 

7 r , 7r  . 


to  7 7 — RzZ,  or  7 r — RZz,  or  7 r — 


, or  ^ + <f>  + v ; so  we  have 


or 


,\J/'  — 


Hence,  since  in  the  spherical  triangle  RZX  the  sides  are  a,  7,  T , and  the 


angle  at  Z is  ^ — v or  ^ , we  have 

A jL  L 


cos  a = sm  7 sin 


Substituting  for  sin  7 from  the  equation  already  found,  this  gives 
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Similarly  from  the  spherical  triangle  RZY  we  have 

. \Ir  — <b 

COS  j8  = sm  ry  COS  T ^ , 

and  again  eliminating  sin  7,  we  have 

a . co  .6  'dr  — 6 
cos  p sm  - = sm  ^ cos  - - , 


11 


or 


. 6 dr  — cb 

V — sm  2 cos 


Moreover,  since  we  have  shewn  that  in  the  spherical  triangle  RZz  the  sides 


are  7,  7,  0,  and  the  angles  are  — 

z 

relations 


7 r yjr  + </>  7 r + cj> 


, co,  we  have  the 


(o  6 dr  + <f> 

cos  - = cos  2 COS  — 


and 


or 


co 


sm  - cos  7 = cos  - sm 
A 


6 . dr  + 6 
2S1“  2 


e ^ + 4, 

X = cos^oos^-^- 

y 6 . ijr  + <j> 
b = cos  - sm  r-  y 


The  four  parameters  77,  are  expressed  in  terms  of  the  Eulerian 
angles  6,  <p,  \jr,  by  the  relations 

. 6 . dr  — cb 

% = sm  g Sln ^2  ’ 

# dr  — cb 
V = sm  - cos  r 2 y , 

y 0 . yfr  + fj) 

? = cos  g sm 

0 dr  + <t> 

\X=cos2cos2~  ■ 


12.  The  parameters  of  Klein. 

A rotation  round  a fixed  point  may  also  be  specified  by  another  set  of 
parameters,  of  which  Klein  has  made  considerable  use ; these  parameters, 
which  will  be  denoted  by  a,  ft,  7,  8,  are  connected  with  the  parameters  f,  77,  £, 
X,  by  the  equations 

P = ^L  v = ^±y  {.ml  Y = — 

* 2 * V 2i  ’ * 2i  ’ X 2 5 
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so  that  Klein’s  parameters  are  connected  with  the  Eulerian  angles  6 , <£,  yjr  by 
the  equations 


0 w (<#»+</') 

a.  = cos  2'  e > 

. . 6 £(*-*) 
y = i sin  ^ • e 

Q ..  6 Ut-M 

rs  0 ~ (~(f>-^) 

ft  = ism  -e2 

o = cos  - . el 

These  parameters  clearly  satisfy  the  relation 

a.8  — fty  = 1 ; 

and  replacing  the  quantities  £,  rj , ^ in  the  scheme  of  direction-cosines 

given  in  § 9 by  their  values  in  terms  of  a,  ft,  y,  8,  we  have  for  the  values  of 
the  direction-cosines  in  terms  of  a,  ft,  y,  8,  the  following  scheme  : 


X 

Y 

z 

X 

l(a2+/32  + y2  + g2) 

I(_a»-jS»+y+8») 

i (ay + (38) 

y 

i(a*-F-y2  + 8*) 

— ay  + /3d 

z 

-i(a$  + y8) 

— a/3  + y8 

a8  +(3y 

The  interest  of  Klein’s  parameters  arises  chiefly  from  their  connexion 
with  the  linear  substitution 

jX1  = axx  + ftx2, 

(^-5^2 = 8x2. 

This  connexion  is  illustrated  by  the  following  examples,  which  may  easily  be 
verified. 

t Example  1.  Shew  that  the  parameters  (a",  /3",  y",  8")  corresponding  to  the  resultant 
of  two  successive  displacements  (a,  /S',  y,  8')  and  (a,  /3,  y,  8)  are  given  by  the  equations 

a"  = a a + yfi,  /3"  = a/3'  + /3 8', 
y" = y a + 8y,  8"  = y/3'  + 88'. 

These  equations  shew  that  the  substitution 

— a Xi+(3"x2, 
l JT2  = y"xx  + 8" x 2, 

is  the  result  of  performing  in  succession  the  two  substitutions 

{Xx  = aX1  + fi'x2  f Xx  — axx  + &X2 

and  i 

X2 = yxx  + 8'x  2 Ui2 = yxx  + 8x2  . 

„ Example  2.  If  from  the  equations 

Xl  = ax ! + (3x2  , 

X2  = yx±  -f-  8x  2 j 
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the  quantities  Xx2,  X22,  XxX2  are  formed,  and  if  these  quantities  are  regarded  as  umbral 
symbols  and  the  quantities  Xx2,  X22$  X1X2,  xx2,  x£,  xxx2  are  replaced  by  -Y+iX, 
Y+iX,  Z,  -y+ix,  y+ix,  z , respectively,  shew  that  the  equations  obtained  are 

( - Y+iX=a2  ( — y + ix)  + Zafiz  + /32  (y + ix), 

J Y+iX=y2  ( -y+ix)  + 2y8z+d2(y  + ix ), 

( Z = ay  (-y  + ix)  + (ad  + l3y)  z + fid  (y+ix), 


and  that  these  are  the  three  equations  connecting  the  coordinates  (X,  Y,  Z)  of  a point 
referred  to  the  axes  OXYZ  with  its  coordinates  (x,  y,  z)  referred  to  the  axes  Oxyz. 


v Example  3.  If 


and 

shew  that 


—y  + ix  : y +ix  : z=XX  : 1 : \ (X  + X'), 
- Y+iX  : Y+iX  : ^’=X1X1' : 1 : i^  + Xf), 


^ _ aX  + /3 
Al~y^+d 


and  X/  = 


aX  + /3| 
yX  + 8 ’ 


13.  Vectors. 

We  now  proceed  to  consider  the  essential  features  involved  in  the 
displacement  by  simple  translation  of  a rigid  body. 

The  operation  of  translation  in  itself,  considered  apart  from  the  body 
translated,  evidently  possesses  the  following  properties: 

1°.  It  can  be  completely  specified  by  any  one  of  the  equal  and  parallel 
lines  of  space  which  have  a given  length  (viz.  the  distance  of  the  translation) 
and  given  direction  (viz.  the  direction  of  the  translation) ; since  such  a line 
furnishes  all  the  data  which  describe  the  operation. 

2°.  If  AB  be  one  of  these  lines,  and  AGDE...KB  be  a broken  line 
joining  its  extremities,  then  the  operation  represented  by  AB  is  equivalent 
to  the  sum  of  the  operations  represented  by  A G,  CD,  DE,  . . . KB. 

These  properties  1°  and  2°  are  possessed  by  a large  number  of  operations 
and  quantities  other  than  the  operation  of  translation;  any  operation  or 
. quantity  which  possesses  them  is  called  a vector  quantity. 

By  2°,  a vector  AB  is  equivalent  to  the  sum  of  three  vectors  AK,  KL,  LB , 
respectively  parallel  to  three  given  rectangular  axes,  and  forming  a broken 
line  joining  the  points  A and  B.  These  three  vectors  are  called  the 
components  of  the  vector  AB  along  the  given  axes.  If  l be  the  length  and 
(a;  7)  the  direction- angles  of  AB,  the  lengths  of  the  component  vectors  are 

clearly  ( l cos  a,  l cos  ft,  l cos  y),  being  in  fact  the  projections  of  AB  on  the  axes. 

A single  vector  which  is  equivalent  to  any  number  of  given  vectors  is 
called  their  resultant. 


If  a vector  is  conceived  as  varying  in  dependence  on  a parameter  (e.g.  the 
time),  the  difference  between  the  vectors  corresponding  to  any  two  values  of 
the  parameter  is  also  a vector,  and  hence  the  rate  of  change  of  the  vector 
with  respect  to  the  parameter  is  also  a vector,  whose  components  are  the 
rates  of  change  of  the  corresponding  components.  This  is  called  the  flux 
of  the  vector  with  respect  to  the  parameter. 
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14.  Velocity  and  acceleration ; their  vectorial  character. 

Consider  now  a body  which  is  being  continuously  translated  (though  not 
necessarily  always  in  the  same  direction)  without  any  change  of  orientation. 
Its  total  translation  to  any  time  t is  a vector  quantity,  and  hence  the  rate  at 
which  this  changes  with  the  time,  i.e.  its  time-flux,  is  also  a vector  quantity, 
which  is  called  the  velocity  of  the  body ; if  x , y , 2,  are  the  coordinates  referred 
to  fixed  axes  of  any  point  fixed  in  the  body  and  moving  with  it,  then  the  com- 
ponents of  the  velocity  referred  to  these  axes  are  the  rates  of  change  of  x,  y,  z , 
i.e.  are  x,  ij,  z (where  dots  denote  differentiations  with  respect  to  the  time  t). 

Similarly  the  rate  of  change  of  the  velocity  is  again  a vector,  whose 
components  are  x , y,  z (two  dots  indicating  second  derivates  with  respect 
to  the  time) ; this  vector  is  called  the  acceleration  of  the  body. 

It  is  clear  that  if  P and  Q are  two  moving  points,  the  vector  which 
represents  the  translation  (or  velocity,  or  acceleration)  of  Q is  the  sum  of  the 
vector  which  represents  the  translation  (or  velocity,  or  acceleration,  as  the 
case  may  be)  of  P and  the  vector  which  represents  the  translation  (or  velocity, 
or  acceleration)  of  Q relative  to  P,  i.e.  of  Q referred  to  axes  whose  origin 
moves  with  P,  and  whose  directions  are  invariable. 

15.  Angular  velocity:  its  vectorial  character. 

Consider  next  a body  which  is  rotating  continuously  about  a line.  Let  6 
denote  the  angle  turned  through  at  any  time  t : then  0 represents  the  speed 
of  turning  at  the  time  t.  If  from  any  point  on  the  line  round  which  the 
rotation  takes  place  a segment  whose  length  represents  6 is  measured  along 
the  line,  this  segment  will  evidently  furnish  a complete  specification  of  the 
nature  of  the  rotation  at  the  instant  t , or  (as  it  is  generally  expressed)  of 
the  angular  velocity  of  the  body.  The  direction  in  which  the  segment  is 
measured  from  the  base-point  is  to  be  connected  with  the  sense  of  rotation 
by  the  usual  convention,  namely  that  when  the  segment  is  directed  vertically 
upwards  the  rotation  from  the  southern  horizon  to  the  northern  is  round  by 
the  east. 

An  angular  velocity  is  therefore  represented  by  a line  of  definite  length 
and  direction.  Now  by  § 8,  if  a body  one  of  whose  points  0 is  fixed 
experiences  a small  rotation  Sy/r  round  any  line  OK,  this  displacement  is 
equivalent  to  successive  small  rotations  8^  cos  a round  Ox,  8yfr  cos  round 
Oy,  and  Si/r  cos  7 round  Oz,  where  Ox,  Oy,  Oz,  are  any  three  mutually 
perpendicular  lines  passing  through  0 and  (a,  (3,  7)  are  the  direction-angles 
of  OK  with  reference  to  Oxyz.  From  this  it  is  clear  that  we,  can  regard  an 
angular  velocity  represented  by  a length  yjr  measured  on  OK  as  equivalent 
to  angular  velocities  represented  by  lengths  ^ cos  a,  yjr  cos  /3,  cos  7, 
measured  along  Ox,  Oy,  Oz,  respectively. 

But  this  is  essentially  the  fundamental  property  of  vectors,  and  can  be 
expressed  by  the  statement  that  angular  velocities  can  be  resolved  and 
compounded  according  to  the  vectorial  law. 
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It  must  be  observed  however  that  an  angular  velocity  does  not  fulfil  all 
the  conditions  which  enter  into  the  definition  of  a vector,  for  an  angular 
velocity  about  one  line  is  not  equivalent  to  an  angular  velocity  of  the  same 
magnitude  about  a parallel  line.  Angular  velocity  must  therefore  be  regarded 
as  a vector  which  is  localised  along  a definite  line. 

Example.  A right  circular  cone  of  semi-vertical  angle  ft  rolls  without  sliding  on  a plane. 
To  find  its  instantaneous  axis  of  rotation , and  to  determine  its  angular  velocity  about  this 
axis  in  terms  of  the  angular  velocity  of  the  line  of  contact  in  the  plane. 

Since  all  points  of  the  generator  which  is  in  contact  with  the  plane  are  instantaneously 
at  rest  (for  there  is  no  sliding),  this  generator  is  the  instantaneous  axis  of  rotation  of 
the  cone.  Let  a>  denote  the  angular  velocity  of  the  cone  about  this  generator,  and  let  6 
denote  the  angular  velocity  of  the  line  of  contact  in  the  plane.  Then  the  motion  of  the 
axis  of  the  cone  can  be  represented  by  an  angular  velocity  6 round  the  normal  to  thf 
plane,  and  the  whole  motion  of  the  cone  is  compounded  of  this  together  with  a rotatioi 
round  the  axis  of  the  cone.  It  follows  that  the  component  of  angular  velocity  of  the  con 
about  a line  through  the  vertex  of  the  cone  perpendicular  to  the  axis  is  6 cos  ft  ; br 
this  must  equal  the  resolved  part  of  co  in  this  direction,  which  is  o>  sin  ft.  We  ha.’ 
therefore 

o)  = 6 cot  ft, 

which  is  the  required  relation  between  o>  and  6. 

16.  Determination  of  the  components  of  angular  velocity  of  a system 
terms  of  the  Eulerian  angles , and  of  the  symmetrical  parameters . 

The  position  at  any  time  of  a rigid  body  which  is  continuously  mov 
about  a fixed  point  0 is  most  conveniently  described  by  taking  two 
of  rectangular  axes,  of  which  one  set  OXYZ  are  fixed  in  space,  while 
other  set  Oxyz  are  fixed  relatively  to  the  body,  and  move  with  it; 
position  of  the  body  being  then  specified  by  the  three  Eulerian  angles  6,  c 
which  define  the  position  of  the  axes  Oxyz  relatively  to  the  axes  01 
We  shall  now  determine  the  components,  along  the  moving  axes,  of 
angular  velocity  of  the  body  at  any  instant. 

Let  OK  denote  the  line  of  intersection  of  the  planes  XOY  and  xOy  • 
angular  velocity  of  the  system  is  evidently  compounded  of  angular  velc 
6 about  OK,  <£>  about  OZ,  and  yjr  about  Oz.  Of  these,  the  first  c 
replaced  according  to  the  vectorial  law  by  angular  velocities  6 sin  ^ ab< 
and  9 cos  ^ about  Oy ; and  the  second  can  be  resolved  into  — (f>  sin  6 
about  Ox,  cj)  sin  6 sin  about  Oy,  and  cj>  cos  6 about  Oz.  So  fin 
«!,  ft)2,  ft)3,  denote  the  components  of  angular  velocity  of  the  body  ab< 
axes  Ox,  Oy,  Oz,  respectively,  we  have 

’ co1  = 9 sin  ^lr  — cj)  sin  6 cos  yjr, 

• ft)2  = 6 cos  yjr  + (f>  sin  9 sin  yjr, 
cos  = yjr  + (f>  cos  9. 
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From  these  expressions  we  can  at  once  deduce  the  values  of  a <)1}  co2,  co3, 
in  terms  of  the  symmetrical  parameters  f,  ? 7,  %,  of  § 9 ; for  we  have 


1 _ d + <t>\  d ~ <l>\ 
9 dt\  2 ) dt\  2 ) 


d 

dt 


,1 

X 


-J 


Similarly  we  have 


md  we  have 


= , xi-  Zx 

P + i?*  ?2  + x2 ' 

:=-^V+vi  xt~  Zx 

Y ? + V*  ? + x2 


cos  e = - - 77s  + f2 + x2. 

Substituting  these  values  in  the  equation  cos  = ijr  + <f>  cos  we  have 
= 2 Of  - ^ - &). 

The  values  of  m1  and  <a2  can  be  at  once  obtained  from  this  by  the 
■.nciple  of  symmetry ; and  thus  we  have  the  components  of  angular  velocity 
m by  the  equations 


' ®i  = 2(%f  + Zv -vZ-tx) 

■ <w2  = 2 (- Z%  + XV  + %Z  ~ VX) 

a>3  = 2 (vi  - Zv  + xZ-  Zx) 

17.  Time- flux  of  a vector  whose  components  relative  to  moving  axes  are 
n. 

Suppose  now  that  a vector  quantity  is  specified  by  its  components  f,  p,  f 
ly  instant  t with  reference  to  the  instantaneous  position  of  a right-handed 
m of  axes  Oxyz  which  are  themselves  in  motion : and  let  it  be  required 
d the  vector  which  represents  the  rate  of  change  of  the  given  vector. 

et  o)l5  &)2,  co3,  denote  the  components  of  the  angular  velocity  of  the 
n Oxyz,  resolved  along  the  instantaneous  position  of  the  axes  Ox,  Oy,  Oz 
elves. 

e tirne-flux  of  the  given  vector  is  the  (vector)  sum  of  the  time-fluxes 
components  f,  rj,  taken  separately.  But  if  we  consider  the  vector  f, 
creased  in  length  to  £ -f  gdt  in  the  infinitesimal  interval  of  time  dt, 
the  same  time  is  turned  by  the  motion  of  the  axes,  so  that  (owing  to 
,fular  velocity  round  Oy)  it  is  displaced  through  an  angle  co2  dt  from  its 
i in  the  original  plane  zOx,  in  the  direction  away  from  Oz,  and  also 
to  the  angular  velocity  round  Oz)  it  is  displaced  through  an  angle 
m its  position  in  the  original  plane  xOy,  towards  Oy.  The  coordinates 
tremity  at  the  end  of  the  interval  of  time  dt,  referred  to  the  positions 
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of  the  axes  at  the  commencement  of  the  interval  dt,  are  therefore  (neglecting 
infinitesimals  of  order  higher  than  the  first) 

f 4-  %dt,  congdt,  — &)2  £dt, 

and  so  the  components  of  the  vector  which  represents  the  time-flux  of  f are 

co3  f,  - 

Similarly  the  components  of  the  vectors  which  represent  the  time-fluxes 
of  the  vectors  rj  and  f are  respectively 

- (037J,  7),  CDrf, 

and  o>2£  -g>i£  ?. 

Adding  these,  we  have  finally  the  components  of  the  time-flux  of  the  given 
vector  in  the  form 

| ? ?&)3  + ?©2, 

v - 

? - + *?®1. 

This  result  can  be  immediately  applied  to  find  the  velocity  and 
acceleration  of  a point  whose  coordinates  (x,  y,  z)  at  time  t are  given  with 
reference  to  axes  moving  with  an  angular  velocity  whose  components  along 
the  axes  themselves  at  time  t are  (ojj,  w2,  a>3). 

For  substituting  in  the  above  formulae,  we  see  that  the  components  of 
the  velocity  are 

x — yco3  + zco2,  y — z (ox  + xco3,  z — xco2  + ycox . 

Now  applying  the  same  formulae  to  the  case  in  which  the  vector  whose 
time-flux  is  sought  is  the  velocity,  we  have  the  components  of  the  accelera- 
tion of  the  point  in  the  form 

gj  — ya> 3 + ZMz)  — 0)3(y  — Z(JDX  + xw3)  + co2  (z  - xcd2  -f  yw x), 

d 

dt 

d 
dt 


(y  — — ®i  (z  — xco2  4-  y(ox)  + co3(x  — yw3  + zco2), 

(i  — xa>2  + ycoj)  — co2(x  — yco3  + zco2)  + (ox  (y  — zcox  + xco3). 


In  the  case  in  which  the  motion  takes  place  in  a plane,  which  we  may 
take  as  the  plane  Oxy,  there  will  be  only  two  coordinates  (x,  y),  and  only  one 
component  of  angtdar  velocity,  namely  6,  where  6 is  the  angle  made  by  the 
moving  axes  with  their  positions  at  some  fixed  epoch ; the  components  of 
velocity  are  therefore  (putting  z,  co1}  co2)  each  equal  to  zero  in  the  above 
expressions) 

x — y9  and  ij  + xd, 

and  the  components  of  acceleration  are 

x — 2 yO  — yd  — x6 2 and  y + 2x6  + x6  - y&. 

W.  D.  2 
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Example.  Prove  that  in  the  general  case  of  motion  of  a rigid  body  there  is  at  each 
instant  one  definite  point  at  a finite  distance  which  regarded  as  invariably  connected  with 
the  body  has  no  acceleration  at  the  instant,  provided  the  axis  of  the  body’s  screwing 
motion  be  not  instantaneously  stationary  in  direction.  (Coll.  Exam.) 

18.  Special  resolutions  of  the  velocity  and  acceleration. 

The  results  obtained  in  the  last  article  enable  us  to  obtain  formulae, 
which  are  frequently  of  use,  relating  to  the  components  of  the  velocity  and 
acceleration  of  a moving  point  in  various  special  directions. 

(i)  Velocity  and  acceleration  in  polar  coordinates. 

Let  the  position  of  a point  be  defined  by  its  polar  coordinates  r,  0,  ft 
connected  with  the  coordinates  ( X , Y,  Z)  of  the  point  referred  to  fixed 
rectangular  axes  OXYZ  by  the  equations 

{X  = r sin  0 cos  <f> 

Y —r  sin  0 sin  <f> 

Z = r cos  6 ; 

and  let  it  be  required  to  determine  the  components  of  velocity  and 
acceleration  of  the  point  in  the  direction  of  the  radius  vector  r,  in  the 
direction  which  is  perpendicular  to  r and  lies  in  the  plane  containing  r and 
OZ  (this  plane  is  generally  called  the  meridian  plane),  and  in  the  direction 
perpendicular  to  the  meridian  plane ; these  three  directions  are  frequently 
described  as  the  directions  of  r increasing , 6 increasing,  and  <f>  increasing, 
respectively.  Take  a line  through  the  origin  0,  parallel  to  the  direction  of  6 
increasing,  as  a moving  axis  Ox ; and  take  a line  through  0,  parallel  to  the 
direction  of  increasing,  as  axis  Oy,  and  a line  parallel  to  the  direction  of  r 
increasing  as  axis  Oz.  The  three  Eulerian  angles  which  determine  the 
position  of  the  moving  axes  Oxyz  with  reference  to  the  fixed  axes  OXYZ  are 
{0,  ft  0)-;  so  (§  16)  the  components  of  angular  velocity  of  the  system  Oxyz , 
resolved  along  the  axes  Ox,  Oy,  Oz,  themselves,  are 

cox  = — (j>  sin  0,  co2  — 0,  oo3=  <p  cos  0. 

The  coordinates  of  the  moving  point,  referred  to  the  moving  axes,  are 
(0,  0,  r);  and  so  by  § 17  the  components  of  velocity  of  the  point  resolved 
parallel  to  the  moving  axes  are 

r0,  r(j)  sin  0,  r, 

and  the  components  of  acceleration  in  the  directions  of  0 increasing, 
ft  increasing,  and  r increasing,  (again  using  the  formulae  of  § 17)  are 

^ ( r0 ) — r<ft  sin  0 cos  0 + r0,  or  rS  4-  2 r0  — rft 2 sin  0 cos  0, 

^ -u.  (r4>  sin  0)  + sin  0 + r6<j> cos  0»  or  — J - (r2  sin2 

dt  ^ T rsm0dtx 

> and  r — r0*  — reft  sin2  0. 
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If  the  motion  of  the  point  in  a plane,  we  can  take  the  initial  line  in  this 
plane  as  axis  Oz , and  the  quantities  denoted  by  r and  6 in  these  formulae 
become  ordinary  polar  coordinates  in  the  plane;  since  is  now  zero,  the 
components  of  velocity  and  acceleration  in  the  directions  of  r increasing  and 
6 increasing  are 

(r,  rd), 

and  (r  — rd2,  rd  + 2 rd). 

(ii)  Velocity  and  acceleration  in  cylindrical  coordinates. 

Consider  now  a point  whose  position  is  defined  by  its  cylindrical 
coordinates  z , p,  <j>,  connected  with  the  coordinates  ( X , Y,  Z)  of  the  point 
referred  to  fixed  rectangular  axes  OXYZ  by  the  equations 

X = p cos  </>,  Y = p sin  <j>,  Z — z\ 

and  let  it  be  required  to  find  the  components  of  the  velocity  and  acceleration 
of  the  point  in  the  direction  parallel  to  the  axis  of  £,  in  the  direction  of  the 
line  drawn  from  the  axis  of  2 to  the  point,  perpendicular  to  the  axis  of  z,  and 
in  the  direction  perpendicular  to  these  two  lines.  These  three  directions  are 
generally  called  the  direction  of  z increasing , the  direction  of  p increasing, 
and  the  direction  of  </>  increasing ; and  the  coordinate  </>  is  called  the  azimuth 
of  the  point. 

In  this  case  we  take  moving  axes  Ox,  Oy,  Oz,  passing  through  the  origin 
and  parallel  respectively  to  the  directions  of  p increasing,  </>  increasing,  and  5 
increasing.  The  components  of  angular  velocity  of  the  system  Oxyz,  resolved 
along  the  axes  Oxyz  themselves,  are  clearly 

= 0,  co  2 — 0,  tt>3  = (j), 

and  the  coordinates  of  the  moving  point,  referred  to  the  moving  axes,  are 
(p,  0,  z).  It  follows  by  § 17  that  the  components  of  velocity  of  the  point  in 
these  directions  are 

(p,  p<f>,  z), 

and  the  components  of  acceleration  are 

(P  - P<j>2>  pi  + 2p<£,  z). 

(iii)  Velocity  and  acceleration  in  arc-coordinates. 

Another  application  of  the  formulae  of  § 17  is  to  the  determination  of  the 
components  of  velocity  and  acceleration  of  a point  which  is  moving  in  any 
way  in  space,  resolved  along  the  tangent,  principal  normal,  and  binormal,  to 
its  path. 

Consider  first  the  case  of  a particle  moving  in  a plane : and  take  lines 
through  a fixed  point  0,  parallel  respectively  to  the  tangent  and  inward 
normal  to  the  path,  as  moving  axes  Ox  and  Oy.  These  axes  are  rotating 

2—2 
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round  0 with  angular  velocity  cj>,  where  </>  is  the  angle  made  by  the  tangent 
to  the  path  with  some  fixed  line  in  the  plane.  If  v denotes  the  velocity  of 
the  point,  s the  arc  of  the  path  described  at  time  t,  and  p the  radius  of 
curvature  of  the  path  at  the  point,  we  have 


v = 


ds 
dt ’ 


and  the  angular  velocity  of  the  axes  can  therefore  be  written  in  the  form  v/p. 


Since  the  components  of  the  velocity  parallel  to  the  moving  axes  are 
( v , 0),  it  follows  from  § 17  that  the  components  of  the  acceleration  parallel  to 

the  same  axes  are  v . . Since 

. _dv  _ds  dv  _ dv 
V dt  dt  ds  V ds} 


it  follows  that  the  acceleration  of  the  moving  point  in  the  direction  of  the 
dv 

tangent  to  its  path  is  v-^ , and  the  acceleration  in  the  direction  of  the  inward 

normal  is  — . 

P 

Now  the  velocity  of  a moving  point  is  determined  by  the  knowledge  of 
two  consecutive  positions  of  the  moving  point,  and  the  acceleration  is  therefore 
determined  by  the  knowledge  of  three  consecutive  positions ; so  even  if  the 
path  of  the  point  is  not  plane,  it  can  for  the  purpose  of  determining  its 
acceleration  at  any  instant  be  regarded  as  moving  in  the  osculating  plane  of 
its  path,  since  this  plane  contains  three  consecutive  positions  of  the  point. 
Hence  the  components  of  acceleration  of  the  point,  in  the  directions  of  the 
tangent,  principal  normal,  and  binormal  to  its  path,  are 


( dv  v 2 

yjs'  p 


(iv)  Acceleration  along  the  radius  and  tangent. 

The  acceleration  of  a point  which  is  in  motion  in  a plane  may  be  expressed 
in  the  following  form*  ; let  r be  the  radius  vector  to  the  point  from  a fixed 
origin  in  the  plane,  p the  perpendicular  from  the  origin  on  the  tangent  to  the 
path,  s the  arc  of  the  path  described  at  time  t,  p the  radius  of  curvature  of 
the  path  at  the  point,  and  v or  s the  velocity  of  the  point  at  time  t ; and  let 
h denote  the  product  pv.  Then  the  acceleration  of  the  point  can  be  resolved 

into  components  along  the  radius  vector  to  the  origin  and  ^ ~ along  the 

tangent  to  the  path . 


* Due  to  Siacci,  Atti  della  R.  Acc.  di  Torino,  xiv.  p.  750. 
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For  the  acceleration  can  be  resolved  into  components  vdv/ds  along  the 

tangent  and  v2/p  along  the  normal ; now  a vector  F directed  outwards  along 

the  radius  vector  can  be  resolved  into  vectors  — Fpjr  along  the  inward  normal 

and  F dr/ds  along  the  tangent,  so  a vector  v2/p  along  the  inward  normal  can  be 

pxp1  • ppP  dp 

resolved  into  — inwards  along  the  radius  vector  and  — along  the  tangent. 

The  acceleration  is  therefore  equivalent  to  components 

dv  rv2  dr  . (1 

—j  along  the  tangent, 

CCS  pp  CIS 

TV2 

and  - — inwards  along  the  radius  vector. 

pp  6 

h2v 

The  latter  component  is  — , and  the  former  can  be  written 

psp 

1 dv 2 v2  dp  Id  ( v2p 2)  h dh 

2 ds  + p ds  °r  2 p2  ds  ’ °r  p2  ds  ’ 

which  establishes  Siacci's  result. 


‘ Example  1.  Determine  the  meridian , normal , and  transverse  components  of  the  accelera- 
tion of  a point  moving  on  the  surface  of  the  anchor-ring 

x— (c  + a sin  6)  cos  (f>,  y—(c-\-asin  0)  sin  <£,  z=a cos  0. 

Let  P be  the  point  (6,  <£),  and  let  0 be  the  centre  of  the  anchor-ring  and  C the  centre 
of  the  meridian  cross-section  on  which  P lies.  The  polar  coordinates  of  C relative  to  0 
are  (c,  cf> ),  and  the  polar  coordinates  of  P relative  to  C are  (a,  6 , <£) ; so  the  components 
of  acceleration  of  C relative  to  0 are 

c0,  transverse 

and  — c<j>2  outwards  from  the  axis,  i.e.  — cf2  sin  6 along  the  normal, 

and  — c02  cos  6 along  the  meridian. 

The  components  of  acceleration  of  P relative  to  C are 

rad  — acj>2  sin  0 cos  0 along  the  meridian, 

- "77  (sin2  0 . <h)  transverse, 

«.  — a02  — a<p2  sin2  0 normal. 

Thus  finally  the  components  of  acceleration  of  P in  space  are 

a0  - (c  + a sin  0)  <p2  cos  0 along  the  meridian, 

- a02  - acji2  sin2  0 — c(p2  sin  0 normal, 

ccb  + (sin2  0 . <i)  transverse, 

sin  0 dV 


and 
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• Example  2.  If  the  tangential  and  normal  components  of  the  acceleration  of  a point 
moving  in  a plane  are  constant , shew  that  the  point  describes  a logarithmic  spiral. 

In  this  case 

v^=a,  where  a is  a constant, 
ds 

so  v2  = as. 


Also 


-=c,  where  c is  a constant, 


so  s — Cp,  where  C is  a constant, 

ds 

or  s—C ~77,  where  <b  is  the  angle  made  by  the  tangent  with  a fixed  line. 

dtp 

Integrating  this  equation,  we  have 

s=AeB * 

where  A and  B are  constants : and  this  is  the  intrinsic  equation  of  the  logarithmic  spiral. 


• Example  3.  To  find  the  acceleration  of  a point  which  describes  a logarithmic  spiral  with 
constant  angular  velocity  about  the  pole. 

h*r 

By  Siacci’s  theorem,  the'  components  of  acceleration  are  along  the  radius  vector 

and  ^ along  the  tangent;  but  if  <o  is  the  constant  angular  velocity,  we  have  Ti = cor2 : 
so  the  components  of  acceleration  are 

ojV5  , 2g )2r3  dr 
and  5 -j- . 
p6p  pl  ds 

r r dr 

Since  - , - , and  ^ are  constant  in  the  spiral,  we  see  that  each  of  these  components  of 
acceleration  varies  directly  as  the  radius  vector. 


Miscellaneous  Examples. 

• 1.  If  the  instantaneous  axis  of  rotation  of  a body  moveable  about  a fixed  point  is  fixed 
in  the  body,  shew  that  it  is  also  fixed  in  space,  i.e.  the  motion  is  a rotation  round  a fixed 
axis. 


2.  A point  is  referred  to  rectangular  axes  Ox,  Oy , revolving  about  the  origin  with 
angular  velocity  a> ; if  there  be  an  acceleration  to  x—a,y— 0,  of  amount  n2a2  x (distance), 
shew  that  the  path  relative  to  the  axes  can  be  constructed  by  taking  (i)  a point 
x = n2aj(n2  — l),  (ii)  a uniform  circular  motion  with  angular  velocity  (w-l)co  about  this, 
and  (iii)  a uniform  circular  motion  with  angular  velocity  ( n + 1)  a>,  but  in  the  opposite 
sense,  about  this  last.  (Coll.  Exam.) 

« 3.  The  velocity  of  a point  moving  in  a plane  is  the  resultant  of  a velocity  v along  the 
radius  vector  to  a fixed  point  and  a velocity  v'  parallel  to  a fixed  line.  Prove  that  the 
corresponding  accelerations  are' 


dv  vv  „ , 

-7-  H cos  6,  and 

dt  r 


dv'  vv' 


6 being  the  angle  that  the  radius  vector  makes  with  the  fixed  direction.  (Coll.  Exam.) 
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* 4.  A point  moves  in  a plane,  and  is  referred  to  Cartesian  axes  making  angles  a,  /3  with 
a fixed  line  in  the  plane,  where  a,  /3  are  given  functions  of  the  time.  Shew  that  the  com- 
ponent velocities  of  the  point  are 

x—xa  cot  (/3  - a)  — y$  cosec  (/3  — a),  y + y(3  cot  (/3  - a) + #a  cosec  (j3  — a), 


and  obtain  expressions  for  the  component  accelerations. 


(Coll.  Exam.) 


' 5.  A point  is  moving  in  a plane : B is  the  logarithm  of  the  ratio  of  its  distances  from 
two  fixed  points  in  the  plane,  and  4>  is  the  angle  between  them : also  2k  is  the  distance 
between  the  fixed  points.  Shew  that  the  velocity  of  the  point  is 


k V<9‘2  + 02 

cosh  B - cos  cf)  * 


(Coll.  Exam.) 


- 6.  If  in  two  different  descriptions  of  a curve  by  a moving  point,  the  product  of  the 
velocities  at  corresponding  places  in  the  two  descriptions  is  constant,  shew  that  the 
accelerations  at  corresponding  places  in  the  two  descriptions  are  as  the  squares  of  the 
velocities,  and  that  their  directions  make  equal  angles  with  the  normal  to  the  curve,  in 
opposite  senses.  (J.  von  Vieth.) 

^ 7.  A point  is  moving  in  a parabola  of  latus  rectum  4a,  and  when  its  distance  from  the 
focus  is  r,  the  velocity  is  v ; shew  that  its  acceleration  is  compounded  of  accelerations  R 
and  iV,  along  the  radius  vector  and  normal  respectively,  where 

*“*£»  N=H^-  (Coll.  Exam.) 


' 8.  Shew  that  if  the  axes  of  x and  y rotate  with  angular  velocities  aq,  a>2  respectively, 
and  yf/'  is  the  angle  between  them,  the  component  accelerations  of  the  point  (x,  y)  parallel 
to  the  axes  are 

x — X(o^  — (xd)1  -f  2io)j ) cot  yjs  — (yd> 2 + 2 i/(o2)  cosec  \fs, 
and  y — yco22  + (x^  + 2xa q)  cosec  ^ + (yd)2  + 2ya2)  cot  \js.  (Coll.  Exam.) 


' 9.  The  velocity  of  a point  is  made  up  of  components  v in  directions  making  angles 
B,  with  a fixed  line.  Prove  that  the  components/,  f in  these  directions  of  the  accelera- 
tion of  the  point  will  be  given  by 

/=  it  — uB  cot  cosec  Xi 

f'  = v+uB  cosec  x + v<p  co^  X > 

X being  the  inclination  of  the  two  directions. 

Being  given  that  the  lines  joining  a moving  point  to  two  fixed  points  are  r,  s in  length 
and  B,  <£  in  inclination  to  the  line  joining  the  two  fixed  points,  determine  the  acceleration 
of  the  point  in  terms  of  «,  a>',  the  rates  of  increase  of  B,  (p.  (Coll.  Exam.) 


10.  If  A,  B,  C be  three  fixed  points,  and  the  component  velocities  of  a moving  point  P 
along  the  directions  PA,  PB,  PC  be  u,  v,  and  w;  shew  that  the  accelerations  in  the  same 
directions  are 


u -f  uv 


cos  APB 


PA 


)+uw(tg 


cos  APC\ 
PA  )’ 


and  two  similar  expressions. 


(Coll.  Exam.) 


11.  The  movement  of  a plane  lamina  is  given  by  the  angular  velocity  o>  and  the  com- 
ponent velocities  u,  v of  the  origin  0 resolved  along  axes  Ox,  Oy  traced  on  the  lamina. 
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Find  the  component  velocities  of  any  point  {x,  y)  of  the  lamina.  Shew  that  the  equations 


d 

dt 


tan-1 


'u-ya A 
KV  + X(oJ 


= +0), 


represent  circular  loci  on  the  lamina ; one  being  the  locus  of  those  points  which  are  pass- 
ing cusps  on  their  curve  loci  in  space  and  the  other  being  the  locus  of  the  centres  of  curva- 
ture of  the  envelopes  in  space  of  all  straight  lines  of  the  lamina.  (Coll.  Exam.) 


12.  Shew  that  when  a point  describes  a space-curve,  its  acceleration  can  be  resolved 
into  two  components,  of  which  one  acts  along  the  radius  vector  from  the  projection  of  a 
fixed  point  on  the  osculating  plane,  and  the  other  along  the  tangent ; and  that  these  are 
respectively 

r_  T2 
P3  P ’ 


and 


T dT  T2  qdq 
p2  ds  p4  ds  ’ 


where  p is  the  radius  of  curvature,  q the  distance  of  the  fixed  point  from  its  projection  on 
the  osculating  plane,  r and  p are  the  distances  of  this  projection  from  the  moving  point 
and  the  tangent,  T is  an  arbitrary  function  (equal  to  the  product  of  p and  the  velocity)  and 
s is  the  arc.  (Siacci.) 


13.  A circle,  a straight  line,  and  a point  lie  in  one  plane,  and  the  position  of  the  point 
is  determined  by  the  lengths  t of  its  tangent  to  the  circle  and  p of  its  perpendicular  to 
the  line.  Prove  that,  if  the  velocity  of  the  point  is  made  up  of  components  u,  v , in  the 
directions  of  these  lengths  and  if  their  mutual  inclination  be  6,  the  component  accelera- 
tions will  be 

u - uv  cos  6 It,  v+ uvlt.  (Coll.  Exam. ) 

14.  A particle  moves  in  a circular  arc.  If  r,  r’  are  the  distances  of  the  particle  at  P 
from  the  extremities  A,  B of  a fixed  chord,  shew  that  the  accelerations  along  AP,  BP,  are 
respectively 

dv  vv'  / , . , dv'  vv' . , . 

-Jt  + rf  (»•-»■' cos  a),  and  + ^(/-j-cos o), 


where  v , v'  are  the  velocities  in  the  directions  of  r,  r',  and  a is  the  angle  APB. 

A point  describes  a semicircle  under  accelerations  directed  to  the  extremities  of  a 
diameter,  which  are  at  any  point  inversely  as  the  radii  vectores  r,  r'  to  the  extremities  of 
the  diameter.  Shew  that  the  accelerations  are 


4a4  V2  4a4  V2 

* ^2^3  * 

where  a is  the  radius  of  the  circle  and  V the  velocity  of  the  point  parallel  to  the  diameter. 

(Coll.  Exam.) 

15.  The  motion  of  a rigid  body  in  two  dimensions  is  defined  by  the  velocity  ( u , v)  of 
one  of  its  points  C and  its  angular  velocity  «.  Determine  the  coordinates  relative  to  G of 
the  point  / of  zero  velocity,  and  shew  that  the  direction  of  motion  of  any  other  point  P is 
perpendicular  to  PI. 

Find  the  coordinates  of  the  point  J of  zero  acceleration,  and  express  the  acceleration  of 
P in  terms  of  its  coordinates  relative  to  J.  (Coll.  Exam.) 
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16.  A point  on  a plane  is  moving  with  constant  velocity  V relative  to  it,  the  plane  at 
the  same  time  turning  round  a fixed  axis  perpendicular  to  it  with  angular  velocity  ©.  Shew 
that  the  path  of  the  point  is  given  by  the  equation 


VO  /-* o-  V _1a 

— = s]r2-al-\--  cos  1 - 
co  co  r 


r and  0 being  referred  to  fixed  axes,  and  a being  the  shortest  distance  of  the  point  from  the 
axis  of  rotation.  (Coll.  Exam.) 

17.  The  acceleration  of  a moving  point  Q is  represented  at  any  instant  by  coa,  where  co 
is  a fixed  point  and  a describes  uniformly  a circle  whose  centre  is  co.  Prove  that  the 
velocity  of  Q at  any  instant  is  represented  by  Op,  where  0 is  a fixed  point  and  p describes 
a circle  uniformly ; and  determine  the  path  described  by  Q. 

(Camb.  Math.  Tripos,  Part  I,  1902.) 

rj^pi  <2/2  ^2 

18.  A point  moves  along  the  curve  of  intersection  of  the  ellipsoid  ^ + p + 1,  and 

the  hyperboloid  of  one  sheet  ^ ^ + p ^ + p — ^ = 1,  and  its  velocity  at  the  point  where 
the  curve  meets  the  hyperboloid  of  two  sheets  1~  — = 1 is 

CL  ■ — fJL  0 fJL  C — fJL 


(62  — /tx)  (c2 


=7,r 


where  h is  constant.  Prove  that  the  resolved  part  of  the  acceleration  of  the  point  along 
the  normal  to  the  ellipsoid  is 


hPabc  (n  - X) 

(a2  - n)  ( b 2 - ii ) (c2  - n)  VX/x ' 


(Coll.  Exam.) 


19.  A rigid  body  is  rolling  without  sliding  on  a plane,  and  at  any  instant  its  angular 
velocity  has  components  ©j,  co2,  along  the  tangents  to  the  lines  of  curvature  at  the  point 
of  contact,  and  a>3  along  the  normal : shew  that  the  point  of  the  body  which  is  at  the  point 
of  contact  has  component  accelerations 


— R2(0  i©3  , — R]U>2(i)3  , R\Q><l  + R2<&2, 

where  Rx,  R2,  are  the  principal  radii  of  curvature  of  the  surface  of  the  body  at  the  point 
of  contact.  (Coll.  Exam.) 


CHAPTER  II. 


THE  EQUATIONS  OF  MOTION. 


19.  The  ideas  of  rest  and  motion. 

In  the  previous  chapter  we  have  frequently  used  the  terms  “ fixed  ” and 
“ moving  ” as  applied  to  systems.  So  long  as  we  are  occupied  with  purely 
kinematical  considerations,  it  is  unnecessary  to  enter  into  the  ultimate 
significance  of  these  words;  all  that  is  meant  is,  that  we  consider  the 
displacement  of  the  “ moving  ” systems,  so  far  as  it  affects  their  configuration 
with  respect  to  the  systems  which  are  called  “ fixed,”  leaving  on  one  side  the 
question  of  what  is  meant  by  absolute  “ fixity.” 

When  however  we  come  to  consider  the  motion  of  bodies  as  due  to  specific 
causes,  this  question  can  no  longer  be  disregarded. 

In  popular  language  the  word  “fixed”  is  generally  used  of  terrestrial 
objects  to  denote  invariable  position  relative  to  the  surface  of  the  earth 
at  the  place  considered.  But  the  earth  is  rotating  on  its  axis,  and 
at  the  same  time  revolving  round  the  Sun,  while  the  Sun  in  turn, 
accompanied  by  all  the  planets,  is  moving  with  a large  velocity  along  some 
not  very  accurately  known  direction  in  space.  It  seems  hopeless  therefore 
to  attempt  to  find  anything  which  can  be  really  considered  to  be  “ at  rest.” 

Accordingly  in  dynamics,  although  when  we  speak  of  the  motion  of  bodies 
we  always  imply  that  there  is  some  set  of  axes,  or  frame  of  reference  as  it  may 
be  called,  with  reference  to  which  the  motion  is  regarded  as  taking  place,  and 
to  which  we  apply  the  conventional  word  “fixed,”  yet  it  must  not  be  supposed 
that  absolute  fixity  has  thereby  been  discovered.  When  we  are  considering 
the  motion  of  terrestrial  bodies  at  some  place  on  the  earth’s  surface,  we  shall 
take  the  frame  of  reference  to  be  fixed  with  reference  to  the  earth,  and  it  is 
then  found  that  the  laws  which  will  presently  be  given  are  sufficient  to 
explain  the  phenomena  with  a sufficient  degree  of  accuracy ; in  other  words, 
the  earth’s  motion  does  not  exercise  a sufficient  disturbing  influence  to  make 
it  necessary  to  allow  for  its  effects  in  the  majority  of  cases  of  the  motion  of 
terrestrial  bodies. 
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It  is  also  necessary  to  consider  the  meaning  to  be  attached  to  the  word 
“time,”  which  in  the  previous  chapter  stood  merely  for  any  parameter 
varying  continuously  with  the  configuration  of  the  systems  considered.  We 
shall  now  assign  a definite  significance  to  this  parameter  by  supposing  that 
the  angle  through  which  the  earth  has  rotated  on  its  axis  (measured  with 
reference  to  the  fixed  stars,  whose  small  motions  we  can  for  this  purpose 
neglect),  in  the  interval  between  two  events,  measures  the  time  elapsed 
between  the  events  in  question.  This  angular  measure  can  be  converted 
into  the  ordinary  measure  in  terms  of  mean  solar  hours,  minutes,  and  seconds 
at  the  rate  of  360  degrees  to  24  x 365J/366J  hours. 

20.  The  laws  which  determine  motion. 

Considering  now  the  motion  of  terrestrial  objects,  and  taking  the  earth  as 
the  frame  of  reference,  it  is  natural  to  begin  by  investigating  the  motion  of  a 
very  small  material  body,  or  particle  as  we  shall  call  it,  when  moving  in  vacuo 
and  entirely  unconnected  with  surrounding  objects.*  The  paths  described  by 
such  a particle  under  various  circumstances  of  projection  may  be  observed, 
and  the  methods  of  the  preceding  chapter  enable  us,  from  the  knowledge 
thus  acquired,  to  calculate  the  acceleration  of  the  particle  at  any  point  of  any 
particular  observed  path.  It  is  found  that  for  all  the  paths  the  acceleration 
is  of  constant  amount,  and  is  always  directed  vertically  downwards.  This 
acceleration  is  known  as  gravity , and  is  generally  denoted  by  the  letter  g ; its 
amount  is,  in  Great  Britain,  about  981  centimetres  per  second  per  second. 

The  knowledge  of  this  experimental  fact  is  theoretically  sufficient  to 
enable  us  to  calculate  the  path  of  any  free  terrestrial  particle  in  vacuo,  when 
the  circumstances  of  its  projection  are  known : the  actual  calculation  will 
not  be  given  here,  as  it  belongs  more  properly  to  a later  chapter. 

The  case  of  motion  which  is  next  in  simplicity  is  that  of  two  particles 
which  are  connected  together  by  an  extremely  light  inextensible  thread,  and 
are  free  to  move  in  vacuo  at  the  earth’s  surface.  So  long  as  the  thread  is 
slack,  each  particle  moves  with  the  acceleration  gravity,  just  as  if  the  other 
were  not  present.  But  when  the  thread  is  taut,  the  two  particles  influence 
each  other’s  motion.  We  can  now  as  before  observe  the  path  of  one  of  the 
particles,  and  hence  calculate  the  acceleration  by  which  at  any  instant  its 
motion  is  being  modified.  We  thereby  arrive  at  the  experimental  fact,  that 
this  acceleration  can  be  represented  at  any  instant  by  the  resultant  of  two 
vectors,  of  which  one  represents  the  acceleration  g and  the  other  is  directed 
along  the  instantaneous  position  of  the  thread. 

The  influence  of  one  particle  on  the  motion  of  the  other  consists  there- 
fore in  superposing  on  the  acceleration  due  to  gravity  another  acceleration, 
which  acts  along  the  line  joining  the  particles  and  which  is  compounded 
with  gravity  according  to  the  vectorial  law  of  composition  of  accelerations. 
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Denoting  the  particles  by  A and  B,  we  can  at  any  instant  calculate,  from  the 
observed  paths,  the  magnitudes  of  the  accelerations  f and  f2  thus  exerted  by 
B on  A and  by  A on  B respectively ; and  this  calculation  immediately  yields 
the  result  that  the  ratio  of  f to  f2  does  not  vary  throughout  the  motion.  On 
investigating  the  motions  which  result  from  various  modes  of  projection,  at 
various  temperatures  etc.,  we  are  led  to  the  conclusion  that  this  ratio  is 
an  invariable  physical  constant  of  the  pair  of  bodies  A and  B*. 

We  are  led  by  a consideration  of  the  motion  of  more  complex  systems 
to  infer  that  the  experimental  laws  just  stated  can  be  generalised  so  as 
to  form  a complete  basis  for  all  dynamics,  whether  terrestrial  or  cosmic. 
This  generalised  statement  is  as  follows : If  any  set  of  mutually  connected 
particles  are  in  motion,  the  acceleration  with  which  any  one  particle  moves  is 
the  resultant  of  the  acceleration  with  which  it  would  move  if  perfectly  free,  and 
accelerations  directed  along  the  lines  joining  it  to  the  other  particles  which 
constrain  its  motion.  Moreover,  to  the  several  particles  A,  B,  G,  ...,  numbers 
mA,  rnB,  mc,  ...  can  be  assigned,  such  that  the  acceleration  along  AB  due  to  the 
influence  of  B on  A is  to  the  acceleration  along  BA  due  to  the  influence  of 
A on  B in  the  ratio  mB  : mA.  The  ratios  of  these  numbers  mA,  mB,  ...  are 
invariable  physical  constants  of  the  particles. 

The  evidence  for  the  truth  of  this  statement  is  to  be  found  in  the  universal 
agreement  of  the  calculations  based  on  it,  such  as  those  given  later  in  this 
book,  with  the  results  of  observation. 

It  will  be  noticed  that  only  the  ratios  of  the  numbers  mA,  mB,  mc,  ...  are 
determined  by  the  law ; it  is  convenient  to  take  some  definite  particle  A as 
a standard,  calling  it  the  unit  of  mass,  and  then  to  call  the  numbers  mBlmA , 
mclmA>  •••  the  masses  of  the  other  particles  mB,  mc, 

The  mass  of  the  compound  particle  formed  by  uniting  two  or  more  particles 
is  found  to  be  equal  to  the  sum  of  the  masses  of  the  separate  particles. 
Owing  to  this  additive  property  of  mass,  we  can  speak  of  the  mass  of  a finite 
body  of  any  size  or  shape ; and  it  will  be  convenient  to  take  as  our  unit  of 
mass  the  mass  of  the  y^-th  Part  °f  a certain  piece  of  platinum  known  as  the 
standard  kilogramme ; this  unit  will  be  called  a gramme,  and  the  number 
representing  the  ratio  of  the  mass  of  any  other  body  to  this  unit  mass  is 
called  the  mass  of  the  body  in  grammes. 

21.  Force. 

We  have  seen  that  in  every  case  of  the  interaction  of  two  particles  A and 
B,  the  mutual  influence  consists  of  an  acceleration  fA  on  A and  an  acceleration 
fB  on  B,  these  accelerations  being  vectors  directed  along  AB  and  BA  respec- 
tively, and  being  inversely  proportional  to  the  masses  mA  and  mB.  It  follows 

* The  ratio  is  in  fact  equal  to  the  ratio  of  the  weight  of  B to  the  weight  of  A;  the  ratio  of 
the  weights  of  two  terrestrial  bodies,  as  observed  at  the  same  place  on  the  earth’s  surface,  is  a 
perfectly  definite  quantity,  and  does  not  vary  with  the  place  of  observation. 
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that  the  vector  quantity  mAfA  is  equal  to  the  vector  quantity  mBfB>  but  has 
the  reverse  direction.  The  vector  mAfA  is  called  the  force  exerted  by  the 
particle  B on  the  particle  A ; and  similarly  the  vector  mBfB  is  called  the  force 
exerted  by  the  particle  A on  the  particle  B. 

With  this  terminology,  the  law  of  the  mutual  action  of  a connected 
system  of  particles  can  be  stated  in  the  form : the  forces  exerted  on  each  other 
by  every  pair  of  connected  particles  are  equal  and  opposite.  This  is  often 
called  the  Law  of  Action  and  Reaction. 

If  the  various  forces  which  act  on  a particle  A as  a result  of  its  connexion 
with  other  particles  are  compounded  according  to  the  vectorial  law,  the 
resultant  force  gives  the  total  influence  exerted  by  them  on  the  particle  A ; 
this  force  divided  by  mA  is  the  acceleration  induced  in  A by  the  other 
particles ; and  the  resultant  of  this  acceleration  and  the  acceleration  which  the 
particle  A would  have  if  entirely  free  (due  to  such  causes  as  gravitation) 
is  the  actual  acceleration  with  which  the  particle  A moves. 

In  general,  if  an  acceleration  represented  by  a vector  f is  induced  in 
a particle  of  mass  m by  any  agency,  the  vector  mf  is  called  the  force  due  to 
this  cause  acting  on  the  particle  ; and  the  resultant  of  all  the  forces  due  to 
various  agencies  is  called  the  total  force  acting  on  the  particle.  It  follows 
that  if  (X,  Y,  Z ) are  the  components  parallel  to  fixed  rectangular  axes  of  the 
total  force  acting  on  the  particle  at  any  instant,  and  (23,  y,  z)  are  the  com- 
ponents of  the  acceleration  with  which  its  path  is  being  described  at  that 
instant,  then  we  have  the  equations 

mx  = X,  my  = Y,  mz  = Z. 

Two  other  terms  which  are  frequently  used  may  conveniently  be  defined 
at  this  point. 

The  product  of  the  number  which  represents  the  magnitude  of  the  com- 
ponent of  a given  force  perpendicular  to  a given  line  L and  the  number 
which  represents  the  perpendicular  distance  of  the  line  of  action  of  the  force 
from  the  line  L is  called  the  moment  of  the  force  about  the  line  L. 

If  the  three  components  (X,  Y , Z)  of  the  force  acting  on  a single  free 
particle  are  given  functions  of  the  coordinates  ( x , y,  z)  of  the  particle,  they 
are  said  to  define  a field  of  force . 

22.  Work. 

Consider  now  any  system  of  particles,  whose  motion  is  either  quite  free  or 
restricted  by  given  connexions  between  the  particles,  or  constraints  due  to 
other  particles  which  are  not  regarded  as  forming  part  of  the  system.  Let  m 
be  the  mass  of  any  one  of  the  particles,  whose  coordinates  referred  to  fixed 
rectangular  axes  in  any  selected  configuration  of  the  system  are  (x,  y , z);  and 
let  (X,  Y,  Z)  be  the  components,  parallel  to  the  axes,  of  the  total  force 
acting  on  the  particle  in  this  configuration. 
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Let  ( x 4 Bx,  y + By,  z 4 Sz)  be  the  coordinates  of  any  point  very  near  to 
the  point  (x,  y , z),  such  that  the  displacement  of  the  particle  m from  one 
point  to  the  other  does  not  violate  any  of  the  constraints  (for  instance,  if  m is 
constrained  to  move  on  a given  surface,  the  two  points  must  both  be  situated 
on  the  surface).  Then  the  quantity 

XBx  4 YBy  4 ZBz 

is  called  the  work  done  on  the  particle  m by  the  forces  acting  on  it  in  the 
infinitesimal  displacement  from  the  position  (%,  y , z)  to  the  position 

(x  4 Bx,  y 4 By,  z 4 Bz). 

This  expression  can  evidently  be  interpreted  physically  as  being  the 
product  of  the  distance  through  which  the  particle  is  displaced  and  the  com- 
ponent of  the  force  (X,  F,  Z)  along  the  direction  of  this  displacement. 

Since  forces  obey  the  vectorial  law  of  composition,  the  sum  of  the  com- 
ponents in  a given  direction  of  any  number  of  forces  acting  together  on  a 
particle  is  equal  to  the  component  in  this  direction  of  their  resultant : and 
hence  the  work  done  by  a force  which  acts  on  a particle  in  a given  displace- 
ment is  equal  to  the  sum  of  the  quantities  of  work  done  in  the  same  displacement 
by  any  set  of  forces  into  which  this  force  can  be  resolved. 

Suppose  now  that  in  the  course  of  a motion  of  the  system,  the  particle  m 
is  gradually  displaced  from  any  position  (which  we  can  call  its  initial  position) 
to  some  other  position  at  a finite  distance  from  the  first  (which  we  can  call 
the  final  position).  The  work  done  on  the  particle  by  the  forces  which  act  on 
it  during  this  finite  displacement  is  defined  to  be  the  sum  of  the  quantities  of 
work  done  in  the  successive  infinitesimal  displacements  by  which  wre  can 
regard  the  finite  displacement  as  achieved.  The  work  done  in  a finite  dis- 
placement is  therefore  represented  by  the  integral 

KxX+Tt  + *3i)* 

where  the  integration  is  taken  between  the  initial  and  final  positions  along 
the  arc  s described  in  space  by  the  particle  during  the  displacement. 

These  definitions  can  now  be  extended  to  the  whole  set  of  particles  which 
form  the  system  considered ; the  system  being  initially  in  any  given  con- 
figuration, we  consider  any  mode  of  displacing  the  various  particles  of  the 
system  which  is  not  inconsistent  with  the  connexions  and  constraints ; the 
sum  of  the  quantities  of  work  performed  on  all  the  particles  of  the  system  in 
the  displacement  is  called  the  total  work  done  on  the  system  in  the  displace- 
ment by  the  forces  which  act  on  it. 

23.  Forces  which  do  no  work. 

There  are  certain  classes  of  forces  which  frequently  occur  in  dynamical 
systems,  and  which  are  characterised  by  the  feature  that  during  the  motion 
they  do  no  work  on  the  system. 
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Among  these  may  be  mentioned 

1°.  The  reactions  of  fixed  smooth  surfaces : the  term  smooth  implies 
that  the  reaction  is  normal  to  the  surface,  and  therefore  in  each  infinitesimal 
displacement  the  point  of  application  of  the  reaction  is  displaced  in  a direction 
perpendicular  to  the  reaction,  so  that  no  work  is  done. 

2°.  The  reactions  of  fixed  perfectly  rough  surfaces ; the  term  'perfectly 
rough  implies  that  the  motion  of  any  body  in  contact  with  the  surface  is  one 
of  pure  rolling  without  sliding,  and  therefore  the  point  of  application  of  the 
reaction  is  (to  the  first  order  of  small  quantities)  not  displaced  in  each 
infinitesimal  displacement,  so  that  no  work  is  done. 

3°.  The  mutual  reaction  of  two  particles  which  are  rigidly  connected 
together:  for  if  (xx,  y1}  z^)  and  (x2,  y2,  z2)  are  the  coordinates  of  the  particles, 
and  ( X , Y,  Z)  are  the  components  of  the  force  exerted  by  the  first  particle  on 
the  second,  so  that  (—  X,  - Y,  — Z)  are  the  components  of  the  force  exerted 
by  the  second  particle  on  the  first,  the  total  work  done  by  these  forces  in 
an  arbitrary  infinitesimal  displacement  is 

X (8x2  — Bxx)  + Y ( Sy2  — By±)  + Z (Sz2  — Bzi). 

But  since  the  distance  between  the  particles  is  invariable,  we  have 
S [Os  - + ( y 2 - yiY  + Os  - ^)2)  = o, 

or  Os  - *i)  (8®.  - K)  + (y-2  - ih)  (%2  - Oi)  + Os  - zi)  (&%  - &?i)  = o, 
and  since  the  force  acts  in  the  direction  of  the  line  joining  the  particles,  we 
have 

X : Y : Z = (x2  — x-i)  : ( y2  — y x)  : (#2  — ^i)- 
Combining  the  last  two  equations,  we  have 

X (Sx 2 - + Y (By 2 - Sy^  + Z (Sz2  - SzJ  = 0, 

and  therefore  no  work  is  done  in  the  aggregate  by  the  mutual  forces  between 
the  particles. 

4°.  A rigid  body  is  regarded  from  the  dynamical  point  of  view  as  an 
aggregate  of  particles,  so  connected  together  that  their  mutual  distances  are 
invariable.  It  follows  from  3°  that  the  reactions  between  the  particles  which 
are  called  into  play  in  order  that  this  condition  may  be  satisfied  (or  molecular 
forces  as  they  are  called,  to  distinguish  them  from  external  forces  such  as 
gravity)  do,  in  the  aggregate,  no  work  in  any  displacement  of  the  body. 

5°.  The  reaction  at  a fixed  pivot  about  which  a body  of  the  system  can 
turn,  or  at  a fixed  hinge,  or  at  a joint  between  two  bodies  of  the  system,  are 
similarly  seen  to  belong  to  the  category  of  forces  which  do  no  work. 

! In  estimating  the  total  work  done  by  the  forces  acting  on  a dynamical 
system  in  any  displacement  of  the  system,  we  can  therefore  neglect  all  forces 
df  the  above-mentioned  types. 
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24.  The  coordinates  of  a dynamical  system. 

Any  material  system  is  regarded  from  the  dynamical  point  of  view  as 
constituted  of  a number  of  particles,  subject  to  interconnexions  and  con- 
straints of  various  kinds ; a rigid  body  being  regarded  as  a collection  of 
particles,  which  are  kept  at  invariable  distances  from  each  other  by  means 
of  suitable  internal  reactions. 

When  the  constitution  of  such  a system  (i.e.  the  shape,  size,  and  mass  of 
the  various  parts  of  which  it  is  composed,  and  the  constraints  which  act  on 
them)  is  given,  its  configuration  at  any  time  can  be  specified  in  terms  of  a 
certain  number  of  quantities  which  vary  when  the  configuration  is  altered, 
and  which  will  be  called  the  coordinates  of  the  system ; thus,  the  position  of  a 
single  free  particle  in  space  is  completely  defined  by  its  three  rectangular 
coordinates  (&,  y,  z)  with  reference  to  some  fixed  set  of  axes ; the  position  of 
a single  particle  which  is  constrained  to  move  in  a fixed  narrow  tube,  which  has 
the  form  of  a twisted  curve  in  space,  is  completely  specified  by  one  coordinate, 
namely  the  distance  s measured  along  the  arc  of  the  tube  to  the  particle  from 
some  fixed  point  in  the  tube  which  is  taken  as  origin ; the  position  of  a rigid 
body,  one  of  whose  points  is  fixed,  is  completely  determined  by  three  co- 
ordinates, namely  the  three  Eulerian  angles  0.  cf>,  yjr  of  § 10 ; the  position  of 
two  particles  which  are  connected  by  a taut  inextensible  string  can  be  defined 
by  five  coordinates,  namely  the  three  rectangular  coordinates  of  one  of  the 
particles  and  two  of  the  direction-cosines  of  the  string  (since  when  these  five 
quantities  are  known,  the  position  of  the  second  particle  is  uniquely  deter- 
mined); and  so  on. 

Example.  State  the  number  of  independent  coordinates  required  to  specify  the 
configuration  at  any  instant  of  a rigid  body  which  is  constrained  to  move  in  contact  with 
a given  fixed  smooth  surface. 

We  shall  generally  denote  by  n the  number  of  coordinates  required  to 
specify  the  configuration  of  a system,  and  shall  suppose  the  systems  con- 
sidered to  be  such  that  n is  finite.  The  coordinates  will  generally  be  denoted 
by  qx,  q2,  ...  qn-  If  the  system  contains  moving  constraints  (e.g.  if  it  consists 
of  a particle  which  is  constrained  to  be  in  contact  with  a surface  which  in 
turn  is  made  to  rotate  with  constant  angular  velocity  round  a fixed  axis), 
it  may  be  necessary  to  specify  the  time  t in  addition  to  the  coordinates 
qlt  q*>  • ••  <ln,  in  order  to  define  completely  a configuration  of  the  system. 

The  quantities  qlf  q2,  ...qn,  are  frequently  called  the  velocities  correspond- 
ing to  the  coordinates  qlt  q2,  ...  qn. 

A heavy  flexible  string,  free  to  move  in  space,  is  an  example  of  a dynamical  system 
which  is  excluded  by  the  limitation  that  n is  to  be  finite;  for  the  configuration  of  the 
string  cannot  be  expressed  in  terms  of  a finite  number  of  parameters. 

25.  Holonomic  and  non-holonomic  systems. 

It  is  now  necessary  to  call  attention  to  a distinction  between  two  kinds 
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of  dynamical  systems,  which  is  of  great  importance  in  the  analytical  discussion 
of  their  motion  : this  distinction  may  be  illustrated  by  a simple  example. 

If  we  consider  the  motion  of  a sphere  of  given  radius,  which  is  constrained 
to  move  in  contact  with  a given  fixed  plane,  which  we  can  take  as  the  plane 
of  xy , the  configuration  of  the  sphere  at  any  instant  is  completely  specified 
by  five  coordinates,  namely  the  two  rectangular  coordinates  (x,  y)  of  the 
centre  of  the  sphere  and  the  three  Eulerian  angles  0,  0,  'i/r  of  § 10,  which 
specify  the  orientation  of  the  sphere  about  its  centre.  The  sphere  can  take 
up  any  position  whatever,  so  long  as  it  is  in  contact  with  the  plane ; the  five 
coordinates  (x,  y,  0,  0,  yjr)  can  therefore  have  any  arbitrary  values. 

If  now  the  plane  is  smooth,  the  displacement  from  any  position,  defined 
by  the  coordinates  (x,  y.  0,  0,  \[r),  to  any  adjacent  position,  defined  by  the 
coordinates  (x+  Sx,  y + 8y,  0 + 80,  0 + 80,  -f  8\Jr),  where  8x,  8y , 80,  80,  8yjr 
are  arbitrary  independent  infinitesimal  quantities,  is  a possible  displacement, 
i.e.  the  sphere  can  perform  it  without  violating  the  constraints  of  the  system. 
But  if  the  plane  is  perfectly  rough,  this  is  no  longer  the  case  when  8x,  8y,  80, 
8$,  8\fr,  are  arbitrary ; for  now  the  condition  that  the  displacement  of  the 
point  of  contact  is  zero  (to  the  first  order  of  small  quantities)  must  be 
satisfied,  and  this  implies  that  the  quantities  8x,  8y,  80,  8(f),  8 y/r,  are  no 
longer  independent,  but  are  mutually  connected  (in  fact,  they  must  be  such 
as  to  satisfy  two  linear  equations) ; so  that  in  the  case  of  the  sphere  on  the 
perfectly  rough  plane,  a displacement  represented  by  arbitrary  infinitesimal 
changes  in  the  coordinates  is  not  necessarily  a possible  displacement. 

A dynamical  system  for  which  a displacement  represented  by  arbitrary 
infinitesimal  changes  in  the  coordinates  is  in  general  a possible  displacement 
(as  in  the  case  of  the  sphere  on  the  smooth  plane)  is  said  to  be  holonomic ; 
when  this  condition  is  not  satisfied  (as  in  the  case  of  the  sphere  on  the  rough 
plane)  the  system  is  said  to  be  non-holonomic. 

If  (8q1;  8q2,  ...  8qn)  are  arbitrary  infinitesimal  increments  of  the  coordinates 
in  a dynamical  system,  these  will  define  a possible  displacement  if  the  system 
is  holonomic,  while  for  non-holonomic  systems  a certain  number,  say  m,  of 
equations  must  be  satisfied  between  them  in  order  that  they  may  correspond 
to  a possible  displacement.  The  number  ( n — m)  is  called  the  number  of 
degrees  of  freedom  of  the  system.  Holonomic  systems  are  therefore  charac- 
terised by  the  fact  that  the  number  of  degrees  of  freedom  is  equal  to  the 
number  of  independent  coordinates  required  to  specify  the  configuration 
of  the  system. 

26.  Lagrange’s  form  of  the  equations  of  motion  of  a holonomic  system. 

We  shall  now  consider  the  motion  of  a holonomic  system  with  n degrees 
of  freedom.  Let  (qlt  q2,  ...  qn)  be  the  coordinates  which  specify  the  con- 
figuration of  the  system  at  the  time  t. 


w.  D. 
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Let  nti  typify  the  mass  of  one  of  the  particles  of  the  system,  and  let 
yi)  Zi)  be  its  coordinates,  referred  to  some  fixed  set  of  rectangular  axes. 
These  coordinates  of  individual  particles  are  (from  our  knowledge  of  the 
constitution  of  the  system)  known  functions  of  the  coordinates  qlf  q2, ...  qn  of 
the  system,  and  possibly  of  t also ; let  this  dependence  be  expressed  by  the 
equations 

r®i=fi(qi,  q*,  ••• ,qn > t), 

yi  — $1  ( qi  > q^  > • • • > qn  > t), 

Zi  = yj/'i{q1,  q2,  ...,  qn,  t\ 

Let  (Xi,  Yi,  Zi)  be  the  components  of  the  total  force  (external  and 
molecular)  acting  on  the  particle  ; then  the  equations  of  motion  of  this 
particle  are 


niiXi=  Xi,  miyi=Yi, 


'W'i.Zr  — Zi. 


Multiply  these  equations  by 

df  dfa  d^i 

dqr  ’ dqr  ’ dqr  5 

respectively,  add  them,  and  sum  for  all  the  particles  of  the  system.  We 
thus  have 

where  the  symbol  2 denotes  summation  over  all  the  particles  of  the  system  ; 
this  can  be  either  an  integration  (if  the  particles  are  united  into  rigid  bodies) 
or  a summation  over  a discrete  aggregate  of  particles. 

But  we  have 

dqr  dqr  [rjq,  dq^1  " ' + dq„  ^n+  dt)  dqr  ’ 


SO 


dxi 


..  _ 

dqr  oqr 


d f . dx< 


d (dxi 


r,  Xi  dt  \dq, 


dqr  J Xi  102,  % + <h+-  + ^7:  + 


dt  \ dq 

d /L  dxj  \ _ A ( df 

\r) 

d ( . dxA  . dxi 

-dt\XidfJ~Xidqr 


a Hi 


a q2dqr 


dqndqr 


*f<\ 

dtdqj 


dt  \fiq 

and  therefore  we  have 


= J f jt  14  w + y* + i<2)}  ■ i dqr  ^ + y? + 
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Now  the  quantity 

\tnii  (xi  + ijf  + z?) 

represents  the  sum  of  the  masses  of  the  particles  of  the  system,  each 
multiplied  by  half  the  square  oh  its  velocity;  this  is  called  the  Kinetic 
Energy  of  the  system.  From  our  knowledge  of  the  constitution  of  the 
system,  the  kinetic  energy  can  be  calculated*  as  a function  of 

qi,  q*>  •••  qn,  qi,  q*>  •••  qn,  t- 

we  shall  denote  it  by 

T(qx,  q2,  ...  qn,  q1,  q2>  ...  qn,  t), 

and  shall  suppose  that  T is  a known  function  of  its  arguments.  Since 


and  iji  and  i*  are  likewise  linear  functions  of  q1}  q2,  ...  qn,  we  see  that  T is  a 
quadratic  function  of  q1}  q2,  ...  qn ; if  the  functions  f,  cf>,  do  not  involve  the 
time  explicitly  (as  is  generally  the  case  if  there  are  no  moving  constraints 
in  the  system),  the  quantities  oo,  y , i,  are  homogeneous  linear  functions  of 
gi,  q2,  qn,  and  then  T is  a homogeneous  quadratic  function  of  qx,  q2,  ...  qn. 


From  the  definition  it  follows  that  the  kinetic  energy  of  a system  is  essentially 
positive;  T is  therefore  a positive  definite  quadratic  form  in  q2,  ...  qn,  and  so  satisfies 
the  conditions  that  its  discriminant  and  the  principal  minors  of  every  order  of  its 
discriminant  are  positive. 

We  have  thus  derived  from  the  equations  of  motion  the  equation 


(dT) 

_S2’  = S/ 

XdqJ 

dqr  i \ 

Xip  + + Z(dM , 

dqr  c)qr  t}qr  J 


and  the  expression  on  the  left-hand  side  of  this  equation  does  not  involve  the 
individual  particles  of  the  system,  except  in  so  far  as  they  contribute  to  the 
kinetic  energy  T.  We  have  now  to  see  if  the  right-hand  side  of  the  equation 
can  also  be  brought  to  a form  in  which  the  individuality  of  the  separate 
particles  is  lost. 


For  this  purpose,  consider  that  displacement  of  the  system  in  which  ‘the 
coordinate  qr  is  changed  to  qr  + 8qr,  while  the  coordinates 


qi>  q^y  •••  qr—ly  q?'+ly  •••  qny 


and  the  time  (so  far  as  this  is  required  for  the  specification  of  the  system)  are 
unaltered.  Since  the  system  is  holonomic,  this  can  be  effected  without 
violating  the  constraints.  In  this  displacement,  the  coordinates  of  the 
particle  m i are  changed  to 


. d(j)i  x 
Vi  + Bqr  Bq’ 


Zi+dqrSqr'’ 


* The  methods  of  performing  this  calculation  for  rigid  bodies  are  given  in  Chapter  Y. 

3—2 
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zfM  + r^" 


and  therefore  the  total  work  done  in  the  displacement  by  all  the  forces  which 
act  on  the  particles  of  the  system  is 

dqr'  -‘dqr+Z‘d$)Sqr-  1| 

Now  of  the  forces  which  act  on  the  system,  there  are  several  kinds  which 
do  no  work.  Among  these  are,  as  was  seen  in  § 23, 

1°.  The  molecular  forces  which  act  between  the  particles  of  the  rigid 
bodies  contained  in  the  system : 

2°.  The  pressures  of  connecting-rods  of  invariable  length,  the  reactions 
at  fixed  pivots,  and  the  tensions  of  taut  inextensible  strings : 

3°.  The  reaction  of  any  fixed  smooth  surfaces  or  curves  with  which 
bodies  of  the  system  are  constrained  to  remain  in  contact ; or  of  perfectly 
rough  surfaces,  so  far  as  these  can  enter  into  holonomic  systems: 

4°.  The  reactions  of  any  smooth  surfaces  or  curves  with  which  bodies 
of  the  system  are  constrained  to  remain  in  contact,  when  these  surfaces  or 
curves  are  forced  to  move  in  some  prescribed  manner ; for  the  displacement 
considered  above  is  made  on  the  supposition  that  t,  so  far  as  it  is  required  for 
the  specification  of  the  system,  is  not  varied,  i.e.  that  such  surfaces  or  curves 
are  not  moved  during  the  displacement;  so  that  this  case  reduces  to  the 
preceding. 

The  forces  acting  on  the  system,  other  than  these  which  do  no  work,  are 
called  the  external  forces.  It  follows  that  the  quantity 

is  the  work  done  by  the  external  forces  in  the  displacement  which  corresponds 
to  a change  of  qr  to  qr+  Sqr,  the  other  coordinates  being  unaltered.  This  is 
a quantity  which  (from  our  knowledge  of  the  constitution  of  the  system,  and 
of  the  forces  at  work)  is  a known  function  of  q1}  q2,  ...  qn,t\  we  shall  denote 
it  by 

Qr(qi,  q*,  qn,  t)  Bqr. 

We  have  therefore 

d(dT\_dT_ 

dt  [dqj  dqr  Vr' 

This  equation  is  true  for  all  values  of  r from  1 to  n inclusive ; we  thus 
have  n ordinary  differential  equations  of  the  second  order,  in  which  qu  q2, ...  qn 
are  the  dependent  variables  and  t is  the  independent  variable;  as  the  number 
of  differential  equations  is  equal  to  the  number  of  dependent  variables,  the 
equations  are  theoretically  sufficient  to  determine  the  motion  when  the 
initial  circumstances  are  given.  We  have  thus  arrived  at  a result  which  may 
be  thus  stated  : 

Let  T denote  the  kinetic  energy  of  a dynamical  system , and  let 
Qfqi  + ^2^2  + •••  + Qn$qn 
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denote  the  work  done  by  the  external  forces  in  an  arbitrary  displacement 
(Bq1}  Bq2,  ...  Bqn),  so  that  T,  Q1}  Q2,  ...  Qn  are,  from  our  knowledge  of  the 
constitution  of  the  system,  known  functions  of  qx,  q2,  ...  qn,  qi,  q*,  •••  qn,  t; 
then  the  equations  which  determine  the  motion  of  the  system  may  be  written 


d_fdT\ 
dt  \dqrJ 


(r  — 1,  2,  ...  n). 


These  are  known  as  Lagrange’s  equations  of  motion . It  will  be  observed 
that  the  unknown  reactions  (e.g.  of  the  constraints)  do  not  enter  into  these 
equations.  The  determination  of  these  reactions  forms  a separate  branch  of 
mechanics,  which  is  known  as  Kineto-statics  : so  we  can  say  that  in  Lagrange’s 
equations  the  kineto-statical  relations  of  the  problem  are  altogether  eliminated. 


27.  Conservative  forces  : the  Kinetic  Potential. 

Certain  fields  of  force  have  the  property  that  the  work  done  by  the  forces 
of  the  field  in  a displacement  of  a dynamical  system  from  one  configuration 
to  another  depends  only  on  the  initial  and  final  configurations  of  the  system, 
being  the  same  whatever  be  the  sequence  of  infinitesimal  displacements  by 
which  the  finite  displacement  is  effected. 

Gravity  is  a conspicuous  example  of  a field  of  force  of  this  character ; the  work  done 
by  gravity  in  the  motion  of  a particle  of  mass  m from  one  position  at  a height  h to 
another  position  at  a height  k above  the  earth’s  surface  is  mg  (h—k),  and  this  does  not 
depend  in  any  way  on  the  path  by  which  the  particle  is  moved  from  one  position  to  the 

other. 

Fields  of  force  of  this  type  are  said  to  be  conservative. 

Let  the  configuration  of  any  dynamical  system  be  specified  by  n 
coordinates  qu  q2,  ...  qn.  Choose  some  configuration  of  the  system,  say 
that  for  which 

qr  = <*r>  (r=  1,  2,  ...  n), 

as  a standard  configuration ; then  if  the  external  forces  acting  on  the  system 
are  conservative,  the  work  done  by  these  forces  in  a displacement  of  the 
system  from  the  configuration  (q1}  q2, ...  qn)  to  the  standard  configuration  is  a 
definite  function  of  qx,  q2y  ...  qn,  not  depending  on  the  mode  of  displacement. 
Let  this  function  be  denoted  by  V (qly  q2y  ...  qn),  it  is  called  the  Potential 
Energy  of  the  system  in  the  configuration  (qly  q2,  ...  qn).  In  this  case  the 
work  done  by  the  external  forces  in  an  arbitrary  displacement 

(Bqx,  Bq2,  ...  8qn) 

is  evidently  equal  to  the  infinitesimal  decrease  in  the  function  V,  corresponding 
to  the  displacement,  i.e.  is  equal  to  the  quantity 
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Lagrange’s  equations  of  motion  therefore  take  the  form 

dfdT\  dT  _ dV  _ 

dt\dqr)  dqr  dqr’  ^ 5 ’ 

If  we  introduce  a new  function  L of  the  variables  qlf  q2,  ...  qn>  q1,  ...  qn,t, 
defined  by  the  equation 

L = T — V, 


then  Lagrange’s  equations  can  be  written 


d /dL\  dL 
dt  \dqj  dqr 


(r  = 1,  2,  ...  n). 


The  function  L is  called  the  Kinetic  Potential , or  Lagrangian  function ; 
this  single  function  completely  specifies,  so  far  as  dynamical  investigations 
are  concerned,  a holonomic  system  for  which  the  forces  are  conservative. 


28.  The  explicit  form  of  Lagrange’s  equations. 

We  shall  now  shew  how  the  second  derivates  of  the  coordinates  with 
respect  to  the  time  can  be  found  explicitly  from  Lagrange’s  equations. 

Let  the  configuration  of  the  dynamical  system  considered  be  specified  by 
coordinates  qXl  q2,  ...  qn;  we  shall  suppose  that  the  configuration  can  be 
completely  specified  in  terms  of  these  coordinates  alone,  without  t,  so  that 
the  kinetic  energy  of  the  system  is  a homogeneous  quadratic  function  of 
qx,  •••  % • As  was  seen  in  § 26,  this  is  always  the  case  when  the 
constraints  are  independent  of  the  time,  but  not  in  general  when  the 
constraints  have  forced  motions  (as  for  instance  in  the  case  of  a particle 
constrained  to  move  on  a wire  which  is  made  to  rotate  in  a given  way). 

Suppose  then  that  the  kinetic  energy  is 

T = i 2 2 auqkqt, 

k= 1 1= 1 

where  au  — a &,  and  where  the  coefficients  a^i  are  known  functions  of 


qu  ^2,  ...  qn. 


The  Lagrangian  equations  of  motion  for  the  system  are 


or 


did_T\ 
dt  \dqj 


dT_ 

dqr 


— Qr> 


d 

dt 


daki 


i=i  oqr 


n 


n 


2 anqs  + 2 2 

s=l  Z=1  m=l 


l m 
r 


(r  = 1,  2,  ...  n), 
(r  = 1,  2,  ...  n), 


or 


qiqm  — Qr> 


(r  = 1,  2,  ...  n)} 
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where  the  symbol 


l m 
r 


, which  is  called  a Christoffel’s  symbol*,  denotes  the 


expression 


1 {f&lr  , 'dtt'lmX 

2 \dqm  dqi  dqr  J ' 


These  equations,  being  linear  in  The  accelerations,  can  be  solved  for  the 
quantities  qs.  In  fact,  let  D denote  the  determinant 

a12  a13 . . . aln  , 

0^21  ^22  ^23  

a31  a32  

&nn 

and  let  Ars  be  the  minor  of  ars  in  this  determinant.  Multiply  the  n equations 
of  the  above  system  by  Alv,  A2V)  ...  Anu,  respectively,  and  add  them:  re- 

n 

membering  that  the  quantity  2 Arv  ars  is  zero  when  s is  different  from  v,  and 

r= 1 

has  the  value  D when  s is  equal  to  v , we  have 

n n n r~£  n 

Dqv  +22  2 Arv  qi  qm  = 2 Arv  Qr , 

l=lm=lr=l  L r J j*=1 

1 » 5,  » . \lm~)  . . , 1 5 . . 

or  qv  ^ 2 2 2 Arv  I q%  qm  + -p.  2 Arv  Qr. 

1=1  m= 1 r= 1 L ^ J r=l 


This  equation  is  true  for  all  values  of  v from  1 to  n inclusive ; and  these 
n equations,  in  which  q1}  q2,  ...  qn  are  given  explicitly  as  functions  of  q1}  q2, 
•••  qn,  qi,  q%,  •••  qn,  can  be  regarded  as  replacing  Lagrange’s  equations  of 
motion. 


29.  Motion  of  a system  which  is  constrained  to  rotate  uniformly  round  an 
axis. 

In  many  dynamical  systems,  some  part  of  the  system  is  compelled  by  an 
external  agency  to  revolve  with  constant  angular  velocity  co  round  a given 
fixed  axis;  the  motion  of  a bead  on  a wire  which  is  made  to  rotate  in  this 
way  is  a simple  example.  There  is,  as  we  have  seen,  no  objection  to  the 
direct  application  of  Lagrange’s  equations  to  such  cases,  provided  the  system 
is  holonomic ; but  it  is  often  more  convenient  to  use  a theorem  which  we 
shall  now  obtain,  and  which  reduces  the  consideration  of  systems  of  this  kind 
' to  that  of  systems  in  which  no  forced  rotation  about  the  given  axis  takes 
place. 

* It  was  introduced  by  Christoffel,  Journal  fur  Math.  lxx.  (1869),  and  is  of  importance  in  the 
theory  of  quadratic  differential  forms. 
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Suppose  that,  independently  of  the  prescribed  motion  round  the  axis,  the 
system  has  n degrees  of  freedom,  so  that  if  the  given  axis  is  taken  as  axis  of 
z,  and  any  plane  through  this  axis  and  turning  with  the  prescribed  angular 
velocity  is  taken  as  the  plane  from  which  the  azimuth  cf>  is  measured,  the 
cylindrical  coordinates  of  any  particle  m of  the  system  can  be  expressed  in 
terms  of  n coordinates  q1}  q2,  qn,  these  expressions  not  involving  the  time  t. 
Then  if  the  kinetic  energy  of  the  system  in  the  actual  motion  be  T,  and  if  the 
work  done  by  the  external  forces  in  an  arbitrary  infinitesimal  displacement 
be  Q18q1  + Q2  %+...  + Qn$qn>  where  Qn  Q2,  •••>  Qn  will  be  supposed  to 
depend  only  on  the  coordinates  ql3  q2,  ...,  qn,  and  if  the  kinetic  energy  of 
the  system  when  the  forced  angular  velocity  is  replaced  by  zero  be  denoted 
by  Tu  we  have 

T — \ 2m  {i2  + r2  + r2((j>  + a))2}, 

Tx  = \ 2m  [z2  + r2  + r2  <£2}. 

Now  the  quantity  j2mr2  will  be  a function  of  ql3  q2)  qn,  which  is 
determined  by  our  knowledge  of  the  constitution  of  the  system  : denote  it  by 
W.  The  quantity  2 mr2(jo  will  also  be  a known  function  of  ql3  q2,  ...,  qn , 
q1}  qn , being  linear  in  q1}  q2}  qn\  it  will  be  zero  if,  when  go  is  zero,  the 

motion  of  every  particle  has  no  component  in  the  direction  of  </>  increasing ; 
while  if  n is  equal  to  unity,  so  that  there  is  Only  one  coordinate  q,  it  will  be 
the  perfect  differential  with  respect  to  t of  a function  of  q : these  are  the  two 
cases  of  most  frequent  occurrence,  and  we  shall  include  them  both  by  as- 
. . dY 

suming  that  2mr2<j>  is  of  the  form  where  Y is  a given  function  of  the 
coordinates  q1}  q2,  qn. 


We  have  therefore 


dV 

T^Z  + co^  + co2  W, 


and  the  Lagrangian  equations 


d_  ldT\  _dj[  = n 
dt  [dqj  dqr  V” 


can  be  written  in  the  form 


0=1,  2,  ...r n ) 


d 

(dTA 

,.d  , 

(JY\ 

_dT i 

d 

f0F\ 

dt 

\dqrJ 

] + dt{ 

t dqj 

dqr 

\9  qj 

20Tf  n 
<°Wr=Qr 


0 = 1,  '2,  n) 


or 


d_  /d  Tx\ 
dt  \dqr) 


dTx 

dqr 


(r  =1,  2,  n). 


These  equations  shew  that,  subject  to  the  assumption  already  mentioned, 
the  motion  is  the  same  as  if  the  prescribed  angular  velocity  were  zero , and 
the  potential  energy  were  to  contain  an  additional  term  — ^Xmr2co2.  In  this 
way,  by  modifying  the  potential  energy,  we  are  enabled  to  pass  from  a 
system  which  is  constrained  to  rotate  about  the  given  axis  to  a system  for 
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which  this  rotation  does  not  take  place.  The  term  centrifugal  forces  is 
sometimes  used  of  the  imaginary  forces  introduced  in  this  way  to  represent 
the  effect  of  the  enforced  rotation. 

30.  The  Lagrangian  equations  for  quasi-coordinates. 

In  the  form  of  Lagrange’s  equations  given  in  § 26,  the  variables  are  n 
coordinates  qu  q2,  ...,  qn,  and  the  time  t\  the  knowledge  of  these  quantities, 
together  with  a knowledge  of  the  constitution  of  the  system,  is  sufficient  to 
determine  the  position  of  any  particle  in  any  configuration  of  the  system, 
which  may  be  expressed  by  saying  that  q1}  q2,  .:.fqn,  are  true  coordinates  of 
the  system.  We  shall  now  find  the  form  which  is  taken  by  the  equations 
when  the  variables  used  are  no  longer  restricted  to  be  true  coordinates  of 
the  system*. 

Consider  a system  defined  by  n true  coordinates  q1}  q2,  ...,  qn , the 
kinetic  energy  being  T and  the  work  done  by  the  external  forces  in  a 
displacement  (8q1}  Bq2,  ...,  8qn)  being  Q18q1  + Q2&?2  + •••  + Qn&qn,  so  that  the 
Lagrangian  equations  of  motion  of  the  system  are 


d /BT\  _ dT 


Q* 


(*  = 1,  2,  ...,n):..(  1). 


dt\dqj  dqK 

Let  ft)l5  co2,  ...,  con,  be  n independent  linear  combinations  of  the  velocities 
q1}  q_2 > •••>  qn>  defined  by  relations 

cor  = ctlrqx  + ct2rq2  + . . . + anrqn,  (r=  1,  2,  2), 

where  an,  a21,  ann  are  given  functions  of  q1}  q2i  ...,  qn\  and  let  dirx,  dnr2y 
...,  dirn,  be  n linear  combinations  of  the  differentials  dq1}  dq2,  ...,  dqn,  defined 
by  the  relations 

dirr  = alr dqx  + a2rdq2  anrdqn  (r  = 1,  2,  n), 

where  the  coefficients  a are  the  same  as  in  the  previous  set  of  equations. 

These  last  equations  would  be  immediately  integrable  if  the  relations 

dctKr 

dqm  dq*. 

7 rr  would  exist  which  would  be  true  coordinates ; we  shall  not  however 
suppose  the  equations  to  be  necessarily  integrable,  so  that  d7rx,  d7r2)  ...,  dTrn 
will  not  necessarily  be  the  differentials  of  coordinates  7rx,  ir2,  irn\  we  shall 
call  the  quantities  dirx,  drrr2,  diTn  differentials  of  quasi-coordinates. 

Suppose  that  the  relations  (2),  when  solved  for  qu  q2,  ...,  qny  give  the 
equations 

q_K- /5Ki&)i  + ^2ft)2  + ...  (r  = 1,  2,  ...,  n)  ...(3). 

* Particular  cases  of  the  theorem  of  this  article  were  known  to  Lagrange  and  Euler : the 
general  form  of  the  equations  is  due  to  Boltzmann  (Wien.  Sitzungsberichte,  1902)  and  Hamel 
(Zeitschrift  fiir  Math.  u.  Phys.  1904). 


0C( 

Tp - = were  satisfied  for  all  values  of  k,  r,  and  m,  and  in  that  case  variables 
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Multiplying  the  Lagrangian  equations  (1)  by  filr,  /32r,  /3nr,  respectively, 

and  adding,  we  obtain  the  equation 


2 ft 


d (dT 


dt  \dq, 


a t 

dqK 


= S fiKr  Qk  . 


Now  X QK&qK  is  the  work  done  by  the  external  forces  on  the  system  in  an 
arbitrary  displacement,  so  S /3KrQK87rr  is  the  work  done  in  a displacement 

in  which  all  the  quantities  07 r are  zero  except  87 ry.  If  therefore  the  work 
done  by  the  external  forces  on  the  system  in  an  arbitrary  infinitesimal  dis- 
placement (877-!,  87t2,  . . 07rn)  is  U1 Sttj  + II207r2  + . . . + nn87rn,  we  have 


S {3kv 


[dt  \dqj  dq, 


el. 


By  means  of  equations  (3)  we  can  eliminate  qlt  q2,  qn,  from  the 
function  T,  so  that  T becomes  a function  of  o>lt  co2,  . ..,  con,  q1}  q2,  qn  (we 
suppose  for  simplicity  that  t is  not  contained  explicitly  in  T) ; let  this  form 
of  T be  denoted  by  T. 

rni  , dT 

I hen  we  have  ^=2,^ — olkS. 

oqK  s ocos, 

and  therefore 


2 A 


2 clkS 


d fdT 

dt  [dcoo 


+ 2 


dT  daK 


dcos  dt  dqK J 

But  2 ftKr  ol<s  is  zero  or  unity  according  as  r is  different  from,  or  equal  to, 

K 

so  we  have 


4 (i^) + 22  a,  4^  ~ ~ 2 


dt  \dcor 


dt  da>c 


8 — = n 

P*r0  qK  r 


We  also  have 


df 

dqK 


dqK  + 7 dcos  dqK  dq*  s m dcos  dqK  5 m ’ 


so 


d_  /dT 
dt  \dar 


a t 


da 


dq 


dam, 

dqK 


« oqr 


Now  %/3Kr~—,  or  .2  J- , would  represent  if  irr  vrere  a true 
k dqK  K dqK  dirr  r _dirr 

a t 

coordinate ; we  shall  denote  it  by  the  symbol  ^ — whether  7 rr  is  a true 

07Tr 

coordinate  or  not.  Also  the  expression 

-c1  0 o (daKS  dams 

dq 

depends  only  on  the  connexion  between  the  true  coordinates  and  the  dif- 
ferentials of  the  quasi-coordinates,  and  is  independent  of  the  nature  or 
motion  of  the  dynamical  system  considered : we  shall  denote  this  expression 
by  yr8l.  We  have  therefore 


d /dT 
dt  \0a>- 


+ 2 X 7 rsi  0)t 


S l 


a t 

dco , 


ar 

07 r,. 


= n,  (r  = 1,  2,  n). 
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These  n equations  are  the  equations  of  motion  expressed  in  terms  of  the 
quasi-coordinates ; when  the  quasi-coordinates  are  true  coordinates,  the 

quantities  yrsl  are  all  zero,  since  the  conditions  are  satisfied,  and 

* oqm  oqK 

the  equations  reduce  to  the  ordinary  Lagrangian  equations 


d ldT\ 

dt  \377-,.,' 


0 = 1,  2,  n). 


* Example.  A rigid  body  is  free  to  turn  about  one  of  its  points  0,  which  is  fixed,  so 
that  the  coordinates  of  the  body  can  be  taken  to  be  the  three  Eulerian  angles  0,  (f>,  \js, 
which  (§  10)  specify  the  position  of  axes  Oxyz , fixed  in  the  body  and  moving  with  it,  with 
reference  to  axes  OX  YZ  fixed  in  space.  Let  an  arbitrary  displacement  (80,  8cf>,  8\fr)  of  the 
body  be  equivalent  to  the  resultant  of  small  rotations  Snq,  8n2,  8tt3,  round  Ox,  Oy , Oz, 
respectively,  so  that  dir lf  dn2,  dn3  can  be  taken  as  the  differentials  of  quasi-coordinates: 
let  aq,  co 2 } <03  be  the  components  about  the  axes  Oxyz  of  the  angular  velocity  of  the  body 
at  any  instant,  so  that  dirx,  drr2,  dir3,  are  the  differentials  of  quasi-coordinates  corre- 
sponding respectively  to  the  velocities  aq,  a>2,  o>3.  Shew  that  the  equations  of  motion  of 
the  body  are 

id  (dT\  dT  dT  dT_ 

dt  \d<oJ  W3  0o2  + "2  0O>3  07T!  “ Hl’ 

d (dT\  df  df  df_ 

dt  \0o>2/  0)1  0<o3  01,3  0oq  07T2  1125 

d (df\  _ df_  df  df__ 

\dt\doo3)  0)2  0oq  + 6,1  0to2  07t3  113 ’ 


where  T is  the  kinetic  energy  of  the  body,  expressed  in  terms  of  oq,  a>2,  <o3,  0,  f, 

iq,  n2,  n3,  are  the  moments  about  the  axes  Ox,  Oy,  Oz,  respectively  of  the  external  forces 

..  , df ' ^ . df  80  , df  d(f>  , df  dyfs 

acting  on  the  body ; and  ~ — stands  for  ^-r  5 h ^ 5-x- . 

07Tr  00  (J7rr  0<p  07Tr  Oy  Oirr  _ 

dT 

It  will  appear  later  that  T depends  only  on  aq,  a>2,  aq,  so  the  terms  ~ — are  zero. 

" oirr 


31.  Forces  derivable  from  a Sobering  s potential-function. 

In  certain  cases  the  conception  of  a potential-energy  function  can  be 
extended  to  dynamical  systems  in  which  the  acting  forces  depend  not  only 
on  the  position  but  on  the  velocities  and  accelerations  of  the  bodies. 

For  consider  a dynamical  system  whose  configuration  is  specified  by 
coordinates  qx,  q2,  ...,  qn,  and  suppose  that  the  work  done  by  the  external 
forces  in  an  arbitrary  displacement  (Sqx,  Sq2,  Bqn)  is 

Qi  $qi  + Q2  + • • • + Qn  $qn- 

Then  if  Qr  can  be  expressed  in  the  form 


™ dqr  ^ dt  \dqr 


(r  = 1,  2,  ...,  n) 


where  V is  a given  function  of  q1}  q2,  ...,  qn,  qx,  qn,  the  Lagrangian  equa- 
tions of  motion  are 


d 

/an 

d T _ 

dv 

d 1 

(dV\ 

dt 

\dqj  ' 

dqr 

dqr  + 

dt 

{ dqj 

(r=l,  2,  ...,  n) 


[CH.  II 
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and  if  a kinetic  potential  L be  defined  by  the  equation 

L = T—  V, 

the  equations  take  the  customary  form 

d / 0X\  0X „ 

dt  \0gr/  dqr 


(r=l,  2,  n). 


The  function  V can  be  regarded  as  a generalised  potential  energy 
function.  An  example  of  such  a system  is  furnished  by  the  motion  of  a 
particle  subject  to  Weber’s  electrodynamic  law  of  attraction  to  a fixed  point, 
the  force  per  unit  mass,  acting  on  the  particle  being 

1 / r2  — 2r  r 
r2  \ c2 


where  r is  the  distance  of  the  particle  from  the  centre  of  force : in  this  case 
the  function  V is  defined  by  the  equation 


» Example.  If  the  forces  Qlt  Q2,  ...,  Qn,  of  a dynamical  system  which  is  specified  by 
coordinates  qlt  q2,  ...,  qn  are  derivable  from  a generalised  potential-function  V,  so  that 


Qr  = 


dV  d_  YdV' 
dqr  + dt  ' 


© 


(r=l,  2,  ...,  n\ 


shew  that  Qlt  Q2,  ...,  Qn  must  be  linear  functions  of  qu  q2,  ...,  qn,  satisfying  the  n (2 n - 1) 
relations 

^Qj  _ dQk 
Hk  Hi  ’ 
d&  [ ZQic  = d 


Hk 

dQi 

Hie 


fQi  , dQk\ 

\dqk  + Hi)' 

_ dOk  _ i d_  (fQi  _ dQk\ 

Hi  2 dt  \Hk  Hi  ) ' 


dqi  dt 


On  the  general  conditions  for  the  existence  of  a kinetic  potential  of  forces,  reference 
may  be  made  to 

Helmholtz,  Journal  fur  Math.,  Vol.  100  (1886). 

Mayer,  Leipzig.  Berichte , Vol.  48  (1896). 

Hirsch,  Math.  Annalen , Vol.  50  (1898). 


32.  Initial  motions. 

The  differential  equations  of  motion  of  a dynamical  system  cannot  in 
general  be  solved  in  a finite  form  in  terms  of  known  functions.  It  is  how- 
ever always  possible  (except  in  the  vicinity  of  certain  singularities  which 
need  not  be  considered  here)  to  solve  a set  of  differential  equations  by  power- 
series,  i.e.  to  obtain  for  the  dependent  variables  q1,  q2,  ...,  qn,  expressions  of 
the  type 

q1  = ax  + blt  + c1t2  + d1t*+  ... 
q2  = a2  + b2t  + c2t2  + d2ts  + ... 

qn  = an  + bnt  + cnt2  + dnts+  ... ; 
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the  coefficients  a,  b,  ...  can  in  fact  be  obtained  by  substituting  these  series  in 
the  differential  equations,  and  equating  to  zero  the  coefficients  of  the  various 
powers  of  t\  the  expansions  will  converge  in  general  for  values  of  t within 
some  definite  circle  of  convergence  in  the  £-plane  *. 

It  is  plain  that  these  series  will  give  any  information  which  may  be 
required  about  the  initial  character  of  the  motion  ( t being  measured  from  the 
commencement  of  the  motion),  since  ax  is  the  initial  value  of  qlf  bx  is  the 
initial  value  of  qx,  and  so  on.  This  method  of  discussing  the  initial  motion 
of  a system  is  illustrated  by  the  following  example. 

* Example.  Consider  the  motion  of  a particle  of  unit  mass,  which  is  free  to  move  in  a 
plane  and  initially  at  rest,  and  which  is  acted  on  by  a field  of  force  whose  components 
parallel  to  fixed  rectangular  axes  at  any  point  (x,  y)  are  ( X , Y) ; and  let  it  be  required  to 
determine  the  initial  radius  of  curvature  of  the  path. 


Let  {x+g,  y+rj)  be  the  coordinates  of  any  point  adjacent  to  the  initial  point  (x,  y), 
so  that  £,  r],  may  be  regarded  as  small  quantities ; then  the  equations  of  motion  are 


i—X  (x+g,  y+rj ) 


^X(x,y)+£ 
V — Y(x,  y)  + £ 


dX(x,y)  dX(x,y) 


dx 


+ T) 


3Y(x,y) 

dx 


+ V 


dy 

dT(x,  y) 


If  therefore  we  assume  for  | and  rj  the  expansions 


g=at2  + bts+cti  + 

7}  = dt2  + efi  -f- -f- . . . , 

(it  is  not  necessary  to  include  terms  of  lower  order  than  t2,  since  the  quantities  £,  rj,  £,  ?;, 
are  initially  zero),  and  substitute  in  these  differential  equations,  we  find,  on  comparing 
the  coefficients  of  various  powers  of  t,  the  relations 

a=\X{x,y),  6=0,  c=4 j (x 
d=\Y(x,y),  «=0, 

The  path  of  the  particle  near  the  point  (x,  y)  is  therefore  given  by  the  series 

€-x.+l(j-g+r^)«»+...f 

r,=  Yu+i(xdfx  + Ydry+..., 
where  u denotes  the  quantity  \t2. 

Now  if  the  coordinates  ^ and  r)  of  any  curve  are  expressed  in  terms  of  a parameter  u, 
the  radius  of  curvature  at  the  point  u is  known  to  be 

m+mr 

(PrLd^__(P^drl  1 

du 2 du  dv?  du 

* Whittaker,  A Course  of  Mod'impialysis,  § 21. 


0X  dX\ 
dx+  dy) 
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so  the  radius  of  curvature  corresponding  to  the  zero  value  of  u^for  the  curve  given  by  the 
above  expressions,  is 

3 (X2+72)^ 


and  this  is  the  required  radius  of  curvature  of  the  path  of  the  particle  at  the  initial  point. 


33.  Similarity  in  dynamical  systems. 

If  any  system  of  connected  particles  and  rigid  bodies  is  given,  it  is 
possible  to  construct  another  system  exactly  similar  to  it,  but  on  a different 
scale.  If  now  the  masses  and  forces  in  the  two  systems,  which  we  can  call 
the  pattern  and  model  respectively,  bear  certain  ratios  to  each  other,  the 
workings  of  the  two  systems  will  be  similar,  though  possibly  at  speeds  which 
are  not  the  same  but  bear  a constant  ratio  to  each  other. 

To  find  the  relation  between  the  various  ratios  involved,  let  the  linear 
dimensions  of  the  model  and  pattern  be  in  the  ratio  x : 1,  let  the  masses  of 
corresponding  particles  be  in  the  ratio  y : 1,  let  the  rates  of  working  be  in  the 
ratio  £ : 1,  so  that  the  times  elapsed  between  corresponding  phases  are  in  the 
ratio  1 : 2,  and  let  the  forces  be  in  the  ratio  w : 1.  Then  for  each  particle,  we 
have  an  equation  of  motion  of  the  form 

mx  = X ; 

so  if  m is  altered  in  the  ratio  y : 1,  x is  altered  in  the  ratio  xz1 : 1,  and  X is 
altered  in  the  ratio  w : 1,  we  must  have 

w = xyz2, 

and  this  is  the  required  relation  between  the  numbers  x , y , w. 

Example.  If  the  forces  acting  are  those  due  to  gravity,  we  have  w=y,  and  conse- 
quently xy*  = 1,  so  that  the  rates  of  working  are  inversely  as  the  square  roots  of  the  linear 
dimensions. 

If  the  forces  acting  are  the  mutual  gravitation  of  the  particles,  every  particle 
attracting  every  other  particle  with  a force  proportional  to  the  product  of  the  masses  and 
the  inverse  square  of  the  distance,  we  have  ^=y2/^2,  so  the  rates  of  working  are  in  the 
ratio  y * : of. 


34.  Motion  with  reversed  forces. 

A special  case  of  similarity  is  that  in  which  the  ratio  w has  the  value  — 1. 
We  have  seen  that  the  motion  of  any  dynamical  system  which  is  subjected 
to  constraints  independent  of  the  time,  and  to  forces  which  depend  only  on 
the  positions  of  the  particles,  is  expressed  by  the  Lagrangian  equations 


d /02V  dT  = 


dt  \dqrJ  dqr 


Qr, 


(r=  1,  2,  n) 


where  the  kinetic  energy  T is  a homogeneous  quadratic  function  of  the 
velocities  qlt  q2,  ...,  qn,  involving  the  coordinates  q1}  q2}  qn,  in  any  way, 
and  Q is  a function  of  qlt  q2,  ...,  only. 


\ 
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Introduce  a new  independent  variable  defined  by  the  equation 


r = it, 


where  i = J — l, 


and  let  accents  denote  differentiations  with  regard  to  t.  Then  since 
an<^  ^ arG  ^omo§'eneous  °f  degree  — 2 in  dt,  the  above  equations 


become 

<f  /9®\ 

dr  \dqj  dqr  ~ 

where  VI  is  the  same  function  of  qf  q2,  ...,  qn',  q1} 

qi,  q%,  • ••>  qn,  qi,  q*  qn- 


(r=l,  2,  n) 
qn,  that  T is  of 


But  if  t (instead  of  t)  be  now  interpreted  as  denoting  the  time,  these  last 
equations  are  the  equations  of  motion  of  the  same  system  when  subjected  to 
the  same  forces  reversed  in  direction.  Moreover,  if  alt  a2,  . ..,  ctn,  /3l,  /32,  . 

/3n  are  the  initial  values  of  qx,  q2,  ...,  qn,  qx,  q2,  ...,  qn,  respectively  in  any 
particular  case  of  the  motion  of  the  original  system,  then  a1}  a2,  ...,  an,  — i /3X , 

— i/32,  —ifin  will  be  the  corresponding  quantities  in  the  transformed 
problem.  We  thus  have  the  theorem  that  in  any  dynamical  system  subjected 
to  constraints  independent  of  the  time  and  to  forces  which  depend  only  on  the 
position  of  the  particles,  the  integrals  of  the  equations  of  motion  are  still  real 
if  t be  replaced  by  V—  1 1 and  the  initial  velocities  /31}  {32,  ...,  (3n,  by  — V—  1 /31} 

— V—  l/32,  ...,  — V—  1 /3n  respectively  ; and  the  expressions  thus  obtained  repre- 
sent the  motion  which  the  same  system  would  have  if,  with  the  same  initial 
conditions , it  were  acted  on  by  the  same  forces  reversed  in  direction. 


35.  Impulsive  motion. 

In  certain  cases  (e.g.  in  the  .collision  of  rigid  bodies)  the  velocities  of  the 
particles  in  a dynamical  system  are  changed  so  rapidly  that  the  time  occupied 
in  the  process  may,  for  analytical  purposes,  be  altogether  neglected. 

The  laws  which  govern  the  impulsive  motion  of  a system  bear  a close 
analogy  to  those  which  apply  in  the  case  of  motion  under  finite  forces : they 
can  be  formulated  in  the  following  way. 

The  number  which  represents  the  mass  of  a particle,  multiplied  by  the 
vector  which  represents  its  velocity  at  any  instant,  is  a vector  quantity 
(localised  in  a line  through  the  particle)  which  is  called  the  momentum  of 
the  particle  at  that  instant ; the  three  components  parallel  to  rectangular 
axes  Oxyz  of  the  momentum  of  a particle  of  mass  m at  the  point  (x,  y , z)  are 
therefore  ( mx , my,  mz).  If  any  number  of  particles  form  a dynamical  system, 
the  sum  of  the  components  in  any  given  direction  of  the  momenta  of  the 
particles  is  called  the  component  in  that  direction  of  the  momentum  of  the 
system.  The  impulsive  changes  of  velocity  in  the  various  particles  of  a 
connected  system  can  be  regarded  as  the  result  of  sudden  communications 
of  momentum  to  the  particles. 

The  effect  of  an  agency  which  causes  impulsive  motion  in  the  system 
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will  be  measured  by  the  momentum  which  it  would  communicate  to  a single 
free  particle.  If  therefore  (u0,  v0,  w0)  are  the  components  of  velocity  of  a 
particle  of  mass  m,  referred  to  fixed  axes  in  space,  before  the  impulsive 
communication  of  momentum  to  the  particle,  and  if  ( u , v,  w)  are  the  com- 
ponents of  velocity  of  the  particle  after  the  impulse,  then  the  vector  quantity 
(localised  in  a line  through  the  particle)  whose  components  are 

m(u  — uf),  m(v  — v0),  m ( w — w0), 

represents  the  impulse  acting  on  the  particle . 

For  the  discussion  of  the  impulsive  motion  of  a connected  system  of 
particles,  it  is  clearly  necessary  to  have  some  experimental  law  analogous  to 
the  law  of  Action  and  Reaction  of  finite  forces ; such  a law  is  contained  in 
the  statement  that  the  total  impulse  acting  on  a particle  of  a connected 
system  is  equal  to  the  resultant  of  the  external  impulse  on  the  particle  (i.e.  the 
impulse  communicated  by  agencies  external  to  the  system,  measured  by  the 
momentum  which  the  particle  would  acquire  if  free)  together  with  impulses 
directed  along  the  lines  which  join  this  particle  to  the  other  particles  which 
constrain  its  motion  ; and  the  mutually  induced  impulses  between  two  connected 
particles  are  equal  in  magnitude  and  opposite  in  sign. 

If  we  regard  the  components  of  an  impulse  as  the  time-integrals  of  the 
components  of  an  ordinary  finite  force  which  is  very  large  but  acts  only  for 
a very  short  time,  the  law  just  stated  agrees  with  the  law  of  Action  and 
Reaction  for  finite  forces. 

Change  of  kinetic  energy  due  to  impulses. 

The  change  in  kinetic  energy  of  a dynamical  system  whose  particles  are  acted  on  by  a 
given  set  of  impulses  may  be  determined  in  the  following  way. 

Let  an  impulse  /,  directed  along  a line  whose  direction-cosines  referred  to  fixed  axes  of 
reference  are  (X,  g,  v),  be  communicated  to  a particle  of  mass  m,  changing  its  velocity 
from  Vq  , in  a direction  whose  direction-cosines  are  (Z0,  M0,  JV0),  to  v,  in  a direction  whose 
direction-cosines  are  ( L , M , N ).  The  equations  of  impulsive  motion  are 

m (vL  - v0Lq)  = /X,  m {vM  - v0M0)  = Ig,  m (vN - vQN0)  = lv. 

Multiplying  these  equations  respectively  by 

%(vL+v0L0),  %(vM+v0M0),  and  ^vN+v^Nq), 

and  adding,  we  have 

^ mv2  - \ mvf =\Iv  (XX  + Mg  + Nv ) + ^ Iv0  (X0X + M0g + M0v). 

The  change  in  kinetic  energy  of  the  particle  is  therefore  equal  to  the  product  of  the 
impulse  and  the  mean  of  the  components,  before  and  after  the  impulse,  of  the  velocity  of 
the  particle  in  the  direction  of  the  impulse. 

Now  consider  any  dynamical  system  of  connected  particles  and  rigid  bodies,  to  which 
given  impulses  are  communicated ; applying  this  result  to  each  particle  of  the  system,  and 
summing,  we  see  that  the  change  in  the  kinetic  energy  of  the  system  is  equal  to  the  sum  of  the 
impulses  applied  to  it , each  multiplied  by  the  mean  of  the  components , before  and  after  the 
communication  of  the  impulse , of  the  velocity  of  its  point  of  application  in  the  direction  of  the 
impulse.  In  this  result  we  can  clearly  neglect  the  impulsive  forces  between  the  molecules 
of  any  rigid  body  of  the  system. 


■ 
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35,  36]  The  Equations  of  Motion 

36.  The  Lagrangian  equations  of  impulsive  motion. 

The  equations  of  impulsive  motion  of  a dynamical  system  can  be 
expressed  in  a form*  analogous  to  the  Lagrangian  equations  of  motion  for 
finite  forces,  in  the  following  way. 

Let  ( Xi , Y{,  Zi)  be  the  components  of  the  total  impulse  (external  and 
molecular)  applied  to  a particle  of  the  system,  situated  at  the  point 
( Xi , yi,  zi).  The  equations  of  impulsive  motion  of  the  particle  are 

uii  (fi  Xi0)  = Xi , mi  (i/i  yf)  = Yi,  m i ( Zi  Zi0)  = Zi, 

■ 

where  (xi0,  y *,  £&)  and  (xi,  yi,  zi)  denote  the  components  of  velocity  of  the 
particle  before  and  after  the  application  of  the  impulse. 

If  qi,  q*,  •••>  qn  denote  the  n independent  coordinates  in  terms  of  which 
the  configuration  of  the  system  can  be  expressed,  we  have  therefore 


where  the  summation  is  extended  over  all  the  particles  of  the  system. 


Now  in  forming  the  summation  on  the  right-hand  side  of  this  equation, 
it  is  seen  as  in  § 26  that  the  molecular  impulses  between  particles  of  the 
system  can  be  omitted : the  quantity 


(xip+  Yi^  + Ztp) 


can  therefore  readily  be  found  when  the  external  impulses  are  known : we 
shall  denote  it  by  the  symbol  Qr.  We  have  consequently 

2 m{  | (a*  - *,•„)  + (y{  - yi(l)  ~ + (h - i*)  = Qr . 

But  as  in  § 26  we  have 

dxi  dxi  ' . dxi  d /1  . 

SjrWr’  S°  = 

and  similarly 

oqr  oqr  o 


where  qr0  and  qr  denote  the  velocities  of  the  coordinate  qr  before  and  after 
the  impulse  respectively.  Thus  if 

T = \'tmi (xi1  -f  yi1  + zi) 


w.  D. 


Due  to  Lagrange,  Mec.  Anal.  (2  6d.),  Yol.  n.  p.  183. 
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denotes  the  kinetic  energy  of  the  system  after  the  impulse,  the  above 
equation  can  be  written  in  the  form 


dT 

dqr 


(dl'\  dT 

~r- ) denotes  the  quantity  corresponding  to  ^r- , but  relating  to  the 

oqrJ  0 oqr 

instant  before  the  impulse. 

Similar  equations  can  be  found  for  the  rest  of  the  coordinates  q1}  q2i...qn', 
and  thus  we  obtain  the  set  of  n equations 


(r  = l,  2,  ...  n), 


which  are  known  as  the  Lagrangian  equations  of  impulsive  motion. 

These  are  algebraical  equations  for  the  determination  of  qx,  q2, ...  qn  in 
terms  of  q10}  q2 0, ...  qn 0;  they  are  not  differential  equations  like  the  Lagrangian 
equations  of  motion  for  finite  forces,  since  the  second  derivates  of  the 
vcoordinates  with  respect  to  the  time  do  not  enter. 


Miscellaneous  Examples. 


1.  Two  rigid  bodies  moving  in  space  are  constrained  only  by  a taut  inextensible  string 
joining  a given  point  of  one  body  to  a given  point  of  the  other,  and  one  of  the  bodies  is 
constrained  to  roll  without  sliding  on  a given  fixed  surface.  How  many  degrees  of  freedom 
has  the  system,  and  how  many  independent  coordinates  are  required  to  specify  its  con- 
figuration ? 

# 2.  A point  is  referred  to  curvilinear  coordinates  a,  5,  c,  and  the  square  of  its  velocity 
is 

2 T=  Ad2  -f  Bb2  + Gc2  + 2 Fbc  + 2 Gcd  + 2 Bab. 


Shew  that  p,  q,  r,  the  component  accelerations  in  the  directions  of  the  tangents  to  the 
coordinate  lines,  are  given  by  three  equations  of  the  type 


d dT  Ap  + Rq  + Gr 

dt\dd)  da~ 


(Coll.  Exam.) 


. 3.  A particle  which  is  free  to  move  in  space  is  initially  at  rest  at  the  origin,  and  is  in 
a field  of  force  whose  components  ( X , T,  Z)  at  any  point  (x,  y,  z)  are  given  by  the  expansions 

X = a + bx  + quadratic  and  higher  terms  in  x,  y,  z. 

Y=  cx  + quadratic  and  higher  terms  in  x,  y,  z. 

Z—  dx2  + cubic  and  higher  terms  in  x,  y,  z. 

Find  the  radii  of  curvature  and  torsion  of  the  orbit  at  the  origin. 


CHAPTER  III. 


- 

PRINCIPLES  AVAILABLE  FOR  THE  INTEGRATION. 


37.  Problems  which  are  soluble  by  quadratures. 

The  determination  of  the  motion  of  a holonomic  dynamical  system  with 
a finite  number  of  degrees  of  freedom  has  in  the  preceding  chapter  been 
shewn  to  depend  on  the  solution  of  a set  of  ordinary  differential  equations. 
If  n denotes  the  number  of  degrees  of  freedom,  and  (qx,  q2,  ...,  qn ) are  the 
coordinates  specifying  the  configuration  of  the  system  at  the  time  t , then  the 
set  of  equations  consists  of  n differential  equations,  each  of  the  second  order, 
with  qu  q2,  ...,qn  as  dependent  variables  and  t as  independent  variable.  This 
set  of  equations  is  said  to  be  of  order  2 n,  the  order  being  defined  to  be 
the  sum  of  the  orders  of  the  highest  derivates  of  the  dependent  variables 
occurring  in  the  equations.  It  is  a well-known  result  of  the  theory  of  ordinary 
differential  equations  that  the  number  of  arbitrary  constants  of  integration 
in  the  solution  of  a set  of  differential  equations  is  equal  to  the  order  of  the 
system ; whence  it  follows  that  there  are  2 n constants  of  integration  in  the 
general  solution  of  a holonomic  dynamical  problem  with  n degrees  of  freedom. 


Now  any  given  set  of  differential  equations  of  order  k can  be  reduced 
tQ  the  form 

dxr 


dt 


Xr(xly  x2)  ...,  xk,  t),  (r=  1,  2,  . ..,  k), 


where  X,,  X2,  ...,  Xk  are  known  functions  of  their  arguments,  by  taking  as 
new  variables  (x1}  x2,  ...,  xk)  the  original  dependent  variables  together  with 
their  derivates  up  to  (but  not  including)  the  highest  derivates  occurring  in 
the  original  set  of  equations.  Thus  e.g.  the  set  of  equations 


<fi  = Qi(h,  ?2,  ?i.  qX 


d2q2 
dt 2 


= Q*  ( qi , q2,  qi,  q2), 


(where  Q1  and  Q2  are  any  functions  of  the  arguments  indicated)  which  is  of 
order  4,  can  be  reduced  to  the  set 


dxx 

dt 


— x. 


dx  2 
dt 


—■Xa 


dx  3 

dt 


Q li^lt  *^2>  ^3)  *^4)) 


dx4 

dt 


— (^1)  ^2>  ^3)  ^4)) 

4—2 
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by  taking 
The  form 


Xi  = qi, 


X<z  — 


?s  = qi. 


x4  = q2. 


(lXy  -y  , 

— JLr  , x2 , ... , xk,  t), 


(r  = 1,  2,  ...,k), 


may  therefore  be  regarded  as  the  typical  form  for  a set  of  differential 
equations  of  order  k. 


7 ✓» 

If  a function  f(x lt  x2,  ...,  xk , t)  is  such  that  ^ is  zero  when  {x1}x2)  ...,  xk) 


are  any  functions  of  t whatever  which  satisfy  these  differential  equations,  the 
equation 

f{x i,  x2,  ...,  xk,  t)  — Constant 


is  called  an  integral  of  the  system.  The  condition  that  a given  function  / 
may  furnish  an  integral  of  the  system  is  easily  found  ; for  the  equation 
df/dt  = 0 gives 


dx,  1 ^ dx2 


X2  "I-  . . 


dxk 


4 + |=  0, 


or 


¥ xi+f  X2+...+lf-  Xk  + ^=Q, 

0#i  dx2  dxk  dt 

and  this  relation  must  be  identically  satisfied  in  order  that  the  equation 

f(x1}  x2)  xk,  t)  = Constant 

may  be  an  integral  of  the  system  of  differential  equations. 

Sometimes  the  function  / itself  (as  distinct  from  the  equation /=  constant)  is  called  an 
integral  of  the  system. 


The  complete  solution  of  the  set  of  differential  equations  of  order  k is 
furnished  by  k integrals 

frix i,  x2,  ...,  xk)  t)  = ar , (r=  1,  2,  ...,  k), 

where  a1}  a2,  ...,  ak,  are  arbitrary  constants,  provided  these  integrals  are 
distinct,  i.e.  no  one  of  them  is  algebraically  deducible  from  the  others.  For 
let  the  values  of  x1}  x2,  ...,  xk,  obtained  from  these  equations  as  functions  of 
t , a~i , a2 , • • • , ak , be 

xr  = cl>r(a1,  a2,  ...,  ak,  t),  (r=  1,  2,  ...,  k) ; 

then  if  (d?l5  x2,  ...,  xk)  are  any  particular  set  of  functions  of  t which  satisfy  the 
differential  equations,  it  follows  from  what  has  been  said  above  that  by  giving 
to  the  arbitrary  constants  ar  suitable  constant  values  we  can  make  the  equations 

fr(xux 2,  ...,xk,t)  = ar  (>  = 1,  2,  k) 

true  for  this  particular  set  of  functions  (xly  x2 , ...,  xk);  and  therefore  this  set 
of  functions  (x1}  x2,  ...,  xk)  will  be  included  among  the  functions  defined  by 
the  equations  xr  = (j)r.  The  solution  of  a dynamical  problem  with  n degrees 
of  freedom  may  therefore  be  regarded  as  equivalent  to  the  determination  of 
2 n integrals  of  a set  of  differential  equations  of  order  2 n. 
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Thus  the  differential  equation 

which  is  of  the  second  order,  possesses  the  two  integrals 

( ?2  + ?2  = 6q 

jtan-1  % — t = a2, 

\fhere  ax  and  a2  are  arbitrary  constants.  On  solving  these  equations  for  q and  q,  we  have 

^q= sin  (t+a2) 

l? = a\  cos  + a2)-> 

and  these  equations  constitute  the  solution  of  the  differential  equation. 


The  more  elementary  division  of  dynamics,  with  which  this  and  the 
immediately  succeeding  chapters  are  concerned,  is  occupied  with  the  dis- 
cussion of  those  dynamical  problems  which  can  be  completely  solved  in  terms 
of  the  known  elementary  functions  or  the  indefinite  integrals  of  such  functions. 
These  are  generally  referred  to  as  problems  soluble  by  quadratures.  The 
problems  of  dynamics  are  not  in  general  soluble  by  quadratures  ; and  in  those 
cases  in  which  a solution  by  quadratures  can  be  effected,  there  must  always 
be  some  special  reason  for  it, — in  fact  the  kinetic  potential  of  the  problem 
must  have  some  special  character.  The  object  of  the  present  chapter  is  to 
discuss  those  peculiarities  of  the  kinetic  potential  which  are  most  frequently 
found  in  problems  soluble  by  quadratures,  and  which  in  fact  are  the  ultimate 
explanation  of  the  solubility. 


38.  Systems  with  ignorable  coordinates. 


We  have  seen  (§  27)  that  the  motion  of  a conservative  holonomic  dy- 
namical system  with  n degrees  of  freedom,  for  which  the  coordinates  are 
qu  q2,  ... , qn  and  the  kinetic  potential  is  L , is  determined  by  the  differential 
equations 


d_(dL\  a L_ 
dt\dqr)  0 qr  ’ 


(r  = 1,  2,  ... , n). 


The  quantity  -=-r  is  generally  called  the  momentum  corresponding  to  the 
oqr 

coordinate  qr. 

It  may  happen  that  some  of  the  coordinates,  say  qu  q%,  ... , #&,  are  not 
explicitly  contained  in  X,  although  the  corresponding  velocities  qx,  q2,  ... , qk 
are  so  contained.  Coordinates  of  this  kind  are  said  to  be  ignorable  or  cyclic ; 
it  will  appear  in  the  following  chapters  that  the  presence  of  ignorable 
coordinates  is  the  most  frequently-occurring  reason  for  the  solubility  of 
particular  problems  by  quadratures. 

The  Lagrangian  equations  of  motion  which  correspond  to  the  k ignorable 
coordinates  are 


d / dL\ 
dt  \dqr) 


= 0, 


(r=l,  2, 
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and  on  integration,  these  can  be  written 

(r=  1,  2 i), 


8?, 


where  /3a,  /32,  ... , A are  constants  of  integration.  These  last  equations  are  . 
evidently  & integrals  of  the  system. 

We  shall  now  shew  how  these  k integrals  can  be  utilised  to  reduce  the 
order  of  the  set  of  Lagrangian  differential  equations  of  motion*. 


k dL 

Let  R denote  the  function  L—  Z qr^~ . By  means  of  the  k equations 


*Jl-b 

dqr  lr 


(r—  1,  2,  ... , k), 


we  can  express  the  k quantities  qlt  q2,  ... , qk,  which  are  the  velocities  cor- 
responding to  the  ignorable  coordinates,  in  terms  of 

#&+ 1)  Qk+ 2>  •••  J fyi)  qjc+1)  <}k+ 2>  •••  J Qn)  ft  1)  @2,  •••  ) ftk\ 
we  shall  suppose  that  in  this  way  the  function  R is  expressed  in  terms  of  the 
latter  set  of  quantities. 

Now  let  Sf  denote  the  increment  produced  in  any  function  / of  the 
quantities  qk+1,  qk+2,  ... , qn,  q1}  q2,  ... , qn  (or  of  the  quantities  qk+l,  qk+ 2,  ... , qn> 
qic+L,  A,  A.  ••• , A)  by  arbitrary  infinitesimal  changes  8qk+1>  8qk+2, 

8qn,  Bqlf  ...  , Sqn,  in  its  arguments.  Then  we  have 


8£  = S(Z-  2 qM), 

v r=\  oqrJ 


by  the  definition  of  R.  But 


and 


n k 7)L  n 

BL  = £ P-8qr+  2,  ^8qr+  % °±hqr: 

r=k+ 1 r= 1 Cqr  r=k+ 1 Cqr 

/ k T\  k pj  J~.  k 

8(2  $,{£)-  2 ~8q,.+  2 irBpr, 

\r= 1 oqrJ  r=lOqr  r=l 


since 

We  have  therefore 


*k_B 

Sqr 


'ft  7)  Tj  ^ 7)  Tj  ^ 

8-B=  2 °-8qr  + 2 -Hr-  2 qrS/3r, 

r=k+lOtyr  r=k+lCqr  r=l 

and  since  the  infinitesimal  quantities  occurring  on  the  right-hand  side  of  this 
equation  are  arbitrary  and  independent,  the  equation  is  equivalent  to  the 


* The  transformation  which  follows  is  really  a case  of  the  Hamiltonian  transformation,  which 
is  discussed  in  Chapter  X;  it  was  however  first  separately  given  by  Routh  in  1876,  and  somewhat 
later  by  Helmholtz. 
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system  of  equations 
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dL  _dR 

dq^  d q^1 

(r  = k + 1,  k + 2,  . 

• • » n). 

dL  _dR 
dqr  ~ dqr  ’ 

(r  = k + 1,  k + 2,  . 

.. , n). 

dR 

qr~  9/9/ 

(r  = l,  2,  ...,k). 

results  in  the  Lagrangian  equations  of  motion,  we 

d /0i2\  dR 

dt  \dqr ) dqr  ’ 

(r  = k + 1,  k + 2, 

...  , n). 

have 


Now  R is  a function  only  of  the  variables  qk+lf  qk+2f  ... , qn,  qk+1,  ... , qn, 
and  the  constants  ft2,  /3k:  so  this  is  a new  Lagrangian  system  of 
equations,  which  we  can  regard  as  defining  a new  dynamical  problem  with 
only  ( n — k)  degrees  of  freedom,  the  new  coordinates  being  qk+1,  qk+2,  ... , qn, 
and  the  new  kinetic  potential  being  R.  When  the  variables  qk+1,  qk+2,  ... , qn, 
have  been  obtained  in  terms  of  t by  solving  this  new  dynamical  problem,  the 
remainder  of  the  original  coordinates,  namely  q1}  q2 , ... , qk,  can  be  obtained 
from  the  equations 

- f0^ 

Jd/3r 


qr 


dt , 


(r  = 1,  2,  ... , k). 


Hence  a dynamical  problem  with  n degrees  of  freedom , which  has  k ignorable 
coordinates , can  be  reduced  to  a dynamical  problem  which  has  only  (n  — k) 
degrees  of  freedom.  This  process  is  called  the  ignoration  of  coordinates. 

The  essential  basis  of  the  ignoration  of  coordinates  is  in  the  theorem  that  when  the 
kinetic  potential  does  not  contain  one  of  the  coordinates  qr  explicitly,  although  it  involves 
the  corresponding  velocity  qr,  an  integral  of  the  motion  can  be  at  once  written  down, 
'dL 

namely  ^r-= constant.  This  is  a particular  case  of  a much  more  general  theorem  which 

will  be  given  later,  to  the  effect  that  when  a dynamical  system  admits  a known  infinitesi- 
mal contact-transformation,  an  integral  of  the  system  can  be  immediately  obtained. 

If  the  original  problem  relates  to  the  motion  of  a conservative  dynamical 
system  in  which  the  constraints  are  independent  of  the  time,  we  have  seen 
that  its  kinetic  potential  L consists  of  a part  (the  kinetic  energy)  which  is 
a homogeneous  quadratic  function  of  q1}  q2 , ...,  qn,  and  which  involves 
<lk+i,  qk+2 , ^ in  any  way,  together  with  a part  (the  potential  energy  with 

sign  reversed)  which  involves  qk+1,  qk+ 2,  ...,  qn  only.  But  in  the  new 
dynamical  system  which  is  obtained  after  the  ignoration  of  coordinates,  the 
kinetic  potential  R cannot  be  divided  into  two  parts  in  this  way : in  fact,  R 
will  in  general  contain  terms  linear  in  the  velocities.  And  more  generally 
when  (as  happens  very  frequently  in  the  more  advanced  parts  of  Dynamics) 
the  solution  of  one  set  of  Lagrangian  differential  equations  is  made  to  depend 
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on  that  of  another  set  of  Lagrangian  differential  equations  with  a smaller 
number  of  coordinates,  the  kinetic  potential  of  this  new  system  is  not 
necessarily  divisible  into  two  groups  of  terms  corresponding  to  a kinetic  and 
a potential  energy.  We  shall  sometimes  use  the  word  natural  to  denote  those 
systems  of  Lagrangian  equations  for  which  the  kinetic  potential  contains 
only  terms  of  degrees  2 and  0 in  the  velocities,  and  non-natural  to  denote 
those  systems  for  which  this  condition  is  not  satisfied. 


As  an  example  of  the  ignoration  of  coordinates,  consider  a dynamical  system  with  two 
degrees  of  freedom,  for  which  the  kinetic  energy  is 


and  the  potential  energy  is 


F=C  + G^22, 


where  a,  b,  c,  d,  are  given  constants. 

It  is  evident  that  qx  is  an  ignorable  coordinate,  since  it  does  not  appear  explicitly  in  T 
or  V. 


The  kinetic  potential  of  the  system  is 

and  the  integral  corresponding  to  the  ignorable  coordinate  is 


2i 


a + bq  2- 

where  $ is  a constant,  whose  value  is  determined  by  the  initial  circumstances  of  the  motion. 
The  kinetic  potential  of  the  new  dynamical  system  obtained  by  ignoring  the  coordinate 

2i is 

P-T  »dA 

R~L~qidql 

d<l2  ~ (a + h(lt\ 

and  the  problem  is  now  reduced  to  the  solution  of  the  single  equation 


d(dj\  _ dR 

dt\dqj  dq2~  ’ 

or  q2  + (2d+b(32)q2=0. 

As  this  is  a linear  differential  equation  with  constant  coefficients,  its  solution  can  be 
immediately  written  down : it  is 

q2=A  sin  {(2d + 6/32)*  t + e}, 

where  A and  e are  constants  of  integration,  to  be  determined  by  the  initial  circumstances 
of  the  motion.  This  equation  gives  the  required  expression  of  the  coordinate  q2  in  terms 
of  the  time : the  value  of  qx  in  terms  of  t can  then  be  deduced  from  the  equation 

2i=/3  J(a+bq22)  dt , 

which  gives 

= (0a + mA2)  t sin  2 {(2  d+bpf  t+ .}, 

4(2  d+bprf 

and  so  completes  the  solution  of  the  system. 
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39.  Special  cases  of  ignoration;  integrals  of  momentum  and  angular 
momentum. 

We  shall  now  consider  specially  the  two  commonest  types  of  ignorable 
coordinates  in  dynamical  problems. 

(i)  Systems  possessing  an  integral  of  momentum. 

Let  the  coordinates  of  a conservative  holonomic  dynamical  system  with 
n degrees  of  freedom  be  qx,  q2,  ...,  qn;  and  let  T be  the  kinetic  energy  of  the 
system,  and  V the  potential  energy,  so  that  the  equations  of  motion  of  the 
system  are 

d fdT\  a T dV  f ^ ^ 

dt  \dqj  dqr  dqr’  ^ 

Suppose  that  one  of  the  coordinates,  say  qx,  is  ignorable,  and  moreover  is 
such  that  an  alteration  of  the  value  of  qx  by  a quantity  l,  the  remaining 
coordinates  q2,  q3,  qn  being  unaltered,  corresponds  to  a simple  translation 
of  the  whole  system  through  a distance  l parallel  to  a certain  fixed  direction 
in  space ; we  shall  take  this  to  be  the  direction  of  the  #-axis  in  a system  of 
fixed  rectangular  axes  of  coordinates. 

Since  qx  is  an  ignorable  coordinate,  we  have  the  integral 

= Constant, 
oqi 

and  we  shall  now  discuss  the  physical  meaning  of  this  equation. 

We  have 

1^  = 4^  {ocf  + yi  + zf), 

where  the  summation  is  extended  over  all  the  particles  of  the  system, 
dT  ^ f dxi 


or 


aM  + SJi 

S?1  * V * 3 ji  ' 1 dji  ’ dqx 


(■ 


^ / . dxi  . dyi  , . dzi 

- Zrm  + Vi  + Zi 

0/p  . 

= Xm^i,  since  in  this  case 

oqi 


by  § 26 
= 1, 


/j  .. 

a?.  ’ 3?! 


Now  represent  (§  35)  the  component  parallel  to  the  ai-axis  of  the 

momentum  of  the  system  of  particles  m-i,  and  consequently  this  is  the 

dT 

physical  meaning  of  the  quantity  in  the  present  case. 

oqi 


The  integral 


^ = Constant 

oqi 


can  therefore  be  interpreted  thus : When  a dynamical  system  can  he 
translated  as  if  rigid  in  a given  direction  without  violating  the  constraints , 
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and  the  potential  energy  is  thereby  unaltered  (the  way  in  which  the  kinetic 
energy  depends  on  the  velocities  is  obviously  unaltered  by  this  translation,  so 
the  corresponding  coordinate  is  ignorable),  then  the  component  parallel  to  this 
direction  of  the  momentum  of  the  system , is  constant. 

This  result  is  called  the  law  of  conservation  of  momentum , and  systems  to 
which  it  applies  are  said  to  possess  an  integral  of  momentum. 

(ii)  Systems  possessing  an  integral  of  angular  momentum. 

Again  taking  a system  with  coordinates  qlt  q2,  ...,  qn  and  kinetic  and 
potential  energies  T and  V respectively,  let  us  now  suppose  that  the 
coordinate  q is  ignorable,  and  moreover  is  such  that  an  alteration  of  qx  by 
a quantity  a,  the  other  coordinates  remaining  unchanged,  corresponds  to 
a simple  rotation  of  the  whole  system  through  an  angle  a round  a given  fixed 
line  in  space : we  shall  take  this  line  as  the  axis  of  z in  a system  of 
fixed  rectangular  axes  of  coordinates. 

Since  q1  is  an  ignorable  coordinate,  we  have  the  integral 

= Constant  ( 1 ), 

oqi 

and  we  have  to  determine  the  physical  interpretation  of  this  equation. 

We  have  as  before 

dT  _ v / . doci  , dyt  . 3 

3?i  V dq1  * 0 q1  dq±/ 

where  the  summation  is  extended  over  all  the  particles  of  the  system.  But 
if  we  write 

Xi  = r{  cos  < pi,  yi  = Vi  sin  <^, 

we  have  dfa  = dq1} 


so 


and  therefore 


dxi  a Xi  . 

^ = It  = n cos  4>i  = 

oqi  u(pi 

^ = 0 
8?!  ’ 

dT  K . . , . , 

— = Zmi  (-  Xi'yi  + yiXi)  . . 

oqi 


.(2). 


Now  if  r denote  the  distance  of  any  particle  of  mass  m from  a given 
straight  line  at  any  instant,  and  if  co  denote  the  angular  velocity  of  the 
particle  about  the  line,  the  product  mr2co  is  called  the  angular  momentum 
of  the  particle  about  the  line. 

Let  0 be  any  point,  and  let  P,  P',  be  two  consecutive  positions  of  the 
moving  particle,  the  interval  of  time  between  them  being  dt.  Then  the 
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angular  momentum  about  any  line  OK  through  0 is  clearly  the  limiting 
value  of  the  ratio 


^ x Twice  the  area  of  the  projection  of  the  triangle  OPP'  on 
a plane  perpendicular  to  OK , 

so  if  (l,  m , n)  are  the  direction-cosines  of  OK  and  if  (X,  g,  v)  are  the  direction- 
cosines  of  the  normal  to  the  triangle  OPP',  we  see  that  the  angular 
momentum  about  OK  is  equal  to  the  product  of  (IX  + mg,  + nv)  into  the 
angular  momentum  about  the  normal  to  the  plane  OPP’.  It  is  evident  from 
this  that  if  the  angular  momenta  of  a particle  about  any  three  rectangular 
axes  Qxyz  at  any  time  are  hx,  h2,  h3  respectively,  then  the  angular  momentum 
about  any  line  through  0 whose  direction-cosines  referred  to  these  axes  are 
(l,  m,  n)  is  lhx  + mh2  -f-  nli3 ; we  may  express  this  by  saying  that  angular 
momenta  about  axes  through  a point  are  compounded  according  to  the  vectorial 
law. 

The  angular  momentum  of  a dynamical  system  about  a given  axis  is 

defined  to  be  the  sum  of  the  angular  momenta  of  the  separate  particles  of 

the  system  about  the  given  axis ; in  particular,  the  angular  momentum  of 

a system  of  particles  typified  by  a particle  of  mass  m,  whose  coordinates  are 

(#i,  Vi,  zi) , about  the  axis  of  £ is  'Zmi?'i2<j),  where 

i 

Xi  = n cos  (hi , yi  = n sin  (hi , 

and  the  summation  is  extended  over  all  the  particles  of  the  system ; this 
expression  for  the  angular  momentum  of  a system  can  be  written  in  the  form 

tmi  (ijiXi  - Xiyi\ 
i 

and  on  comparing  this  with  equation  (2)  we  have  the  result  that  the  angular 

dT 

momentum  of  the  system  considered,  about  the  axis  of  z,  is  ^ . 

The  equation  (1)  implies  therefore  that  the  angular  momentum  of  the 
system  about  the  axis  of  2 is  constant : and  we  have  the  following  result : 
When  a dynamical  system  can  be  rotated  as  if  rigid  round  a given  axis  without 
violating  the  constraints,  and  the  potential  energy  is  thereby  unaltered,  the 
angular  momentum  of  the  system  about  this  axis  is  constant. 

This  result  is  known  as  the  theorem  of  conservation  of  angular 
momentum. 


Example.  A system  of  n free  particles  is  in  motion  under  the  influence  of  their 
mutual  forces  of  attraction,  these  forces  being  derived  from  a kinetic  potential  V,  which 
contains  the  coordinates  and  components  of  velocity  of  the  particles,  so  that  the  equations 
of  motion  of  the  particles  are 


dV  d (dV 
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shew  that  these  equations  possess  the  integrals 

2 (nirxr  + = Constant, 

(0  ■pr 

mryr  + g-r-  j = Constant, 

2 (^mrzr  + = Constant, 

r dV  dV) 

2 | mr  {yrzr  - zr  yr)  +yr^--zr  = Constant, 

f . . • \ dV  dV)  „ 

2 -jmr  (zrxr  - xrzr)i  + zr  ^r-  — xr  -gr - j = Constant, 

f dV  dV) 

2 \mr{xryr-yYxr)+xT  ^~Vr  gjJ  = Constant, 

which  may  be  regarded  as  generalisations  of  the  integrals  of  momentum  and  angular 
momentum.  (Levy.) 


40.  The  general  theorem  of  angular  momentum. 

The  integral  of  angular  momentum  is  a special  case  of  a more  general 
result,  which  may  be  obtained  in  the  following  way. 

Consider  a dynamical  system  formed  of  any  number  of  free  or  connected 
and  interacting  particles  : if  they  are  subjected  to  any  constraints  other  than 
the  mutual  reactions  of  the  particles,  we  shall  suppose  the  forces  due  to  these 
constraints  to  be  counted  among  the  external  forces. 

Take  any  line  fixed  in  space,  and  choose  one  of  the  coordinates  which 
specify  the  configuration  of  the  system  (say  qx)  to  be  such  that  a change  in 
q1}  unaccompanied  by  any  change  in  the  other  coordinates,  implies  a simple 
rotation  of  the  system  as  if  rigid  round  the  given  line,  through  an  angle 
equal  to  the  change  in  qlt  We  suppose  the  constraints  to  be  such  that  this 
is  a possible  displacement  of  the  system. 


The  Lagrangian  equation  for  the  coordinate  qx  is 


and  this  reduces  to 


d fdT\_d_T  = 
dt  \dqx ) dqx 


my 


dt  \dq 


Qu 


since  the  value  of  qx  (as  distinguished  from  qx)  cannot  have  any  effect  on  the 

dT  dT 

kinetic  energy,  and  therefore  — must  be  zero.  Now  is  the  angular 

oqx  oqx 

momentum  of  the  system  about  the  given  line;  and  Qx&qx  is  the  work  done 
on  the  system  by  the  external  forces  in  a small  displacement  SqX)  i.e.  a small 
rotation  of  the  system  about  the  given  line  through  an  angle  Bqx , from  which 
it  is  easily  seen  that  Qx  is  the  moment  of  the  external  forces  about  the  given 
line.  We  have  therefore  the  result  that  the  rate  of  change  of  the  angular 
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momentum  of  a dynamical  system  about  any  fixed  line  is  equal  to  the  moment 
of  the  external  forces  about  this  line.  The  law  of  conservation  of  angular 
momentum  obviously  follows  from  this  when  the  moment  of  the  external 
forces  is  zero. 

Similarly  we  can  shew  that  the  rate  of  change  of  the  momentum  of  a 
dynamical  system  parallel  to  any  fixed  direction  is  equal  to  the  component , 
parallel  to  this  line,  of  the  total  external  forces  acting  on  the  system. 

For  impulsive  motion  it  is  easy  to  establish  the  following  analogous 
results : 

The  impulsive  increment  of  the  component  of  momentum  of  a system  in  any 
fixed  direction  is  equal  to  the  component  in  this  direction  of  the  total  external 
impulses  applied  to  the  system. 

The  impulsive  increment  of  the  angular  momentum  of  a system  round  any 
axis  is  equal  to  the  moment  round  that  axis  of  the  external  impulses  applied 
to  the  system. 


41.  The  Energy  equation. 

We  shall  now  introduce  an  integral  which  plays  a great  part  in  dynamical 
investigations,  and  indeed  in  all  physical  questions. 


In  a conservative  dynamical  system  let  q^,  q2j  ... , qn  be  the  coordinates 
and  let  L be  the  kinetic  potential : we  shall  suppose  that  the  constraints  are 
independent  of  the  time,  so  that  L is  a given  function  of  the  variables 
qi>  q 2>  •••  , qn , <?2>  ... , qn  only,  not  involving  t explicitly.  We  shall  not,  at 
first,  restrict  L by  any  further  conditions,  so  that  the  discussion  will  apply  to 
the  non-natural  systems  obtained  after  ignoration  of  coordinates,  as  well  as 
to  natural  systems. 

We  have 

dL  £ dL  3 . dL 
~rr  — ^ qr  ^ qr  oT~ 

dt  oqr  r=i  uqr 


= 2 qr^-  + 2 by  the  Lagrangian  equations 

r=i  oqr  r=\  at  \oqrJ 


d l » .3 L\ 


dt  \r=frdq 


Integrating,  we  have 


where  h is  a constant. 


3 . dJL  T l 
2 ^M~L=h’ 

r- 1 C(lr 


This  equation  is  an  integral  of  the  system,  and  is  called  the  integral  of 
energy  or  law  of  conservation  of  energy. 


We  have  seen  that  in  natural  systems,  in  which  the  constraints  do  not 
involve  the  time,  the  kinetic  potential  L can  be  written  in  the  form  T — V, 
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where  T (the  kinetic  energy  of  the  system)  is  homogeneous  and  of  degree  2 
in  the  velocities,  while  V is  a function  of  the  coordinates  only.  In  this  case, 
therefore,  the  integral  of  energy  becomes 


/ v • dL  r 
h — 2 qr^-r  - L 

r=l  dqr 

= 2 qr£-T+V 

r= i oqr 


ZT  — T + V,  since  T is  homogeneous  of  degree  2 in  qu  q2, 


qm 


= T + V. 


It  follows  that  in  conservative  natural  systems , the  sum  of  the  kinetic  and 
potential  energies  is  constant.  This  constant  value  h is  called  the  total  energy 
of  the  system. 


This  latter  result  can  also  be  obtained  directly  from  the  elementary 
equations  of  motion.  For  from  the  equations  of  motion  of  a single  particle, 
namely 

mi'cci  = Xi,  miyi  = Yi}  m & = Zi} 

we  have 

S/TT-i  ( X{Xi  4“  yiyi  4-  2 fX^Xi  4*  Yiyi  4~ 


i 


% 


where  the  summation  is  extended  over  all  the  particles  of  the  system,  or 
d . 2 \mi  (x^  4-  y ? 4-  zi)  = 2 {Xdx  4-  Ydy  4-  Zdz), 

i i 

so  that  the  increment  of  the  kinetic  energy  of  the  system,  in  any  infinitesimal 
part  of  its  path,  is  equal  to  the  work  done  by  the  forces  acting  on  the  system 
in  this  part  of  the  path,  and  therefore  is  equal  to  the  decrease  in  the  potential 
energy  of  the  system.  The  sum  of  the  kinetic  and  potential  energies  of  the 
system  is  therefore  constant. 


The  equation  of  energy 

d . i n {x1 +y2+ z2)  — Xdx  4-  Ydy  4-  Zdz, 

(where  for  simplicity  we  suppose  the  system  to. consist  of  a single  particle)  is  true  not 
only  when  (x,  y,  z)  denote  coordinates  referred  to  any  fixed  axes,  but  also  when  they 
denote  coordinates  referred  to  axes  which  are  moving  with  any  motion  of  translation 
in  a fixed  direction  with  constant  velocity. 

For  let  (|,  rj,  ()  denote  the  coordinates  of  the  particle  referred  to  axes  fixed  in  space 
and  parallel  to  the  moving  axes  Oxyz , so  that 

x=£-  — at,  y = r/-bt,  z=£—ct, 

where  a , b,  c are  the  constant  components  of  velocity  of  the  origin  0 of  the  moving  axes. 
Then  the  result  already  proved  is  that 

d.\m  (i2  + v2  + £2 )=Xd$+Ydr1  + ZdC, 

or  d.  {{x+a)2  + {y+b)2  + {z+cy2}  = X {dx+adt)+  Y{dy+bdt)  + Z{dz+cdt\ 
or  d.\m  {ofi+f+z^  + d . m{ax+by+cz)  = Xdx+  Ydy  + Zdz+{aX+bY+cZ)dt. 
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Now  we  have 

d.  m(ax+by  + cz)=m(ax+by  + cz)  dt 
= m (a£ + brj  + c£)  dt 
= (aX  + b F+  cZ)  dt, 

and  therefore 

d . \m  (x2  +y2  + z2)  = Xdx  + Ydy  + Zdz, 
which  establishes  the  theorem. 

It  may  be  noted  that  from  this  result  the  three  equations  of  motion  of  the  particle 
can  be  derived,  by  taking  x=£  — at  etc.,  and  subtracting  the  equation  of  energy  in  the 
coordinates  (x,  y , z ) from  the  equation  of  energy  in  the  coordinates  (£,  rj,  £). 

42.  Reduction  of  a dynamical  problem  to  a problem  with  fewer  degrees  of 
freedom,  by  means  of  the  energy -equation. 

When  a conservative  dynamical  system  has  only  one  degree  of  freedom, 
the  integral  of  energy  is  alone  sufficient  to  give  the  solution  by  quadratures. 
For  if  q be  the  coordinate,  the  integral  of  energy 

dL  T 1 

q„.  - L = h 

is  a relation  between  q and  q ; if  therefore  q be  found  explicitly  in  terms  of  q 
from  this  equation,  so  that  it  takes  the  form 

2 =/(«). 

we  can  integrate  again  and  obtain  the  equation 

t—[  + constant, 

■//(?) 

which  constitutes  the  solution  of  the  problem. 

When  the  system  has  more  than  one  degree  of  freedom,  the  integral  of 
energy  is  not  in  itself  sufficient  for  the  solution ; but  we  shall  now  shew  that 
it  can  be  used  for  the  same  purpose  as  the  integrals  corresponding  to  ignor- 
able  coordinates  were  used,  namely  to  reduce  the  system  to  another  dynamical 
system  with  a smaller  number  of  degrees  of  freedom*. 

In  the  function  L , replace  the  quantities  q.2,  qs,  ...  , qn,  by  qxq2\  qxq3,  ..., 

qxqn' , respectively,  where  qr'  denotes  ^ : and  denote  the  resulting  function 

aqx 

by  fl  (qx,  qf  qs',  ... , qn',  qx,  q2,  ... , qn).  Then  differentiating  the  equation 

L (qx,  q2,  ... , fa  ?i,  q*>  ••• > qn)=£l(qx,  q2,  q3\  ... , qf  qx,  q2,  ... , qn), 

i dL  012  3 qr  0X2 

we  have  ~ = — - X } (1), 

dqx  dqx  r=2  q*  dqr  v 

a;  dL  l da  , _ 0 

dqr  qx  dqr  w’ 

lth!  dL  0n  / , O Q X 

a dqr  = Wr  (r_1-  2>  3>  (3)- 

in|  * Whittaker,  Mess,  of  Math.  xxx.  (1900). 
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Equations  (1)  and  (2)  give 


80  _ dL  “ qr  dL 

H H r= 2 qi  H 


.(4). 


Now  in  the  integral  of  energy 


% . dL  T-L 
r= 1 oqr 

replace  qr  by  qxqr'  for  all  values  of  r from  2 to  n inclusive,  and  then  from  this 
equation  obtain  qx  as  a function  of  the  quantities  (q2,  q%,  ...,  qn',  qX)  qz,  qn ) ; 

and  by  using  this  expression  for  qx,  express  the  function 

£ dLq, 
r— i dqr  q_i 

in  terms  of  (q2}  qs\  ... , qn',  qX)  q2,  ... , qn )•  Let  the  function  thus  obtained 

be  denoted  by  L' ; then  from  (4)  we  see  that  L'  is  the  same  as  , but 

oqx 

differently  expressed. 

Differentiating  the  equation  of  energy,  which  by  (4)  can  be  written  in 
the  form 

and  regarding  it  as  a relation  which  implicitly  determines  qx  as  a function  of 
the  variables  (q2>  q3'}  ...,  qn'}  qx,  q2,  qn),  we  have 

. 02D  dqx  _ 0O  . 02D 

^ H 2 Hr  Hr  ^ HHr 


. 02D  dqx  _ 0f 1 . 02D 
^ 0^i2  0gr  0gr  ^ dqxdqr 


(5), 

.(6). 


But  differentiating  the  equation 

0D 

regarded  as  an  identity  in  the  variables  (q2,  q%,  ...,  qn',  qx,  q2,  ...,  qn),  we  have 


dL'  _ dm  dm  dq. 

Hr  HHr  + H2  Hr 

(7), 

dL'  02D  02D  dqx 
dqr  ddhdqr  1 dqi1  dqr 

(8). 

Comparing  equations  (5)  and  (7),  we  have 

dL'  _ 1 dil 

Sq r ~ ?1  dqr  ’ 

(•  \ 3,  n), 

and  comparing  equations  (6)  and  (8),  we  have 

dL'  1 0fX 
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Combining  these  with  equations  (2)  and  (3),  we  have 


02/ _ dX  aX'_  1 dL 

dqr'  ~ dqr  dqr  q,dqf 

Substituting  from  these  equations  in  the  Lagrangian  equations  of  motion, 
we  obtain  the  system 

d (dL 
dt  \dqr 

or  finally 


• a 


(r=2,  3,  n\ 


d_( az/\  az/ 

dq1  \dqr'J  dqr 


(r  = 2,  3,  ... , n). 


Now  these  may  be  regarded  as  the  equations  of  motion  of  a new  dynamical 
system  in  which  L'  is  the  kinetic  potential , (q2,  q3,  ... , qn)  are  the  coordinates , 
and  ql  plays  the  part  of  the  time  as  the  independent  variable.  The  new  system 
will,  like  the  systems  obtained  by  ignoration  of  coordinates,  be  in  general 
non-natural,  i.e.  L'  will  not  consist  solely  of  terms  of  degrees  2 and  0 in  the 
velocities  (qf  qf  ...  , qf) ; but  on  account  of  its  possession  of  the  Lagrangian 
form,  most  of  the  theorems  relating  to  dynamical  systems  will  be  applicable 
to  it.  The  integral  of  energy  thus  enables  us  to  reduce  a given  dynamical 
system  with  n degrees  of  freedom  to  another  dynamical  system  with  only  (n  — 1) 
degrees  of  freedom. 


The  new  dynamical  system  will  not  in  general  possess  an  integral  of 
energy,  since  the  independent  variable  qx  occurs  explicitly  in  the  new  kinetic 
potential  L'.  But  if  q1  is  an  ignorable  coordinate  in  the  original  system, 
then  q1  will  not  occur  explicitly  in  any  stage  of  the  above  process,  and  there- 
fore will  not  occur  explicitly  in  L'.  From  this  it  follows  that  the  new  system 
will  also  possess  an  integral  of  energy,  namely 


n 

2 


r= 2 


= constant, 


and  this  can  in  its  turn  be  used  to  reduce  further  the  number  of  degrees  of 
freedom  of  the  system. 

The  preceding  theorems  shew  that  any  conservative  dynamical  system  with 
n degrees  of  freedom  and  (n  — 1)  ignorable  coordinates  can  be  completely 
integrated  by  quadratures ; we  can  proceed  either  (a)  by  first  performing  the 
process  of  ignoration  of  the  coordinates,  so  arriving  at  a system  with  only  one 
degree  of  freedom,  which  possesses  an  integral  of  energy  and  can  therefore  be 
solved  in  the  manner  indicated  at  the  beginning  of  the  present  article;  or 
Q 3 ) we  can  first  use  the  integral  of  energy  to  lower  the  number  of  degrees  of 
freedom  by  unity,  then  use  the  integral  of  energy  of  the  new  system  to  lower 
the  number  of  degrees  of  freedom  again  by  unity,  and  so  on,  obtaining  finally 
a system  with  one  degree  of  freedom  which  again  can  be  solved  in  the  manner 
indicated. 


w.  D. 


5 
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Example,  The  kinetic  potential  of  a dynamical  system  is 
L = if  (ft)  ft2 + \q2  - 1 (ft)- 

Shew  that  the  relation  between  the  variables  q1  and  q2  is  given  by  the  differential 
equation 

l/aZL-=n 

dqx  \3ftV  0ft  “ * 

where  q2  =^,  and  where  L'  is  defined  by  the  equation 

E={2h-2yl,(q2)}l{f(q2)  + q*}K 

Shew  that  the  non-natural  dynamical  system  represented  by  the  last  differential 
equation  possesses  an  integral  of  energy,  and  hence  solve  the  system  by  quadratures. 

43.  Separation  of  the  variables  ; dynamical  systems  of  Liouville’s  type. 

A class  of  dynamical  equations  which  are  obviously  soluble  by  quadratures 
is  constituted  by  the  equations  of  those  systems  for  which  the  kinetic  energy 
is  of  the  form 

T = \v  1 (qi)  ft 2 4-  i v2  (q2)  ft2  + . . . + \vn  (ft*)  ft*2, 
and  the  potential  energy  is  of  the  form 

V=w1  (ft)  + w2  (ft)  + . . . + wn  (ft*), 

where  vlt  v2 , ... , vn,  wlt  w2)  ... , wn  are  arbitrary  functions  of  their  respective 
arguments ; so  that  the  kinetic  potential  breaks  up  into  a sum  of  parts,  each 
of  which  involves  only  one  of  the  variables. 

For  in  this  case  the  Lagrangian  equations  of  motion  are 
d 


dt 


{vr  (qr)  . ft | - ivf  (ft)  ft2  = - wf  (ft),  (r  = 1,  2,  . . . , n), 


or  vr  (ft)  ft  d-  i K (qr)  ft2  = - < (ft),  (r  = 1 , 2,  . . . , n). 

These  equations  can  be  immediately  integrated,  and  give 

\vr  (ft)  • q r d"  (ft)  Cri  • • • » ^), 

where  c1,c2,...,cn  are  constants  of  integration;  these  equations  can  be 
further  integrated,  since  the  variables  qr  and  t are  separable,  and  we  thus 
obtain 


_ f ( vr  (qr) 
J [2cr  - 2 wr 


(ft). 


dqr  + yr, 


(r  = 1,  2,  ...,  n), 


where  yu  y2,  ...  , yn  are  new  constants  of  integration.  These  last  equations 
constitute  the  solution  of  the  problem. 

An  important  extension  of  this  class  of  dynamical  systems  was  made  by 
Liouville,  who  shewed  that  all  dynamical  problems  for  which  the  kinetic  and 
potential  energies  can  respectively  be  put  in  the  forms 

T = \ {iii  (ft)  + u2  (ft)  + . . . + un  (ft*)}  K (ft)  ft2  + v2  (ft)  ft2  + . . . + vn  (ft*)  ft*2}, 
y _ w1  (ft)  + w2  (ft)  + ...  + % (ft) 

Wi  (ft)  + u2  (ft)  + • • • + un  ( qn ) 

can  be  solved  by  quadratures. 
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For  by  taking 

J \fvr  (qr)  dqr  = qr\  (r  = 1,  2,  . . . , n), 

where  qx,  q2,  ... , qn'  are  new  variables,  we  can  replace  all  the  functions 
vx(qx),  v2(q2),  ...,  vn(qn ) by  unity;  we  shall  suppose  this  done,  so  that  the 
kinetic  and  potential  energies  take  the  form 

T = \u  (qx2  + q22+  •••  + qj), 

V=\{wx  (qx)  + w2  (q2)  +...  + % (?»)}, 

where  u stands  for  the  expression 

ux  (qx)  + u2  (q2)  + . . . 4 -un  (qn). 

The  Lagrangian  equation  for  the  coordinate  qx  is 
d(dT^_dT=_dV 


or 


dt  \dqj  dqx  dqx  9 
&*+*,+ - + ^ 


Multiplying  this  equation  throughout  by  2 uqx,  we  have 

^ (“2ji2)  - «2i  ^ (9i2  + ft2  + • • • + 9»2)  = ~ 2“2i  • 

But  from  the  integral  of  energy  of  the  system,  we  have 

(qx2  + qi  + ...  +qn2)  = h- V, 

where  h is  a constant.  The  equation  for  the  coordinate  qx  can  therefore  be 
written  in  the  form 


jt  029i2)  = 2 (h  - V ) jj  ~ - 2u qx  d V 

a 


a 


dql 

{(h-V)n) 


dq  i 


= 2?i^{tei(9i)-M2i)l 

= 2 ^ {A«,  (91)  - Wi  (9i)}. 

Integrating,  we  have 

Wii  = bui  {qx)  - wx  (qx)  + yx , 

where  yx  is  a constant  of  integration.  We  obtain  similar  equations  for  each 
of  the  coordinates  (qx,  q2 , ... , qn);  the  corresponding  constants  (yX)  y2)  ...,yn) 
must  satisfy  the  relation 

7i  + 72  + • • • + Vn  = 0, 
in  virtue  of  the  integral  of  energy  of  the  system. 

5—2 


f 
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These  equations  give 

[hu,  (ft)  - to,  (ft)  + ft}"*  dq , = {hu2 (ft)  - w2  (ft)  + 72}~*  dq2  = ... 

= {^M»  (fti)  - (ft*)  + 7 »}-*  ^n, 

and  this  set  of  equations,  which  can  be  immediately  integrated  since  the 
variables  are  separated,  furnishes  the  solution  of  the ‘system. 


Miscellaneous  Examples. 


« 1.  If  the  components  ( X , F)  of  the  force  acting  on  a particle  of  unit  mass  at  the 
point  (#,  y)  in  a plane  do  not  involve  the  time  t,  shew  that  by  elimination  of  t from  the 
differential  equations  the  solution  of  the  problem  is  made  to  depend  on  the  differential 
equation  of  the  third  order 


d_ 

dx 


Y-Xf 

dx 


d*y 

dec* 


2X=0. 


' 2.  A system  of  free  particles  is  in  motion,  and  their  potential  energy,  which  depends 
only  on  their  coordinates,  is  unaltered  when  the  system  in  any  configuration  is  translated 
as  if  rigid  through  any  distance  in  any  direction.  What  integrals  of  the  motion  can 
at  once  be  written  down?  « 


> 3.  In  a dynamical  system  with  two  degrees  of  freedom  the  kinetic  energy  is 


T=  2l4^)+i^2> 

and  the  potential  energy  is 

V=c+dq2) 

’where  a,  6,  c,  d,  are  constants.  Shew  that  the  value  of  q2  in  terms  of  the  time  is  given  by 
an  equation  of  the  form 

(q2-k)  (ft  + 2£)2=A(*-g2, 


where  h , Ic,  and  tQ  are  constants. 


. 4.  The  kinetic  potential  of  a dynamical  system  is 

z=^f+i+i^+2*3+^’ 

where  a,  6,  c,  are  given  constants : shew  that  q2  is  given  in  terms  of  t by  the  equation 

?2  = IP  (*  + «)» 

where  e is  an  arbitrary  constant  and  |p  denotes  a Weierstrassian  elliptic  function. 

5.  Prove  that  in  a system  with  ignorable  coordinates  the  kinetic  energy  is  the  sum  of 
a quadratic  function  T'  of  the  velocities  of  the  non-ignored  coordinates  and  a quadratic 
function  K of  the  cyclic  momenta. 

In  the  case  where  there  are  three  coordinates  x,  y,  $ and  one  coordinate  <£  is  ignored 
investigate  the  equations  of  motion  of  the  type 

wt  (Ir) _ ^ +lf + (If)  - 1 (s)}=0’ 
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where  V is  the  potential  energy,  k is  the  cyclic  momentum,  and  the  differential  coefficients 
of  <j>  with  respect  to  x and  y are  calculated  from  the  linear  equation  by  which  h is 
expressed  in  terms  of  x,  y,  <j>.  (Camb.  Math.  Tripos,  1904.) 

6.  The  kinetic  potential  of  a dynamical  system  with  two  degrees  of  freedom  is 

L=&  + qitf+Ptf. 

By  using  the  integral  of  energy,  shew  that  the  solution  depends  on  the  solution  of  the 
problem  for  which  the  kinetic  potential  is 

L'=^+q*+t)i’ 

and  by  using  the  integral  of  energy  of  this  latter  system,  shew  that  the  relation  between 
qx  and  q2  is  of  the  form 

c&  = ^(?i  + e)--K2^2-l)> 

where  c and  e are  constants  of  integration,  and  p denotes  the  Weierstrassian  elliptic 
function. 

7.  The  kinetic  energy  of  a dynamical  system  is 

y=i(?  i24V)(?i2+?a 

and  the  potential  energy  is 

V= — - — 

9i2  + V22 

Shew  (by  use  of  Liouville’s  theorem,  or  otherwise)  that  the  relation  between  q1 
and  q2  is 

a2q^  + b2q22  + 2 abq1  q2  cos  y = sin2  y, 
where  a,  b , y are  constants  of  integration. 

8.  The  kinetic  energy  of  a particle  whose  rectangular  coordinates  are  (x,  y)  is 
i (^2+y2),  and  its  potential  energy  is 

A JA'  B B' 

xt+yi  + ^ + y+c(.x  +y)> 

where  (A,  A',  B,  B ',  G)  are  constants  and  where  (r,  r')  are  the  distances  of  the  particle 
from  the  points  whose  coordinates  are  (c,  0)  and  ( — c,  0),  where  c is  a constant.  Shew  that 
when  the  quantities  ^(r+r')  and  t>-  (r  — r')  are  taken  as  new  variables,  the  system  is 
of  Liouville’s  type,  and  hence  obtain  its  solution. 


CHAPTER  IV. 


THE  SOLUBLE  PROBLEMS  OF  PARTICLE  DYNAMICS. 


44.  The  particle  with  one  degree  of  freedom  : the  pendulum. 

As  examples  of  the  methods  described  in  the  foregoing  chapters,  we  shall 
now  discuss  those  cases  of  the  motion  of  a single  particle  which  can  be  solved 
by  quadratures. 

We  shall  consider  first  the  motion  of  a particle  of  mass  m,  which  is  free  to 
move  in  the  interior  of  a given  fixed  smooth  tube  of  small  bore,  under  the 
action  of  forces  which  depend  only  on  the  position  of  the  particle  in  the  tube. 
The  tube  can  in  the  most  general  case  be  supposed  to  have  the  form  of  a 
twisted  curve  in  space. 

Let  s be  the  distance  of  the  particle  at  time  t from  some  fixed  point  of  the 
tube,  measured  along  the  arc  of  the  curve  formed  by  the  tube  : and  let  f(s) 
be  the  component  of  the  external  forces  acting  on  the  particle,  in  the  direc- 
tion of  the  tangent  to  the  tube. 

The  kinetic  energy  of  the  particle  is 

^ms2, 

and  its  potential  energy  is  evidently 

- P/00  ds, 

J Sq 

where  s0  is  a constant.  The  equation  of  energy  is  therefore 


where  c is  a constant. 


Integrating  this  equation,  we  have 

'■©7*{//w<fe+cri<fe+i’ 

where  l is  another  constant  of  integration.  This  equation  represents  the 
solution  of  the  problem,  since  it  is  an  integral  relation'  between  s and  t, 
involving  two  constants  of  integration. 
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The  two  constants  c and  l can  be  physically  interpreted  in  terms  of  the 
initial  circumstances  of  the  particle’s  motion;  thus  if  the  particle  starts  at 
time  t = t0  from  the  point  s — s0,  with  velocity  u,  then  on  substituting  these 
values  in  the  equation  of  energy,  we  have 

c = \ mu2, 

and  on  substituting  the  same  values  in  the  final  equation  connecting  s and  t, 
we  have  l = t0. 

The  most  famous  problem  of  this  type  is  that  of  the  simple  pendulum ; in 
this  case  the  tube  is  supposed  to  be  in  the  form  of  a circle  of  radius  a whose 
plane  is  vertical,  and  the  only  external  force  acting  on  the  particle  is  gravity*. 
Using  6 to  denote  the  angle  made  with  the  downward  vertical  by  the  radius 
vector  from  the  centre  of  the  circle  to  the  particle,  we  have 
s = ad  and  f(s)  = — mg  sin  6 ; 
so  the  equation  of  energy  is 

a62=2g  cos  0 + constant 

q 

= — 4 g sin2  « + constant. 


Suppose  that  when  the  particle  is  at  the  lowest  point  of  the  circle,  the 
a262 

quantity  has  the  value  h.  Then  this  last  equation  can  be  written 

g 

a2 6 2 = 2gh  — 4<ga  sin2  - . 

Z 

Q 

Taking  sin  - = y,  this  becomes 


3/2  = ?( 


\2  a 


Now  in  the  pendulum-problem  there  are  two  distinct  types  of  motion, 
namely  the  “ oscillatory,”  in  which  the  particle  swings  to  and  fro  about  the 
lowest  point  of  the  circle,  and  the  “circulating,”  in  which  the  velocity  of  the 
particle  is  large  enough  to  carry  it  over  the  highest  point  of  the  circle,  so 
that  it  moves  round  and  round  the  circle,  always  in  the  same  sense.  We 
shall  consider  these  cases  separately. 

(i)  In  the  oscillatory  type  of  motion,  since  the  particle  comes  to  rest 
before  attaining  the  highest  point  of  the  circle,  y must  be  zero  for  some  value 
of  y less  than  unity,  and  therefore  hj 2a  must  be  less  than  unity.  Writing 


h = 2 ah2, 

where  & is  a new  positive  constant  less  than  unity,  the  equation  becomes 

_gk 


* In  actual  pendulums,  the  tube  is  replaced  by  a rigid  bar  connecting  the  particle  to  the 
centre  of  the  circle,  which  serves  the  same  purpose  of  constraining  the  particle  to  describe 
the  circle. 
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the  solution  of  this  is* 

y = fcsnj(|)*  (<  -*»)>  *|  , 

where  t0  is  an  arbitrary  constant. 


This  equation  represents  the  solution  of  the  pendulum-problem  in  the 
oscillatory  case : the  two  arbitrary  constants  of  the  solution  are  t0  and  k,  and 
these  must  be  determined  from  the  initial  conditions.  From  the  known 
properties  of  the  elliptic  function  sn,  we  see  that  the  motion  is  periodic,  its 
period  (i.e.  the  interval  of  time  between  two  consecutive  occasions  on  which 
the  pendulum  is  in  the  same  configuration  with  the  same  velocity)  being 


K,  where 


K 


Jo 


(ii)  Next,  suppose  that  the  motion  is  of  the  circulating  type ; in  this 
case  h is  greater  than  2a,  so  if  we  write  2 a — hk 2,  the  quantity  k will  be  less 
than  unity. 


The  differential  equation  now  becomes 


the  solution  of  which  is 


-4/i 


t to 


and  in  this  t0  and  k are  the  two  constants  which  must  be  determined  in 
accordance  with  the  initial  conditions. 


(iii)  Lastly,  let  h be  equal  to  2a,  so  that  the  particle  just  reaches  the 
vertex  of  the  circle.  The  equation  now  becomes 

U/ 

y=\/|(1  -y2). 

y = tanh  Lj  ^ (t  - <„)j . 

It  was  remarked  by  Appellf  that  an  insight  into  the  meaning  of  the  imaginary  period 
of  the  elliptic  functions  which  occur  in  the  solution  of  the  pendulum-problem  is  afforded 
by  the  theorem  of  § 34.  For  we  have  seen  that  if  the  particle  is  set  free  with  no  initial 
velocity  at  a point  of  the  circle  which  is  at  a vertical  height  h above  the  lowest  point, 
the  motion  is  given  by 

y—1c&i\  » where  ^2=^; 

* Cf.  the  author’s  Course  of  Modern  Analysis , § 189. 
t Comptes  Bendus,  Yol.  87  (1878). 


or 

the  solution  of  which  is 
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and  therefore  by  § 34,  if,  with  the  same  initial  conditions,  gravity  were  supposed  to  act 
upwards,  the  motion  would  be  given  by 

y=k  sn  (r-  r0),  . 

But  the  period  of  this  motion  is  the  same  as  if  the  initial  position  were  at  a height 
(2a- h),  gravity  acting  downwards:  and  the  solution  of  this  is 


The 


y=k'  sn|\/f  (r-r0),  £'} 
latter  motion  has  a real  period  4 K' ; 


where  k’2  = l — k2. 
and  therefore  the  function 


must 


sn  {*  s/\  (r  “ ro)>  ^ 

have  a period  4 so  the  function  sn  (u,  k)  must  have  a period  4 iK'. 


The 


double  periodicity  of  the  elliptic  function  sn  is  thus  inferred  from  dynamical  considerations. 

Example.  A particle  of  unit  mass  moves  on  an  epicycloid,  traced  by  a point  on  the 
circumference  of  a circle  of  radius  b which  rolls  on  a fixed  circle  of  radius  a.  The  particle 
is  acted  on  by  a repulsive  force  fir  directed  from  the  centre  of  the  fixed  circle,  where  r is 
the  distance  from  this  centre.  Shew  that  the  motion  is  periodic,  its  period  being 


M(a+?~aT- 

[This  result  is  most  easily  obtained  when  the  equation  of  the  epicycloid  is  taken  in  the 
form 


(a  + 2b)2- 


r2= 


a2s 2 

(a + 2b)2  - a2’ 


s being  the  arc  measured  from  the  vertex  of  the  epicycloid.] 


45.  Motion  in  a moving  tube. 

We  shall  now  discuss  some  cases  of  the  motion  of  a particle  which  is  free 
to  move  in  a given  smooth  tube,  when  the  tube  is  itself  constrained  to  move 
in  a given  manner. 

(i)  Tube  rotating  uniformly. 

Suppose  first  that  the  tube  is  constrained  to  rotate  with  uniform  velocity 
(o  about  a fixed  axis  in  space.  We  shall  suppose  that  the  particle  is  of  unit 
mass,  as  this  involves  no  real  loss  of  generality. 

We  shall  moreover  suppose  that  the  field  of  external  force  acting  on  the 
particle  is  derivable  from  a potential-energy  function  which  is  symmetrical 
with  respect  to  the  fixed  axis,  and  so  can  be  expressed  in  terms  of  the 
cylindrical  coordinates  z and  r,  where  £ is  measured  parallel  to  the  fixed 
axis  and  r is  the  perpendicular  distance  from  the  fixed  axis ; for  a particle 
in  the  tube,  this  potential  energy*  can  therefore  be  expressed  in  terms  of 
the  arc  s : we  shall  denote  it  by  V (s),  and  the  equation  of  the  tube  will  be 
written  in  the  form 


r=g(s). 
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By  § 29,  the  motion  of  the  particle  is  the  same  as  if  the  prescribed  angular 
velocity  co  were  zero,  and  the  potential  energy  were  to  contain  an  additional 
term  — ^r2a>2.  Hence  we  can  at  once  write  down  the  equation  of  energy  in  the 
form 

|s2  - | w2  {g  (s)}2  + F(s)  = c, 

where  c is  a constant. 

Integrating  again,  we  have 

t = J [2 c+  a2  {g  (s)}2  — 2 V ($)]~*  ds  + constant, 

and  this  relation  between  t and  s represents  the  solution  of  the  problem. 

* Example  1.  If  the  rotating  tube  is  plane,  and  the  particle  can  describe  it  with 
constant  velocity  when  the  fixed  axis  is  vertical  and  in  the  plane  of  the  tube,  and  the  field 
of  force  is  that  due  to  gravity,  shew  that  the  tube  must  be  in  the  form  of  a parabola  with 
its  axis  vertical  and  vertex  downwards. 

' Example  2.  A particle  moves  under  gravity  in  a circular  tube  of  radius  a which 
rotates  uniformly  about  a fixed  vertical  axis  inclined  at  an  angle  a to  its  plane;  if  6 be 
the  angular  distance  of  the  particle  from  the  lowest  point  of  the  circle,  shew  that 

. ao>2  cos  a f / q cos  a , . 1 

sec  1 e =s^+ & { V - *>}  > 

where  the  function  is  formed  with  the  roots 

1 a<o2  cos  a ao>2  cos  a aoo 2 cos  a 

3 g~' 

and  t0  is  a constant. 

(ii)  Tube  moving  with  constant  acceleration  parallel  to  a fixed  direction. 

Consider  now  the  motion  of  a particle  in  a straight  tube,  inclined  at  an 
angle  a to  the  horizontal,  which  is  constrained  to  move  in  its  own  vertical 
plane  with  constant  horizontal  acceleration  f. 

Taking  the  axis  of  x horizontal  and  that  of  y vertically  upwards,  with  the 
origin  at  the  initial  position  of  the  particle,  we  have  for  the  kinetic  energy 

T=i  (x?  + y% 

where  x — y c°f  a + J ft2, 

so  T = \ (y  cot  a +ft )2  + %y2 

= \ifi  cosec2  a + y cot  a .ft  + \f2t\ 
and  the  potential  energy  is 

v=gy- 

The  equation  of  motion 


d (dT 
dt  \ dij. 


dV 

dy9 
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gives  therefore 

^ (if  cosec2  a -{-ft  cot  a)  = — g, 

or  y = (—  g —f  cot  a)  sin2  a. 

Integrating,  we  have,  supposing  the  particle  to  be  initially  at  rest, 
y = i*2  (-gSina-f  cos  a)  sin  a, 


and  therefore 


x = J t2  ( — g cos  a +/  sin  a)  sin  a. 


These  equations  constitute  the  solution  of  the  problem : it  will  be  observed 
that  in  this  system  the  kinetic  energy  involves  the  time  explicitly,  so  no 
integral  of  energy  exists. 


46.  Motion  of  two  interacting  free  particles . 

We  shall  next  consider  the  motion  of  two  particles,  of  masses  mx  and  m2 
respectively,  which  are  free  to  move  in  space  under  the  influence  of  mutual 
forces  of  attraction  or  repulsion,  acting  in  the  line  joining  the  particles  and 
dependent  on  their  distance  from  each  other. 

The  system  has  six  degrees  of  freedom,  since  the  three  rectangular  coordi- 
nates of  either  particle  can  have  any  values  whatever.  We  shall  take,  as  the 
six  coordinates  defining  the  position  of  the  system,  the  coordinates  (X,  Y , Z ) 
of  the  centre  of  gravity  of  the  particles,  referred  to  any  fixed  axes,  and  the 
coordinates  ( x , y , z)  of  the  particle  m2  referred  to  moving  axes  whose  origin  is 
at  the  particle  mx  and  which  are  parallel  to  the  fixed  axes. 


The  coordinates  of  mx , referred  to  the  fixed  axes,  are 


X 


m.2x 


Y- 


m2y 


m2z 


ml  + m2 ' mx  + m.2  mx  + m2 

and  those  of  m2,  referred  to  the  fixed  axes,  are 


Z + 


mxx 


Y + 


mxy 


Z + 


mxz 


mx  + m2  ml  + m2  mx  + m2 

The  kinetic  energy  of  the  system  is  therefore 


m2x  \2 

mx  + mj 


mxx  ' 
mx  + m2/ 


+ 2m 


mx  + m2/  4 V 


+ %mx(Z- 


-^Y+Wi 

mx  + mj  * \ 


m2z  y 
mx  + mj 

mxz  y 
mx  + mj  ’ 


or  T=i(m1  + m,)  (Z2  +Y*  + Z*)  + 1 - (*2  + «2  + i2). 

The  potential  energy  of  the  system  depends  only  on  the  position  of  the 
particles  relative  to  each  other,  so  can  be  expressed  in  terms  of  (x,  y,  z) ; let 
it  be  V (x,  y , z). 
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The  Lagrangian  equations  of  motion  of  the  system  are 

Z = 0,  F = 0,  Z = 0, 


mxm2 


x = — 


dV 


mxm2 


y — ~ 


dV 


mx  m2 


dV 


z = — 


m1  + m2  dx  ’ m x + m2 * dy  ’ ml+m2"  dz  ’ 

The  first  three  of  these  equations  shew  that  the  centre  of  gravity  moves  in 
a straight  line  with  uniform  velocity,  and  the  other  three  equations  shew  that 
the  motion  of  m2  relative  to  m1  is  the  same  as  if  m1  were  fixed  and  m2  were 


attracted  to  mx  with  the  force  derived  from  the  potential  energy 


mx  + m2 

m. 


V. 


• Example.  If  two  free  particles  move  in  space  under  any  law  of  mutual  attraction, 
shew  that  the  tangents  to  their  paths  meet  an  arbitrary  fixed  plane  in  two  points,  the 
line  joining  which  passes  through  a fixed  point.  (Mehmke.) 


47.  Central  forces  in  general : Hamilton  s theorem. 

The  last  article  shews  that  the  problem  of  two  interacting  free  particles 
is  reducible  to  the  problem  of  the  motion  of  a single  free  particle  acted  on  by 
a force  directed  towards  or  from  a fixed  centre.  This  is  known  as  the  problem 
of  central  forces.  There  is  clearly  no  loss  of  generality  if  we  suppose  the 
mass  of  the  particle  to  be  unity. 

If  the  particle  be  projected  in  any  way,  it  will  always  remain  in  the  plane 
which  passes  through  the  centre  of  force  and  the  initial  direction  of  projec- 
tion : for  at  no  time  does  any  force  act  to  remove  it  from  this  plane.  We  can 
therefore  define  the  position  of  the  particle  by  polar  coordinates  (r,  6)  in  this 
plane,  the  centre  of  force  being  the  origin.  Let  P denote  the  acceleration 
directed  to  the  centre  of  force.  We  shall  for  the  present  not  suppose  that  P 
is  necessarily  a function  of  r alone. 

The  kinetic  energy  of  the  particle  is 

r = l(r2  + r#), 

and  the  work  done  by  the  force  in  an  arbitrary  infinitesimal  displacement 
(Sr,  $0)  is 

-PSr. 

The  Lagrangian  equations  of  motion  of  the  particle  are  therefore 

j r — r02  = — P, 

The  latter  equation  gives  on  integration 

r20  = h,  where  A is  a constant ; 

this  is  the  integral  corresponding  to  the  ignorable  coordinate  0 , and  can  be 
physically  interpreted  as  the  integral  of  angular  momentum  of  the  particle 
about  the  centre  of  force. 


/ 
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To  find  the  differential  equation  of  the  path  described  (which  is  generally 
called  the  orbit  or  trajectory),  we  eliminate  dt  from  the  first  equation  by  using 
the  relation 

d_hd 

dt~r2dd] 

we  thus  obtain  the  equation 


or, 


, writing  u for  1/r, 


h d fh  dr\  h2  _ __  p 
r2  d6  vr2  dd)  r3  * 


dfu  P 
d62  U h2u 2 * 


This  is  the  differential  equation  of  the  orbit,  in  polar  coordinates;  its 
integration  will  introduce  two  new  arbitrary  constants  in  addition  to  the 
constant  h,  and  a fourth  arbitrary  constant  will  occur  in  the  determination  of 
t by  the  equation 


t=hjr2d6  + constant. 

The  differential  equation  of  the  orbit  in  (r,  p)  coordinates,  (where  p 
denotes  the  perpendicular  from  the  centre  of  force  on  the  tangent  to  the 
orbit),  is  often  of  use : it  may  be  obtained  directly  from  Siacci’s  theorem 
(§  18),  which  (since  h is  now  constant)  gives  at  once 

fp  ’ 

73  h2  dp 

or  P = -Sj, 

p 3 dr 

which  is  the  differential  equation  of  the  orbit. 

Since  h—vp,  where  v is  the  velocity  in  the  orbit,  we  have  from  this  equation 

vZ=pPP 

r 

which  may  be  written  in  the  form 

ro2‘=\Pq, 

where  q is  the  chord  of  curvature  of  the  orbit  through  the  centre  of  force. 

We  frequently  require  to  know  the  law  of  force  which  must  act  towards  a 
given  point  in  order  that  a given  curve  may  be  described  ; this  is  given  at  once 
by  the  equation 

d2u\ 

7’ 


P = h2u2  + 


if  the  equation  of  the  curve  is  given  in  polar  coordinates ; while  if  the  equa- 
tion is  given  in  (r,  p)  coordinates,  the  force  is  given  by  the  equation 

p = h?dp 

p 3 dr  * 
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If  the  equation  of  the  curve  is  given  in  rectangular  coordinates,  we  pro- 
ceed as  follows : 


Take  the  centre  of  force  as  origin,  and  let  f{x , y)  = 0 be  the  equation  of 
the  given  curve.  The  equation  of  angular  momentum  is 

xy  — yx  — h. 

Differentiating  the  equation  of  the  curve,  we  have 

fx^+fy-y  — 0,  where  fx  stands  for  ^ . 

ox 

From  these  two  equations  we  obtain 

x = ~^v  v = hfx 

nfx  + yfy’  y vfx  + yfy' 

Differentiating  again,  we  have 

x = x-  I Ml_  8 [ tyy  \ hfx  9 ( ¥y  \ 

dx  ydy  xfx  + yfy ‘ dx  \xfx  + yfy)  xfx  + yfy ' dy  \xfx  + yfj  ' 
Performing  the  differentiations,  this  gives 

_ h2X  {— fy  fxx  + ^ fxfyfxy  ~fx  Tyy) 

(vfx  + yfy? 

oc 

But  the  required  force  is  P,  where  x = — P - ; and  therefore  we  have 

P __  hr  {fy2  fxx  ~ % fxfyfxy  4*  f_ % f yy)  . 

(®/»  + Vfy? 

this  equation  gives  the  required  central  force. 

The  most  important  case  of  this  result  is  that  in  which  the  curve 
fix , y)  — 0 is  a conic, 

2 fix,  y)  = ax 2 + 2 hxy  + by 2 + 2 gx  + 2 fy  + c = 0. 

In  this  case  we  find  at  once  that  the  expression 

fxxfy  ~ 2 fxyfxfy  + fyyfx 

has,  for  points  on  the  conic,  the  constant  value 


— ( abc  + 2 fgh  — af  — bg 2 — ch2), 

while  the  quantity 

3/  , 3/ 

Xdx+yd-y 

has  the  value 

-(gx+fy+c), 

and  so  is  a constant  multiple  of  the  perpendicular  from  the  point  {x,  y)  on  the 
polar  of  the  origin  with  respect  to  the  conic.  We  thus  obtain,  for  the  force 
under  which  a given  conic  can  be  described,  an  elegant  expression  due  to 
Hamilton  *,  namely  that  the  force  acting  on  the  particle  in  the  position  (x,  y) 


Proc.  Roy.  Irish  Acad.  1846. 
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varies  directly  as  the  radius  from  | the  centre  of  force  to  the  point  (x,  y ),  and 
inversely  as  the  cube  of  the  perpendicular  from  (x,  y)  on  the  polar  of  the  centre 
of  force. 

The  two  following  theorems,  the  proof  of  which  is  left  to  the  student,  may  together  be 
regarded  as  the  converse  of  Hamilton’s  theorem. 

(i)  If  a particle  moves  under  the  action  of  a force  directed  to  a fixed  point,  varying 
directly  as  the  distance  from  the  fixed  point  and  inversely  as  the  cube  of  the  distance 
from  a given  straight  line,  the  orbit  is  always  a conic. 

(ii)  If  a particle  moves  under  the  action  of  a force  directed  to  the  origin,  of 
magnitude 

fi  (x2  +y2f  (ax2  + 2 fixy  4 yy2)  ~ *, 

where  ( x , y)  are  rectangular  coordinates  and  fx,  a,  fi,  y are  constants,  the  orbits  are  conics 
which  touch  the  lines 

ax2  4 2 fixy  -f  yy2  = 0. 

Darboux  (Comptes  Rendus , Yol.  84,  p.  936)  has  shewn  that  these  two  laws  of  force  are 
the  only  laws  for  which  the  orbits  are  always  conics. 


Example  1.  If  a conic  be  described  under  the  force  ^ given  by  Hamilton’s  theorem, 


27T 


shew  that  the  periodic  time  is  — p p0a,  where  p0  is  the  perpendicular  from  the  centre  of 


the  conic  on  the  polar  of  the  centre  of  force. 


(Glaisher.) 


Example  2.  Shew  that  if  the  force  be 

fj.r 

(Ax2  + 2 Hxy  4 By 2 4 1)3  ’ 

a particle  will  describe  a conic  having  its  asymptotes  parallel  to  the  lines 

Ax2  4 2 Hxy  4 By2  = 0, 

if  properly  projected.  (Glaisher.) 


48.  The  integrable  cases  of  central  forces ; problems  soluble  in  terms  of 
circular  and  elliptic  functions. 


The  most  important  case  of  motion  under  central  forces  is  that  in  which 
the  magnitude  of  the  force  depends  only  on  the  distance  r.  Denoting  the 
force  by  f(r),  the  differential  equation  of  the  orbit  is 


d2u 

W 


fir) 

' h?v? 


Integrating,  we  have 

I 

where  c is  a constant : integrating  this  equation  again,  we  have 


(du\ 

2 2 f 

Xde) 

C h2J 

w 


f(r)  dr  — 


?dr 

V2 


« 
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and  this  is  the  equation  of  the  orbit  in  polar  coordinates.  When  r has  been 
found  from  this  equation  in  terms  of  0,  the  time  is  given  by  the  integral 


r2d0  + constant. 


The  problem  of  motion  under  central  forces  is  therefore  always  soluble  by 
quadratures  when  the  force  is  a function  only  of  the  distance.  We  shall  now 
discuss  the  cases  in  which  the  quadrature  can  be  effected  in  terms  of  known 
functions,  the  central  force  being  supposed  to  vary  as  some  positive  or 
negative  integral  power, — say  the  nth, — of  the  distance. 


Let  us  first  find  those  problems  for  which  the  integration  can  be  effected 
in  terms  of  circular  functions.  The  above  integral  for  the  determination  of  0 
can  be  written  in  the  form 

0—  I (a  + bu2  4-  cu~n~l)~^  du , 


where  a,  b,  c,  are  constants;  except  when  n — — 1,  when  a logarithm  replaces 
the  term  in  u~n~x.  If  the  problem  is  to  be  soluble  in  terms  of  circular  func- 
tions, the  polynomial  under  the  radical  in  the  integrand  must  be  at  most  of  the 
second  degree  ; this  gives 

— n — 1 = 0,  1,  or  2, 


and  consequently 


n = — l,  —2,  or  — 3. 


The  case  n — — 1 is  however  excluded  by  what  has  already  been  said,  and 
the  case  n — 1 has  to  be  added,  since  in  this  case  the  irrationality  becomes 
quadratic  when  u2  is  taken  as  a new  variable. 


Next,  let  us  find  the  cases  in  which  the  integration  can  be  effected  by  the 
aid  of  elliptic  functions.  For  this  it  is  necessary  that  the  irrationality  to  be 
integrated  should  be  of  the  third  or  fourth  degree*  in  the  variable  with 
respect  to  which  the  integration  is  taken.  But  this  condition  is  fulfilled  if 

n = 0,  - 4,  or  — 5,  when  u is  taken  as  the  independent  variable ; 
n — 3,  5,  or  — 7,  when  u2  is  taken  as  the  independent  variable. 

It  follows  that  the  problem  of  motion  under  a central  force  which  varies  as 
the  nth  power  of  the  distance  is  soluble  by  circular  or  elliptic  f unctions  in  the 
cases 

n = 5,  3,  1,  0,  -2,  -3,  -4,  -5,  -7. 


Example.  Shew  that  the  problem  is  soluble  by  elliptic  functions  when  n has  the 
following  fractional  values  : 

~ 2)  — — i>  “ 


The  cases  in  which  motion  under  a central  force  varying  as  a power  of 
the  distance  is  soluble  by  means  of  circular  functions  are  of  special  interest. 
They  correspond,  as  shewn  above,  to  the  values  1,  — 2,  — 3,  of  n ; the  case 
* Whittaker,  Modern  Analysis,  §§  184 — 186. 
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n = — 2 will  be  considered  in  the  next  article  : the  cases  n — 1 and  n = — 3 
can  be  treated  in  the  following  way. 

(i)  n—  1. 

In  this  case  the  attractive  force  is 


f(r)  = fir, 

so  the  equation  of  the  orbit  becomes 


so 


or 


2(0  — y)  = cos-1 


c 


.4  h'J 


where  y is  a constant  of  integration, 


This  is  the  equation  of  an  ellipse  (when  fi>  0)  or  hyperbola  (when  fi<  0) 
referred  to  its  centre.  The  orbits  are  therefore  conics  whose  centre  is  at 
the  centre  of  force. 


(ii)  n = — 3. 

In  this  case  the  attractive  force  is 


/(r)=V 3* 

so  the  equation  of  the  orbit  becomes 

®=~f|0  + (Sr*"1M  *du- 

Integrating,  we  have 

u = A cos  (kO  + e),  where  k2=l—^,  when  /a  < A2, 

u = cosh(A;^  + e),  where  k2  = jj-2  — 1,  when  fju>h2, 

\u  = A6  + e,  when  fi  = /i.2, 

where  in  each  case  and  e are  constants  of  integration. 

These  curves  are  sometimes  known  as  Cotes'  spirals ; the  last  is  the 
reciprocal  spiral. 


w.  D. 
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In  connexion  with  forces  varying  as  the  inverse  cube  of  the  distance,  it  may  be  observed 
that  if 

r=f(0) 

be  an  orbit  described  under  a central  force  P ( r ) to  the  origin,  then  the  orbit 

r=*f(k6\ 

c 

where  h is  any  constant,  can  be  described  under  a central  force  P{f)-\-—v  where  c is 

a constant : the  intervals  of  time  between  corresponding  points,  i.e.  points  for  which  the 
radius  vector  has  the  same  value,  in  the  two  orbits  being  the  same. 

For,  if  accented  letters  refer  to  the  second  orbit,  we  have 

If  therefore  we  choose  the  new  constant  of  momentum  h!  so  that 

h' =hJcj 

^this  equation  implies  that  the  intervals  of  time  between  corresponding  points  in  the  two 

orbits  are  the  same,  since  it  can  be  written  ^ , we  have 

&»(!-#)• 

1 ~r  r3  ’ 

which  establishes  the  result.  This  is  sometimes  known  as  Newton's  theorem  of  revolving 
orbits. 


The  types  of  central  motion  corresponding  to 

n = 5,  3,  0,  - 4,  - 5,  - 7 

lead,  as  has  been  shewn,  to  elliptic  integrals : on  inverting  the  integrals,  we 
obtain  the  solution  in  terms  of  elliptic  functions.  As  an  example  we  shall 
take  the  case  of  n — — 5. 


Let  fjiu5  be  the  force  towards  the  centre  of  attraction ; we  shall  suppose 
the  particle  initially  projected  with  a velocity  less  than  that  which  would  be 
acquired  by  a fall  from  rest  at  an  infinite  distance  to  the  point  of  projection, 
so  that  the  total  energy 


+ Jr2#2 


4 r4 


is  negative  : call  this  quantity  — |y.  Then  the  equation  of  energy 

f2  + r262  — + y = 0 

2 r4  ' 

together  with  the  equation 

r26  = h 


gives 
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Introducing  in  place  of  r a new  variable  p defined  by  the  equation 

r = (1)  h(p  + i) * ’ 
the  differential  equation  becomes 


P _ 2 _ 

3 9 2h*J ' 


The  roots  of  the  quadratic 


~ — t—L  = o 

9 2A4 


are  real  when  7 is  positive ; their  sum  is  and  the  smaller  of  them  is  less 
than  — Hence  if  the  greater  and  less  of  the  roots  be  denoted  by  ex  and  e% 
respectively,  and  if  e2  denotes  — J,  we  have  the  relations 

vx  + 62  + £3  = 0, 


so 


61  > ^2  ^ ^3) 

(dfgj  = 4 (p  - «i)  (p  - e2)  (p  - «3), 

p = p(d-  e), 


where  e is  a constant  of  integration,  and  the  function  p is  formed  with  the 
roots  eX}  e2)  e3.  Thus  we  have 


>Y 1 


Now  r is  real  and  positive,  and,  as  we  see  from  the  equation  of  energy, 

cannot  be  greater  than  \J < So  p (6  — e)  + J is  real  and  positive  and 

has  a finite  lower  limit ; but  when  ex  > e2  > e3,  the  function  p ( 6 — e)  is  real 
and  has  a finite  lower  limit  for  all  real  values  of  6 only  when  e is  real ; 
so  e is  purely  real,  and  by  measuring  6 from  a suitable  initial  line  we  can  take 
e to  be  zero.  We  have  therefore 

1 


r = 


8J 


Ml>  (*)  + *}*’ 

and  this  is  the  equation  of  the  orbit  in  polar  coordinates. 
The  time  can  now  be  determined  from  the  equation 


or 


t = lfr>de, 

f = JL[ 

2 hsJp(0)-e2- 


6—2 
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Performing  the  integration,  we  have 

O O 7 

M"3 


2 (e,  - ei)  (e2  - e3) 


m+h 


i>(6)-e, 


+ 6$ 


where  £(#)  is  the  Weierstrassian  zeta-function  *.  This  equation  determines  t. 

* Example  1.  Shew  that  the  equation  of  the  orbit  of  a particle  which  moves  under  the 
influence  of  a central  attractive  force  /x/r6  can  be  written  in  the  form 


or  else  in  the  form 


r—asn(K - , &V 

-=ksn  ( K — A=  , *V 
r V J\+B  ) 


*/l  +£2 

provided  A4  > 4 fxE  > 0,  where  h is  the  angular  momentum  round  the  origin  and  E is  the 
excess  of  the  total  energy  over  the  potential  energy  at  infinity. 

(Cambridge  Math.  Tripos,  Part  I,  1894.) 

~ Example  2.  A particle  is  attracted  to  the  origin  with  constant  acceleration  /x;  shew 
that  the  radius  vector,  vectorial  angle,  and  time,  are  given  in  terms  of  a real  auxiliary 
angle  u by  equations  of  the  type 

r=ip  ( iu  + oJj)  - P (a>2  + a), 


(^J  t=iC (*t  + a) -iCM, 

ei0 _ e-2 iu£ (w2+a)  <r  ((ol+iu  + (o2+a)  a (^-(o^-a) 
cr  (co1  + iu  — a)2  — a)  & (toj  + a>2  + a,) 


(Schoute.) 


Among  the  points  of  special  interest  on  an  orbit  are  the  points  at  which 
the  radius  vector,  after  having  increased  for  some  time,  begins  to  decrease: 
or  after  having  decreased  for  some  time,  begins  to  increase.  A point 
belonging  to  the  former  of  these  classes  is  called  an  apocentre,  while  points 
of  the  latter  class  are  called  pericentres  ; both  classes  are  included  under  the 
general  term  apse.  At  an  apse,  if  the  apse  is  not  a singularity  of  the  orbit 
(e.g.  a cusp),  we  have 

*:=o 

dO  ’ 

and  therefore  the  tangent  to  the  orbit  is  perpendicular  to  the  radius  vector. 

The  words  aphelion  and  perihelion  are  generally  used  instead  of  apocentre 
and  pericentre  when  the  centre  of  force  is  supposed  to  be  the  Sun. 

' Example.  A particle  moves  under  an  attraction 

rt~  r 3 > 

to  a fixed  centre ; shew  that  the  angle  subtended  at  the  centre  of  force  by  two  consecutive 
apses  is 


■j 


‘-i 


where  h is  the  constant  of  angular  momentum. 

* Cf.  Whittaker,  Modern  Analysis , §§  209,  214. 
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49.  Motion  under  the  Newtonian  law. 

The  remaining  case  in  which  motion  under  a central  force  varying  as  an 
integral  power  of  the  distance  can  be  solved  in  terms  of  circular  functions  is 
that  in  which  the  force  varies  as  the  inverse  square  of  the  distance.  This 
case  is  of  great  importance  in  Celestial  Mechanics,  since  the  mutual  attractions 
of  the  heavenly  bodies  vary  as  the  inverse  squares  of  their  distances  apart,  in 
accordance  with  the  Newtonian  law  of  universal  gravitation. 


(i)  The  orbits. 

Consider  then  the  motion  of  a particle  which  is  acted  on  by  a force 
directed  to  a fixed  point  (which  we  can  take  as  the  origin  of  coordinates),  of 
magnitude  yaw2,  where  u is  the  reciprocal  of  the  distance  from  the  fixed  point. 
Let  the  particle  be  projected  from  the  point  whose  polar  coordinates  are 
(c,  a)  with  velocity  v0  in  a direction  making  an  angle  7 with  c;  so  that  the 
angular  momentum  is 

h = cv0  sin  7. 

The  differential  equation  of  the  orbit  is 


<Pu  P ya 

d02  + U hhi 2 v02c2  sin2  7 ’ 

this  is  a linear  differential  equation  with  constant  coefficients,  and  its 
integral  is 


u 


v02c2  sin2  7 


{1  +ecos  (6  — ct)}, 


where  e and  or  are  constants  of  integration.  This  is  the  equation,  in  polar 
coordinates,  of  a conic  whose  focus  is  at  the  origin,  whose  eccentricity  is  e, 
and  whose  semi-latus  rectum  l is  given  by  the  equation 

, v02c2  sin2  7 

t — ; 

the  constant  ts-  determines  the  position  of  the  apse-line,  and  is  called  the 
perihelion- constant. 


The  circumstance  that  the  focus  of  the  conic  is  at  the  centre  of  force  is  in  accord  with 
Hamilton’s  theorem  ; for  if  the  centre  of  force  is  at  the  focus  of  the  conic  the  perpen- 
dicular on  the  polar  of  the  centre  of  force  is  the  perpendicular  on  the  directrix,  which  is 
proportional  to  r,  as  by  Hamilton’s  theorem  the  force  must  be  proportional  to  l Jr2. 


To  determine  the  constants  e and  -sr  in  terms  of  the  initial  data  c,  a,  7,  v0, 
we  observe  that  initially 

^ 1 du  1 

6 = a’  “ = 3’  d6  = —cCOtr’ 


substituting  these  values  in  the  equation  of  the  orbit  and  the  equation 
obtained  by  differentiating  it  with  respect  to  6,  we  have 

f v02c  sin2  7 = p + pe  cos  (a  — ot), 

(jy02c  sin  7 cos  7 = /ie  sin  (a  — ts-). 
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Solving  these  equations  for  e and  ot,  we  obtain 


e2  = 1 + 


v04c 2 sin2  y 2v02c  sin2  y 


cot  (a  — -sr)  = 


- V 


+ tan  y. 


cv0  sin  7 cos  7 

The  semi-major  axis,  when  the  conic  is  an  ellipse,  is  generally  called  the 
mean  distance  of  the  particle  ; denoting  it  by  a,  we  have 

l 

a = T=?’ 

and  substituting  the  values  of  l and  e2  already  found,  we  have 

this  equation  determines  a in  terms  of  the  initial  data. 

The  time  occupied  in  describing  the  whole  circumference  of  the  ellipse, 
which  is  generally  called  the  periodic  time , is 

j?  x area  of  ellipse, 

since  h represents  twice  the  rate  at  which  the  area  is  swept  out  by  the  radius 
vector ; the  periodic  time  is  therefore  , where  b is  the  semi- minor  axis. 
But  we  have 

h = v0c  sin  7 = *J  jd  — b \J ^ , 

/O? 

— . It  is  usual  to  denote  the  quantity ' 

by  n ; the  periodic  time  can  then  be  written 

27 r 


n is  called  the  mean  motion,  being  the  mean  value  of  6 for  a complete  period. 

It  has  been  shewn  by  Bertrand  and  Koenigs  that  of  all  laws  of  force  which  give  a zero 
force  at  an  infinite  distance,  the  Newtonian  law  is  the  only  one  for  which  all  the  orbits  are 
algebraic  curves,  and  also  the  only  one  for  which  all  the  orbits  are  closed  curves. 

' Example.  Shew  that  if  a centre  of  force  repels  a particle  with  a force  varying  as  the 
inverse  square  of  the  distance,  the  orbit  is  a branch  of  a hyperbola,  described  about 
its  outer  focus. 

(ii)  The  velocity. 

Consider  now  the  case  in  which  the  orbit  is  an  ellipse ; the  equation 

'2  r 


Vo2  ~ 
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establishes  a connexion  between  the  mean  distance  a and  the  velocity  v0  and 
radius  vector  c at  the  initial  point  of  the  path.  Since  any  point  of  the  orbit 
can  be  taken  as  initial  point,  we  can  write  this  equation 


(?-!) 

\r  aj 


where  v is  the  velocity  of  the  particle  at  the  point  whose  radius  vector  is  r. 
Similarly  if  the  orbit  is  a hyperbola,  whose  semi-major  axis  is  a,  we  find 

2 1 


v‘  = ^-  + 

and  if  the  orbit  is  a parabola,  the  relation  becomes 

r 

It  is  clear  from  this  that  the  orbit  is  an  ellipse,  parabola,  or  hyperbola , 
9 

according  as  v02  = -P , i.e.  according  as  the  initial  velocity  of  the  particle  is 

less  than,  equal  to,  or  greater  than,  the  velocity  which  the  particle  would 
acquire  in  falling  from  a position  of  rest  at  an  infinite  distance  from  the 
centre  of  force  to  the  initial  position. 

It  can  further  be  shewn  that  the  velocity  at  any  point  can  be  resolved  into 
a component  ^ perpendicular  to  the  radius  vector  and  a component  yj-  perpen- 
dicular to  the  axis  of  the  conic ; each  of  these  components  being  constant. 

For  if  S be  the  centre  of  force,  P the  position  of  the  moving  particle, 

G the  intersection  of  the  normal  at  P to  the  conic  with  the  major  axis,  GL 

the  perpendicular  on  SP  from  G,  and  SY  the  perpendicular  on  the  tangent  at 

P from  S,  it  is  known  that  the  sides  of  the  triangle  SPG  are  respectively 

perpendicular  to  the  velocity  and  to  the  components  of  the  velocity  in  the 

two  specified  directions  ; and  therefore  we  have 

, . v . SP  h . SP  h 

Component  perpendicular  to  the  radius  vector  = —pgr  — gy  pQ  = 


PL 


P 
h * 


and  Component  perpendicular  to  the  axis 


which  establishes  the  result  stated. 


SG 

SP 

eg 

~h’ 


x Component  perpendicular 
to  the  radius  vector 


* Example  1.  Shew  that  in  elliptic  motion  under  Newton’s  law,  the  projections,  on  the 
external  bisector  of  two  radii,  of  the  velocities  corresponding  to  these  radii,  are  equal. 
Shew  also  that  the  sum  of  the  projections  on  the  inner  bisector  is  equal  to  the  projection 
of  a line  constant  in  magnitude  and  direction.  (Cailler.) 
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" Example  2.  Shew  that  in  elliptic  motion  under  Newton’s  law,  the  quantity  J T dt, 

where  T denotes  the  kinetic  energy,  integrated  over  a complete  period,  depends  only  on 
the  mean  distance  and  not  on  the  eccentricity.  (Grinwis.) 

• Example  3.  At  a certain  point  in  an  elliptic  orbit  described  under  a force  p/r2,  the 
constant  p is  suddenly  changed  by  a small  amount.  If  the  eccentricities  of  the  former  and 
new  orbits  are  equal,  shew  that  the  point  is  an  extremity  of  the  minor  axis. 


(iii)  The  anomalies  in  elliptic  motion. 

If  a particle  is  describing  an  ellipse  under  a centre  of  force  in  the  focus  S, 
the  vectorial  angle  ASP  of  the  point  P at  which  the  particle  is  situated  on 
the  ellipse,  measured  from  the  apse  A which  is  nearer  to  the  focus,  is  called 
the  true  anomaly  of  the  particle  and  will  be  denoted  by  0 ; the  eccentric 
angle  corresponding  to  the  point  P is  called  the  eccentric  anomaly  of  the 
particle,  and  will  be  denoted  by  u : and  the  quantity  nt,  where  n is  the  mean 
motion  and  t is  the  time  of  describing  the  arc  AP,  is  called  the  mean 
anomaly  of  the  particle.  We  shall  now  find  the  connexion  between  the 
three  anomalies. 


The  relation  between  6 and  u is  found  thus  : 
We  have 


- = 1 + e cos  0, 


*P 


and 


r = a — ex,  where  a?  is  the  rectangular  coordinate  of  P referred 
to  the  centre  of  the  ellipse  as  origin, 

or  r — a{\  — e cosw).  C i ~ 

Hence  (1  — ecos  u)  (1  + ecos  0)  = 1 — e2, 

an  equation  which  can  also  be  written  in  the  forms  ^ 


tan“ 

2 \l  + ej  2 ’ 


and 


sm  u — 


(1  — e2)*sin  0 


1 + e cos  0 

The  relation  between  u and  nt  can  be  obtained  in  the  following  way : 

We  have 

2 2 b 

^ x Area  ASP  = . - x Area  ASQ,  where  Q is  the  point  on  the  auxiliary 

circle  corresponding  to  the  point  P on  the  ellipse 

2 

= — {Area  ACQ  — Area  SGQ],  where  C is  the  centre  of 

the  ellipse 


so 


2 i a 
na 

nt  = u — e sm  u. 


a*e  . 


2 1 2 U ~ Y sm  U 


i 
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Lastly,  the  relation  between  0 and  nt  can  be  found  as  follows : 
We  have 

nt  = u — e sin  u. 

Replacing  u by  its  value  in  terms  of  6,  this  becomes 

. _x  f(l  — e2)^  sin  0)  e (1  — ef  sin  6 


nt  = sm" 


1 + e cos  6 


1 + e cos  6 


which  is  the  required  relation ; this  equation  gives  the  time  in  terms  of  the 
vectorial  angle  of  the  moving  particle. 


Example  1.  Shew  that 


oo  i 

= nt + %%  - Jr  (re)  sin  rnt, 

r= 1 r 


where  the  symbols  J denote  Bessel  coefficients. 
For  we  have 


1 du 


dt  1-e  cos u 


= JL_  fbr_ 

2tt  Jo  1 


d (nt) 


00  cos  rnt 

+ 2 


COS  U r=i  7 r 

2ir 


/2w  cos  rnt . 
o l-ec< 


d(nt) 


, by  Fourier’s  theorem* 


1 /*2tt  oo  cos  rnt  A 

= — du+  2 — 

J 0 r= 1 V J C 


cos  {r  (u  - e sin  u)} 


= 1 + 2 2 Jr  (re)  cos  rnt  f. 

r= 1 

Integrating,  we  have  the  required  result. 

Example  2.  Shew  that 

5g2 

0=?^  + 2esin  nt  + -^-  sin  2 nt  + ... . 

Example  3.  In  hyperbolic  motion  under  the  Newtonian  law,  shew  that 


fi  V*=log 


i 0 i /? 

(e+Vf  cos--(e-l)T  sin  - 


(e  + 1)*  cos  - + (e  - 1 )*  sin  - 


+ e 


(e2  - 1)^  j 


sin  6 


+e  cos  6 


and  in  parabolic  motion,  shew  that 


(^yi=tani+itan3^ 


where  p is  the  distance  from  the  focus  to  the  vertex. 

Example  4.  In  elliptic  motion  under  Newton’s  law,  shew  that  the  sum  of  the  four 
times  (counted  from  perihelion)  to  the  intersections  of  a circle  with  the  ellipse  is  the  same 
for  all  concentric  circles,  and  remains  constant  when  the  centre  of  the  circle  moves 
parallel  to  the  major  axis.  (Oekinghaus.) 


* Whittaker,  Modern  Analysis , § 82. 
+ Ibid.,  § 153. 
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(iv)  Lambert's  theorem. 

Suppose  now  that  it  is  required  to  express  the  time  of  describing  any  arc 
of  an  ellipse  under  the  Newtonian  law,  in  terms  of  the  focal  distances  of  the 
initial  and  final  points,  and  the  length  of  the  chord  joining  them. 

Let  u and  u'  be  the  eccentric  anomalies  of  the  points ; then  we  have 
n x the  required  time  = vf  — e sin  u!  — {u  — e sin  u) 

z , x 0 .u—u  u'  + u 
= (u  — u)  — 2e  sin  — ^ — cos  — - — . 

Z Z 

Now  if  c be  the  length  of  the  chord,  and  r and  r'  be  the  radii  vectores,  we 
have 

r + r'  ' a a u + u u'  —u 

— \ — e cos  u + 1 — e cos  u — 2 — 2e  cos  — - — cos  — - — , 


and 


a 2 

c2  = a 2 (cos  v!  — cos  iif  -f  b2  (sin  u'  — sin  u)2 
u'  — u 


so 


= 4a2  sin2 


c n . u — u / 
- = 2 sm  — jr— 
a 2 


l1- 


1 —e2  cos2 
„ u 


e * cos4 


u + u'\ 

2 )’ 
-I-  u'\* 

2 ) ‘ 


Hence  we  have 

r + r 4-  c 
a 


u—u 


2 — 2 cos  \ k l-  .cos-1  e cos 


u + u 


and 


r + r1  — c 


= 2 — 2 cos  s — 


u—u 


+ cos-1  e cos 


2 

u + u' 


and  therefore* 


and 


. 1 fr  + r'  + c\i 

2 sm  1 — 


2 sin- 


u—u 


. _1  /r  + r'  — 
m 2 ( a ) ~~ 


2 

u—u 


+ COS' 


_/  u + u'\ 

cos  2 j ’ 


+ cos-1  e cos 


u + u 


Thus  if  quantities  a and  (3  are  defined  by  the  equations 
. a 1 /r  + r'+c\* 


Sln9=9, 


. /3  1 (r  + r’  — c\* 

Sm2  = 2 


the  last  equations  give 


a , J a + ft  u + u' 

ol  — (j  — u —u,  and  cos  — - = e cos 


2 * 


Thus  finally  we  have 


n x the  required  time  = a — [3  — 2 cos  — sin  ^ , 

z z 

= (a  — sin  a)  — (ft  — sin  ft). 

This  result  is  known  as  Lambert's  theorem.  % 

* It  will  be  noticed  that  owing  to  the  presence  of  the  radicals,  Lambert’s  theorem  is  not  free 
from  ambiguity  of  sign.  The  reader  will  be  able  to  determine  without  difficulty  the  interpretation 
of  sign  corresponding  to  any  given  position  of  the  initial  and  final  points. 
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Example  1.  To  obtain  the  form  of  Lamberts  theorem  applicable  to  parabolic  motion. 

If  we  suppose  the  mean  distance  a to  become  large,  the  angles  a and  13  become  very 
small,  so  Lambert’s  theorem  can  be  written  in  the  approximate  form 

Required  time  = — , 


/a3\i  1 Ur  + r'  + c\  f 

(r+r'-c\  f) 

W a j 

<*  ){ 

g-j  | (r  + r'  + cf-(r+r'-c)^, 


and  this  is  the  required  form. 


Example  2.  Establish  Lambert’s  theorem  for  parabolic  motion  directly  from  the 
formulae  of  parabolic  motion. 

Example  3.  Apply  Lambert’s  theorem  to  prove  that  the  time  of  falling  vertically 
under  gravity  through  a distance  c is 


1 

2 


'2ac  — c2^i| 


where  a is  the  distance  from  the  centre  of  the  earth  of  the  starting-point  and  g the  value 
of  gravity  at  this  point.  (Coll.  Exam.) 


50.  The  mutual  transformation  of  fields  of  central  force  and  fields' of 
parallel  force. 

If  in  the  general  problem  of  central  forces  we  suppose  the  centre  of  force 
to  be  at  a very  great  distance  from  the  part  of  the  field  considered,  the  lines 
of  action  of  the  force  in  different  positions  of  the  particle  will  be  almost 
parallel  to  each  other;  and  on  passing  to  the  limiting  case  in  which  the 
centre  of  force  is  regarded  as  being  at  an  infinite  distance,  we  arrive  at  the 
problem  of  the  motion  of  a particle  under  the  influence  of  a force  which  is 
always  parallel  to  a given  fixed  direction. 

For  the  discussion  of  this  problem,  take  rectangular  axes  Ox,  Oy  in  the 
plane  of  the  motion,  Ox  being  parallel  to  the  direction  of  the  force ; and  let 
X ( x ) be  the  magnitude  of  the  force,  which  will  be  supposed  to  be  independent 
of  the  coordinate  y.  The  equations  of  motion  are 

x = x (x),  y = o, 

and  the  motion  is  therefore  expressed  by  the  equations 


t = ay  +b  — j {2  JX  (x)  dx  + 


c}~%  dx  + l, 


where  a,  b,  c,  l are  the  constants  of  integration ; the  values  of  these  are 
determined  by  the  circumstances  of  projection,  i.e.  by  the  initial  values  of 
x,  y,  x , y. 

While  the  problem  of  motion  in  a parallel  field  of  force  is  a limiting  case 
of  the  problem  of  motion  under  central  forces,  it  is  not  difficult  to  reduce  the 
latter  more  general  problem  to  the  former  more  special  one. 
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For  if  a particle  is  in  motion  under  a force  of  magnitude  P directed  to  a 
fixed  centre  (which  we  can  take  as  origin  of  coordinates),  the  equations  of 
motion  are 


The  angular  momentum  of  the  particle  round  the  origin  (which  is  constant) 
is  xy  — yx:  let  this  be  denoted  by  h.  Introduce  new  coordinates  X , Y,  defined 
by  the  homographic  transformation 


and  let  T be  a new  variable  defined  by  the  equation 


Then  we  have 


so 


These  equations  shew  that  a particle  whose  coordinates  are  (X,  Y)  would, 
if  T were  interpreted  as  the  time,  move  as  if  acted  on  by  a force  parallel  to 

Pys 

the  axis  of  Y and  of  magnitude . As  the  solution  of  this  transformed 

problem  will  yield  the  solution  of  the  original  problem,  it  follows  that  the 
general  problem  of  motion  under  central  forces  is  reducible  to  the  problem  of 
motion  in  a parallel  field  of  force. 


Example  1.  Shew  that  the  path  of  a free  particle  moving  under  the  influence  of 
gravity  alone  is  a parabola  with  its  axis  vertical  and  vertex  upwards. 

Example  2.  Shew  that  the  magnitude  of  the  force  parallel  to  the  axis  of  x under 
which  the  curve  f(x,  y)  = 0 can  be  described  is  a constant  multiple  of 

/3/\-3f  ay/a/y  ay  3/8/  sy/a/yi 

\dx)  \ dx2  \dyj  dxdy  dx  dy  dy2  \dxj  J ’ 

Example  3.  If  a parallel  field  of  force  is  such  that  the  path  described  by  a free 
particle  is  a conic  whatever  be  the  initial  conditions,  shew  that  the  force  varies  as  the 
inverse  cube  of  the  distance  from  some  line  perpendicular  to  the  direction  of  the  force. 

51.  Bonnet's  theorem. 

We  now  proceed  to  discuss  the  motion  of  a particle  which  is  simultaneously 
attracted  by  more  than  one  centre  of  force.  An  indefinite  number  of  parti- 
cular cases  of  motion  of  this  kind  can  be  obtained  by  means  of  a theorem  due 
to  Bonnet,  which  may  be  stated  thus : 
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If  a given  orbit  can  be  described  in  each  of  n given  fields  of  force , taken 
separately,  the  velocities  at  any  point  P of  the  orbit  being  v1}  v2,  ...  vn, 
respectively,  then  the  same  orbit  can  be  described  in  the  field  of  force  which 
is  obtained  by  superposing  all  these  fields,  the  velocity  at  the  point  P being 
W + vf+  ... + »»*)*. 

For  suppose  that  in  the  field  of  force  which  is  obtained  by  superposing 
the  original  fields,  an  additional  normal  force  R is  required  in  order  to  make 
the  particle  move  on  the  curve  in  question ; and  let  it  be  projected  from 
a point  A so  that  the  square  of  its  velocity  at  A is  equal  to  the  sum  of  the 
squares  of  its  velocities  at  A in  the  original  fields  of  force.  Then  on  adding 
the  equations  of  energy  corresponding  to  the  original  motions,  and  comparing 
with  the  equation  of  energy  for  the  motion  in  question,  we  see  that  the 
kinetic  energy  of  the  motion  in  question  is  the  sum  of  the  kinetic  energies 
of  the  original  motions,  i.e.  that  the  velocity  at  any  point  P is 

' Oi2  + Vf  + . . . + Vn2fi. 

Hence,  resolving  along  the  normal  to  the  orbit,  we  have 


m 


+ v7 


= ^ + ^2  + ...  +Fn  + R, 


where  m is  the  mass  of  the  particle,  p the  radius  of  curvature  of  the  orbit, 
and  Fx,  F2i  ...  Fn  are  the  normal  components  of  the  original  fields  of  force 
at  P. 


But 


and  therefore  R is  zero ; the  given  orbit  is  therefore  a free  path  in  the  field 
of  force  which  is  obtained  by  superposing  the  original  fields. 


Example.  Shew  that  an  ellipse  can  be  described  if  forces 


r3+8a3  , r'3  + 8a3 

8a*r»  and  8a V2 

respectively  act  in  the  directions  of  the  foci. 

This  result  follows  at  once  from  Bonnet’s  theorem  when  it  is  observed  that  the  given 
forces  are  equivalent  to  forces  ^ and  ~ acting  in  the  directions  of  the  foci,  together  with 


a force  If  x distance,  acting  in  the  direction  of  the  centre  of  the  ellipse. 


52.  Determination  of  the  most  general  field  of  force  under  which  a given 
curve  or  family  of  curves  can  be  described. 

Let  (f)  (oc,  y)  = c 

be  the  equation  of  a curve ; on  varying  the  constant  c,  this  equation  will 
represent  a family  of  curves.  We  shall  now  find  an  expression  for  the 
most  general  field  of  force  (the  force  being  supposed  to  depend  only  on  the 
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position  of  the  particle  on  which  it  acts)  for  which  this  family  of  curves 
is  a family  of  orbits  of  a particle. 


Let  v denote  the  velocity  of  the  particle,  and  ( X , Y)  the  components  of 
force  per  unit  mass  parallel  to  the  coordinate  axes.  The  tangential  and 

1 dv2  'V2 

normal  components  of  acceleration  being  ^ and  — respectively,  we  have 


0)  2 ~|  /7  n«2 

X = — — (j>x  (<frx2  4-  (fry2)  * — g ^ $ y 2)  ^ 

1) 2  1 

Y=  - ~(f)y  (<frx  4*  <f>y)~h  + 2 ~ds^X  ^ 


Substituting  for  - its  value,  namely 


we  have 


<f>y2(f>xx  2( frx^y^xy  4~  (frx2(fry 

(<!>*  + </>y2)f 


X — <f>x.vK ^xx  -\dfs<\>y + wri- 


Writing 


(^2+^2)2 

V*  = -U  ( (frx 2 + (fry2), 


and  replacing  ^ by  4-  </>/)“*  ( ^7,  ~ <l>y  57)  > this  equation  becomes 


3 y 


dx 

du 


X — u (<frx<fryy  “ tfry^zy)  + i <fry  (<frx2  + ^y2)^ 


Now  u is  arbitrary,  since  it  depends  on  the  velocity  with  which  the  given 
orbits  are  described  ; and  as  X and  F are  to  be  functions  of  the  position 
of  the  particle,  we  can  take  u to  be  an  arbitrary  function  of  x and  y\ 
we  have  therefore 

X — U (<frx<fryy  ~~  (fry^xy)  *h  i tyy  (<frxuy  ~~  <fryUx)) 

and  similarly 

Y — U ( <fry<frxx  (frxtyxy ) 4"  2"  4*%  (4>yu%  (frz^y)’ 

where  u is  an  arbitrary  function  of  x and  y.  These  expressions  for  the  field 
of  force  under  which  the  curves  of  the  given  family  are  orbits  were  first  given 
by  Dainelli. 

Example  1.  Shew  that  a particle  can  describe  a given  curve  under  any  arbitrary  forces 
P1?  P2,  ...  directed  to  given  fixed  points,  provided  these  forces  satisfy  the  relations 

2JL|/M\=0, 

k Pk 2 ds  \ rk  ) 

where  rk  is  the  radius  and  pk  the  perpendicular  on  the  tangent,  from  the  kth  of  the  given  fixed 
points,  and  where  p is  the  radius  of  curvature  of  the  given  curve. 

For  the  tangential  and  normal  components  of  force  on  the  particle  are 

T=-sPk^  and  N=zl\P-1, 

* * k rt’ 
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so  from  the  equation 
we  have 


or 


s ' tit®?!). 0. 
fc  iV  ds  \ rk  ) 


Example  2.  A particle  can  describe  a given  curve  under  the  single  action  of  any  one 
of  the  forces  <£x,  02,  • ••>  acting  in  given  (variable)  directions.  Shew  that  the  condition  to 
be  satisfied  in  order  that  the  same  curve  may  be  described  under  the  joint  action  of  forces 
Fx,  F2,  ...,  acting  in  the  directions  of  <£1}  <£2,  respectively,  is 

sck4,kd(^)=o, 

where  ck  is  the  chord  of  curvature  of  the  curve  in  the  direction  of  <pk.  (Curtis.) 


Example  3.  A point  moves  in  a field  of  force  in  two  dimensions  of  which  the  work 
function  is  V ; shew  that  an  equipotential  curve  is  a possible  path,  provided  V satisfy  the 
equation 


02 F0F0F  02 vfdvy\  jfdvy  (d_V r\*\* 

dxdy  dx  dy  + dy2  \0#,/  J 1 \ dx)  \0y  / J * 


(Coll.  Exam.) 


53.  The  problem  of  two  centres  of  gravitation. 

The  equations  of  motion  of  a particle  moving  in  a plane  under  arbitrary 
forces  cannot  be  integrated  by  quadratures  in  the  general  case.  The  most 
famous  of  the  known  soluble  problems  of  this  class,  other  than  problems  of 
central  motion,  is  the  problem  of  two  centres  of  gravitation,  i.e.  the  problem  of 
determining  the  motion  of  a free  particle  in  a plane,  attracted  by  two  fixed 
Newtonian  centres  of  force  in  the  plane;  its  integrability  was  discovered  by 
Euler  *. 

Let  2c  denote  the  distance  between  the  two  centres  of  force ; and  take 
the  point  midway  between  them  as  origin,  and  the  line  joining  them  as  axis 
of  x , so  that  their  coordinates  can  be  taken  to  be  (c,  0)  and  (—  c,  0).  The 
potential  energy  of  the  particle  (whose  mass  is  taken  to  be  unity)  is  therefore 

V = — g {(a?  — c)2  + y2}-i  - g!  {(x  + c)2  + y2}-^ 

where  g and  g are  constants  depending  on  the  strength  of  the  centres  of 
attraction. 

Now  any  ellipse  or  hyperbola  with  the  two  centres  of  force  as  foci  is  a 
possible  orbit  when  either  centre  of  force  acts  alone,  and  therefore  by  Bonnet’s 
theorem  it  is  a possible  orbit  when  both  centres  of  force  are  acting.  It 
is  therefore  natural,  in  defining  the  position  of  the  particle,  to  replace  the 
rectangular  coordinates  ( x , y)  by  elliptic  coordinates  (f,  ??),  defined  by  the 
equg/tions 

x—c  cosh  f cos  r],  y = c sinh  f sin  rj. 

* Memoir es  de  Berlin,  1760. 
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The  equations  f = Constant  and  rj  = Constant  then  represent  respectively 
ellipses  and  hyperbolas  whose  foci  are  at  the  centres  of  force ; and  these  are 
a particular  family  of  orbits. 

The  potential  energy,  when  expressed  in  terms  of  f and  rj,  becomes 

V= £. 

c (cosh  f — COS  7j)  c (cosh  f + COS  77)  ’ 

and  the  kinetic  energy  T is  given  by  the  equations 

T=  *#  + *$■ 

= ^ (cosh2  f — cos2  rj)  ( j2  + i) 2). 


This  problem  is  evidently  of  Liouville’s  type  (§  43),  and  can  therefore 
be  integrated  by  the  method  applicable  to  this  class  of  questions.  The 
Lagrangean  equation  for  the  coordinate  f is 

7 O TT 

c2  ^ {(cosh2  f — cos2  rj)  f } — c2  cosh  f sinh  f (f2  + V2)  = ~ ^ > 
or 

c2  ^ {(cosh2  f — cos2  rj)2  f 2}  — 2c2  cosh  f sinh  f (cosh2  f — cos2  77)  j ( j2  + t)2) 

.07 

= — 2 (cosh2  f — cos2  77)  f 0^  » 
or,  using  the  equation  of  energy  T + V = h, 


{(cosh2  f — cos2  77  )2  f2} 


^ it"  o 

= — 2 (cosh2  f — cos2  77)  | + 2 (^  — 7)  | ^ (cosh2  f — cos2  77) 

d£ 

= 2f  ^ {(A  — 7)  (cosh2  f — cos2  77)} 


-*a 


{A-  (cosh2  f — cos2  77)  + - (cosh  f + cos  77)  + — (cosh  f — cos  77)} 
c c 

h cosh2 f ^ '^~L-  cosh  . 


Integrating,  we  have 

(cosh2  £ — cos2  77  )2  £2  = h cosh2  £ + ^ ^ cosh  f — 7, 

z c 

where  7 is  a constant  of  integration. 

Subtracting  this  from  the  equation  of  energy,  which  can  be  written 

^ (cosh2  f — cos2  77  )2  ( f2  + rj2) 

/ 

= h (cosh2  f — cos2  77)  + - (cosh  f + cos  77)  + — (cosh  f — cos  77), 
c c 
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we  have 


G—  (cosh2  f — COS2  7]f  rj2  = — h COS2  rj  — — — COS  rj  + y. 

z c 


Eliminating  dt  between  these  equations,  we  have 

(dgy  (di)Y 


h cosh2  f — cosh  £ — 7 


h cos2 


V 


V*  - P 


c ' c 

Introducing  an  auxiliary  variable  u,  we  have  therefore 

fi+  ^ 


cos  rj  + y 


u — (•)/<,  cosh2  f + y~-^-^coshf  — 7j-  dg, 


drj. 


u = Jj—  A cos2  rj  — cos  V + 7] 

These  are  elliptic  integrals,  and  we  can  therefore  express  f and  77  as 
elliptic  functions  of  the  parameter  u,  say 

? = X 0)>  V = <t>  O)- 

These  equations  determine  the  orbit  of  the  particle,  the  elliptic  coordinates 
(f,  v)  being  expressed  in  terms  of  the  parameter  u. 

54.  Motion  on  a surface. 

We  shall  next  proceed  to  consider  the  motion  of  a particle  which  is  free 
to  move  on  a smooth  surface,  and  is  acted  on  by  any  forces. 

Let  ( X , Y,  Z)  be  the  components,  parallel  to  fixed  rectangular  axes, 
of  the  external  force  on  the  particle,  not  including  the  pressure  of  the  surface : 
let  ( x , y , z ) be  the  coordinates  and  v the  velocity  of  the  particle,  s the  arc  and 
p the  radius  of  curvature  of  its  path,  ^ the  angle  between  the  principal 
normal  to  the  path  and  the  normal  to  the  surface,  and  (' X , /x,  v)  the  direction- 
cosines  of  the  line  which  lies  in  the  tangent-plane  to  the  surface  and  is 
perpendicular  to  the  path  at  time  t ; the  mass  of  the  particle  is  taken  as 
unity. 

dv 

The  acceleration  of  the  particle  consists  of  components  v along  the 
v2 

tangent  to  the  path  and  — along  the  principal  normal ; the  latter  component 
v2  . 

can  be  resolved  into  — sin  % along  the  line  whose  direction-cosines  are  (X,  /x,  v) 
v2 

and  — cos  ^ along  the  normal  to  the  surface.  We  have  therefore  the  equations 
of  motion 


dv  ^ dx  Tr  du  „ dz 
ds=XTs  + Yl  + Zds 


— sin  % — + k /x  + Zv 

\ P 


(A) . 

(B) , 


W.  D. 


7 
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and  these,  together  with  the  equation  of  the.  surface,  are  sufficient  to  determine 
the  motion ; for  the  equation  of  the  surface  may  be  regarded  as  giving  z in 
terms  of  x and  y,  and  by  using  this  value  for  z we  can  express  all  the 
quantities  occurring  in  equations  (A)  and  (B)  in  terms  of  x,  y,  dc,  y,  x,  y: 
equations  (A)  and  (B)  thus  become  a system  of  differential  equations  of  the 
fourth  order  for  the  determination  of  x and  y in  terms  of  t. 

If  the  forces  are  conservative,  the  expression 

— Xdx  — Ydy  — Zdz 

will  be  the  differential  of  a potential-energy  function  V (x,  y,  z) ; equation  (A) 
can  therefore  be  integrated,  and  gives  on  integration  the  equation  of  energy 

%v2+  V 0,  y , z)=c, 

where  c is  a constant.  Substituting  the  value  of  v2  given  by  this  equation  in 
(B),  we  have 

2 (c  — F)^  = X\  + Ya  + Zv. 

P 

This  is  (on  eliminating  z by  means  of  the  equation  to  the  surface)  a 
differential  equation  of  the  second  order  between  x and  y,  and  is  in  fact  the 
differential  equation  of  the  orbits  on  the  surface. 

The  differential  equations  of  motion  on  a surface  are  not  integrable  by 
quadratures  in  the  general  case  : there  are  however  two  cases  in  which  the 
problem  can  be  formulated  in  such  a way  as  to  utilise  results  obtained 
in  other  connexions. 

(i)  Motion  under  no  forces. 

When  no  external  forces  act  on  the  particle,  equation  (B)  gives  % = 0,  so 
the  orbit  is  a geodesic  on  the  surface  ; the  integral  of  energy  shews  that  this 
geodesic  is  described  with  constant  velocity. 

Example.  A particle  moves  under  no  forces  on  the  fixed  smooth  ruled  surface  whose  line 
of  striction  is  the  axis  of  z,  the  direction-cosines  of  the  generatQr  at  the  point  z being 

sin  a cos  — , sin  a sin  — , cos  a, 
m m 

respectively.  To  determine  the  motion. 

Let  v denote  the  distance  of  the  point  on  the  surface  whose  coordinates  are  (x,  y,  z ) 
from  the  line  of  striction,  measured  along  the  generator,  and  let  (0,  0,  £)  be  the  coordinates 
of  the  point  in  which  this  generator  meets  the  line  of  striction.  Then  we  have 

C C 

x — v sin  a cos  — , y = vsinasin—  , z = £ + v cos  a. 
m * m 
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The  kinetic  energy  of  the  particle  is 

T=\{x2-\-yljrZ2) 

=\  (^2  + £2^S\n2  a + £2  + 2gv  cos  a 

We  can  take  v and  £ as  the  two  coordinates  which  define  the  position  of  the  particle 
•it  is  evident  that  the  coordinate  £ is  ignorable,  and  the  corresponding  integral  is 


or 


dT=k 

5 

v~  \ . 

— sSin2a+  1 ) f + V COSa  = £. 


where  k is  a constant, 


(v2  • 2 
( — = sm2  a 
\m2 


The  integral  of  energy  is 

T—  A,  where  A is  a constant. 

Eliminating  £ between  these  two  integrals,  we  have 

v2  (v2 + m2)  = 2 hv2  + (2 A — k2)  m2  cosec2  a. 

If  v is  initially  sufficiently  large  compared  with  £,  the  quantity  (2 A - Jc2)  is  positive ; we 
shall  suppose  this  to  be  the  case,  and  shall  write 


the  equation  thus  becomes 


(2 A - h2)  m 2 cosec2  a = 2 AX2, 


v2  ( v 2 -f  m2)  = 2A  (v2 +X2). 


where  X is  a new  constant 


The  integration  of  this  equation  can  be  effected  by  introducing  a real  auxiliary 
variable  u,  defined  by  the  equation 

u = j {(m2+v2)  (\2-\-v2)}-^  dv. 

Writing  v = \mx~\  this  becomes 

u—  f {4x  (, x + X2)  (x 4- m2)} dx , 

J X 

and  this  is  equivalent  to  the  equation 

x=fp(u)-e1, 

where  the  roots  ex,  e2,  e3,  of  the  function  p (u)  are  real  and  are  defined  by  the  equations 
el-e2  = X2,  ex  — e3=m2,  ^ + 62  + 63  = 0. 

The  connexion  between  the  variables  v and  u is  therefore  expressed  by  the  equation 

v=\m  {p  (u)  — e^~*. 

Substituting  this  value  of  v in  the  equation  which  connects  v and  t,  we  have 
(2 A)*  t = f du  + constant 

— J {-  e3  + P (u  + "1)}  du  + Constant* 

= — e3u  — £ {u + oq)  + Constant. 

* Cf.  Whittaker,  Modern  Analysis , § 18B. 


7—2 


100 


The  Soluble  Problems  of  Particle  Dynamics  [oh.  iy 

This  equation  expresses  the  time  t in  terms  of  the  auxiliary  variable  u , and  thus  in 
conjunction  with  the  equation 

v=\m  {$> 

gives  the  connexion  between  v and  t. 

(ii)  Motion  on  a developable  surface. 

If  the  surface  on  which  the  particle  moves  is  developable,  we  can  utilise* 

the  known  theorems  that  the  arc  s and  the  quantity  Sm  ^ are  unaltered  by 

developing  the  surface  on  a plane  : these  results,  applied  to  the  equations  of 
motion  given  above,  shew  that  if  in  the  motion  of  a particle  on  a developable 
surface  under  any  forces  the  surface  is  developed  on  a plane , the  particle  will 
describe  the  plane  curve  thus  derived  from  its  orbit  with  the  same  velocity  as 
before , provided  the  force  acting  in  the  plane  motion  is  the  same  in  amount 
and  direction  relative  to  the  curve  as  the  component  of  force  in  the  tangent- 
plane  to  the  surface  in  the  surface-motion. 

Example  1.  A smooth  particle  is  projected  along  the  surface  of  a right  circular  cone , 
whose  axis  is  vertical  and  vertex  upwards , with  the  velocity  due  to  the  depth  below  the  vertex . 
Prove  that  the  path  traced  out  on  the  cone , when  developed  into  a plane , will  be  of  the  form 

rfsin|d  = af.  (Coll.  Exam.) 

For  on  developing  the  cone,  the  problem  becomes  the  same  as  that  of  motion  in  a plane 
under  a constant  repulsive  force  from  the  origin,  and  with  the  velocity  compatible  with 

where  C is  a constant, 
where  h is  a constant. 


where  a is  a new  constant, 


where  v = u^a^, 

Example  2.  If  in  the  motion  of  a point  P on  a developable  surface  the  tangent  IP  to 
the  edge  of  regression  describes  areas  proportional  to  the  times,  shew  that  the  component 

of  force  perpendicular  to  IP  and  in  the  tangent-plane  is  proportional  to  , where  p is 

the  radius  of  curvature  of  the  edge  of  regression.  (Hazzidakis.) 


rest  at  the  origin.  We  therefore  have  the  integrals 

r2  + r202  = Cr, 


These  equations  give 


so  if  u — -,  we  have 
r ’ 


and  therefore 


r20  = h. 


1 dr\2  _Cr3 

+ h2 


r d6 


du\2  l — a3u3 

do , 


3i,  ’ 


a°u 


, 

J(  i- 


cfiv?  du 


(1  -a3u3f 

/dv 
(l-v2)*’ 

— | sin”1  y, 

which  is  equivalent  to  the  equation 

r^sinf  0 = a%. 
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55.  Motion  on  a surface  of  revolution ; cases  soluble  in  terms  of  circular 
and  elliptic  functions. 

The  most  important  case  of  surface-motion  which  is  soluble  by  quadra- 
tures is  the  motion  of  a particle  on  a smooth  surface  of  revolution,  under 
forces  derivable  from  a potential-energy  function  which  is  symmetrical  with 
respect  to  the  axis  of  revolution  of  the  surface. 

Let  the  position  of  a point  in  space  be  defined  by  cylindrical  coordinates 
(z,  r,  </>),  where  z is  a coordinate  measured  parallel  to  the  axis  of  the  surface, 
r is  the  perpendicular  distance  of  the  point  from  this  axis,  and  <£  is  the 
azimuthal  angle  made  by  r with  a fixed  plane  through  the  axis.  The 
equation  of  the  surface  will  be  a relation  between  z and  r,  say 

r=f(z), 

and  the  potential  energy  will  be  a function  of  z and  r (it  cannot  involve  <£, 
since  it  is  symmetrical  with  respect  to  the  axis),  which  for  points  on  the 
surface  can,  on  replacing  r by  its  value  f(z),  be  expressed  as  a function  of  z 
only,  say  V (z);  the  mass 'of  the  particle  can  be  taken  as  unity. 

The  kinetic  energy  is,  by  § 18, 

T=i(z2  + r2  + r2<f>2) 

= i {Iff  (*)}•  + 1]  * + {/(*)}’ 


The  coordinate  cf>  is  evidently  ignorable  ; the  corresponding  integral  is 


or 


— — k.  where  & is  a constant, 

dcf> 


this  equation  can  be  interpreted  as  the  integral  of  angular  momentum  about 
the  axis  of  the  surface. 


The  equation  of  energy  is 

T + V = h,  where  h is  a constant, 

and  substituting  for  <j>  in  this  equation  from  the  preceding,  we  have 
[{/'  (z)Y  + 1]  i2  + k2  {f(z)}~2  + 2V(z)  = 2h; 
integrating  this  equation,  we  have 

t — j [{/'  (z)}2  + 1]*  [2  h — 2 V(z)—k2  {/(.z)}-2]-*  dz  + Constant. 

The  relation  between  t and  z is  thus  given  by  a quadrature ; the  values 
of  r and  </>  are  then  obtained  from  the  equation  of  the  surface  and  the 
equation 

{/(*)}*  $ = k> 


respectively. 
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We  shall  now  discuss  the  motion  on  those  surfaces  for  which  this  quad- 
rature can  be  effected  by  means  of  known  functions,  when  the  axis  of  the 
surface  is  vertical  ( z being  measured  positively  upwards)  and  gravity  is  the 
only  external  force,  so  that 

V (z)  = gz. 

(i)  The  circular  cylinder. 

When  the  surface  is  the  circular  cylinder  r = a,  the  above  integral 
becomes 

<=/( 2A-2$f*~)  hdz, 


and  if  the  origin  of  coordinates  is  so  chosen  that  2 ha2  = k 2,  we  have 


t 


~*dz, 


or  z — — \g  (t  — t0)2,  where  t0  is  a constant. 

The  equation 

a2(j>  ass  k, 

then  gives 

k 

(p  — <j>9  = — (t  — t0),  where  <£0  is  a constant. 

(ii)  The  sphere. 

The  case  in  which  the  surface  is  the  sphere 

r = (l2-  z2f 

is  called  the  problem  of  the  spherical  pendulum,  and  can  be  realised  by 
supposing  a heavy  particle  attached  to  a fixed  point  by  a light  rigid  wire 
capable  of  moving  freely  about  the  point. 

In  this  case  the  quadrature  for  t becomes 


or 


k2  W 


t = ij {(2 h — 2 gz)  (l2  — z2)  — k 2)“*  dz. 


dz, 


The  integral  on  the  right-hand  side  of  this  equation  is  an  elliptic 
integral,  which  we  shall  now  reduce  to  Weierstrass’  canonical  form.  Denote 
by  &1)  Z3,  the  roots  of  the  cubic 

2 (h  — gz)  ( l 2 — z2)  — k2  = 0 ; 

since  the  expression 

2 (h  — gz)  ( l 2 — z2)  — k2 


is  negative  for  the  values  l and  —loiz,  and  positive  for  very  large  positive 
values  of  z and  also  for  the  values  of  z which  occur  in  the  problem  considered 


103 


55]  The  Soluble  Problems  of  Particle  Dynamics 


(which  must  necessarily  lie  between  —l  and  4-  Z,  since  the  particle  is  on  the 
sphere)  we  see  that  one  of  the  roots  (say  zx)  is  greater  than  l and  the  other 
two  (say  02  and  £3  where  z 2 > z3)  are  between  l and  — 1.  The  values  of  £ in 
the  actual  motion  will  lie  between  and  z3,  since  for  them  the  cubic  must  be 
positive. 


Write 


2Z2 

•%  + 7 


where  f is  a new  variable. 


and 


h 2 12 


zr  = — 4- 


% 9 

so  that  ely  e2,  e3,  are  new  constants,  which  satisfy  the  relation 


(r=l,  2,  3) 


e1  + e2  + e3=^2  (zx+  z2  + *3- -)  = 0, 


and  also  satisfy  the  inequalities  ex>  e2  > e3. 
The  relation  between  t and  z now  becomes 


or  ?=fc>(i  + e), 

where  e is  a constant  of  integration  and  the  function  @ is  formed  with  the 
roots  eu  e2,  e3. 

Now  when  e1}  e2,  e3)  are  real  and  in  descending  order  of  magnitude, 
@ ( u ) and  g)'  (u)  are  both  real  when  u is  real,  in  which  case  @ ( u ) is  greater 
than  ex,  and  also  when  u is  of  the  form  eo3+a  real  quantity,  where  co3  is 
the  half-period  corresponding  to  the  root  e3 ; in  this  latter  case,  @ ( u ) lies 
between  e2  and  e3.  Since  in  the  actual  motion  z lies  between  z2  and  z3,  it 
follows  that  f lies  between  e2  and  e3,  and  therefore  the  constant  e must  con- 
sist of  an  imaginary  part  o>3  and  a real  part  depending  on  the  instant  from 
which  time  is  measured : by  a suitable  choice  of  the  origin  of  time,  we  can 
take  this  real  part  of  e to  be  zero,  and  we  then  have 

h 2P  . 

s)' 

This  equation  gives  the  connexion  between  z and  t.  We  have  now  to 
determine  the  azimuth  <£.  For  this  we  have  the  equation 


so 


k dt 


<j)  — (j)0  = k 


I- 


dt 


( h 2P 

i%+7 


+ ft>3) 


where  <£0  is  a constant  of  integration. 
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To  effect  the  integration,  we  take  X and  /x  to  be  the  (imaginary)  values  of 
t + (o3  corresponding  to  the  values  l and  — l of  z respectively;  so  that  X and  /x 
are  new  constants  defined  by  the  equations 


, h 2l2  . . , 7 h 2 12  . 

l-*g=j&{  v)  and  “ 


these  equations  give 


P' (*■)  = *>'  0*)  = ^- 


The  integral  now  becomes 


dt 


= I 

4Z3  I 


| p{t  + ws)-p  (X)}  {p  (t  + o>3)  - p (/*)} 

dt  dt 


= i/{ 


kg 

lp(t  + m3)-p(\)  p (t  + a>3)  - p (n) 
p'  (X)  dt  p'  (/x)  dt 


m)} 


+ p(t+a>,)-p(p) j * 


But*  we  have 


zoo 


p(z)-p(\) 


r(*-x)-f(*+\)+2?(\), 


so 

and  therefore 


f fP' (V) dt  + i 

Jp(t  + co3)-p(\)  gcr(t  + Q)3  + \)+  ^ ) 


(<f>  - <t»  o)  _ g2  {£  (n)  - £ (A)}  t 


cr  (t  + co3  — fji)  cr  (t  + ©3  + X)  . 
a (t  + o)3  4-  /x)  (T  (t  + co3  — X)  J 


this  equation  expresses  the  angle  0 as  a function  of  t , and  so  completes  the 
solution  of  the  problem. 

Example.  When  the  bob  of  the  spherical  pendulum  is  executing  periodic  oscillations 
between  two  parallels  on  the  sphere,  shew  that  one  of  the  points  reached  on  the  higher 
parallel,  and  the  point  on  the  lower  parallel  at  which  the  bob  arrives  after  a half-period 
have  a difference  of  azimuth  which  always  lies  between  one  and  two  right  angles. 

(Puiseux  and  Halphen.) 

(iii)  The  paraboloid. 

Consider  next  the  problem  of  motion  on  the  paraboloid,  whose  equation  is 

r = 2a*  2$, 

In  this  case  the  quadrature  for  t becomes 

t — J(a-h  z)*  (2hz  - 2 gz*  — dz. 


Cf.  Whittaker,  Modern  Analysis , § 215,  Ex.  1. 
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To  obtain  the  solution  of  the  problem  in  terms  of  elliptic  functions,  we 
introduce  an  auxiliary  quantity  v,  defined  by  the  equation 


v = J (a  + z)~$  (%hz  - 2gz2  — ^ dz. 


’a-4a  = °’ 


If  ol  and  (3  (where  a > £)  denote  the  roots  of  the  quadratic 

2 hz  — 2 gzr  ^ 

we  can  write  this  integral  in  the  form 

v = (- f ) {4  (*  + a)(z-  0)  (z  - a)} -*  dz. 

Define  a new  variable  f by  the  equation 

a + a + /3 


— (cl  + a)  £ + 


3 


and  let  ex,  e2,  e3,  be  the  values  of  f corresponding  to  the  values  — a,  ft,  a, 
respectively  of  z ; then  the  integral  becomes 

\gja+a)\iv=  ^ {4  a_ej  (r  _ ^ (f_  6s)]  .j  dx> 

and  it  is  easily  proved  that  the  quantities  elf  e2,  e3,  satisfy  the  relations 
ex  + e2  4-  e3  = 0,  ex>e2>  e3. 

The  auxiliary  quantity  v can  now  be  replaced  by  an  auxiliary  quantity  u, 
defined  by  the  equation 

(2 

v — < —p > u, 

and  then  the  inversion  of  the  integral  gives 

P (u  + e)> 

where  e is  a constant  of  integration  and  the  function  p is  formed  with  the 
roots  elf  e2)  e3,  which  are  given  by  the  equations 


e,  = 


2 a + a + /3 
3 {cl  + ol) 


e,  = 


— a 4-  ol  — 2ft 
3 (a  4-  ol) 


e3  = 


- a - 2a  4-  yg 

3 {cl  + ol) 


As  in  the  actual  motion  z evidently  lies  between  ol  and  /3,  it  follows  that 
p{u  4-  e)  lies  between  e3  and  e2,  and  therefore  (as  we  wish  u to  be  real)  the 
imaginary  part  of  the  constant  e must  be  the  half-period  &>3;  the  real  part  can 
be  taken  to  be  zero,  since  it  depends  merely  on  the  lower  limit  of  the  integral 
for  u. 


We  have  therefore 


— {a  4-  a)  p (u  -f-  &>3)  + 


h — ag 

~w 


since  a + /3  = 


h 
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The  equation  to  determine  t is 

't  = J(a  + z)  dv 

- _ |2  (<*  + g)|*  f{p(u  + co3)  - e,}  du 

so  t—— f_  ? (m  +.®>») — «!«}> 

and  this  equation  gives  t in  terms  of  the  auxiliary  variable  u. 


Lastly,  we  have  to  determine  the  azimuth  <£  : for  this  we  have 

fP  (u  + o>3)  ~ 


, kdt  kdt 


M 2 

4a  (<7  (a  4-  a) 


%>(U+  ®8)  “ 


and  therefore 

4a  J$r  (a+  ft)]* 
~k 


— a + a + (3 
3 (a  + a) 


du, 


K,  , v f-  a+  a+  /3  1 f 

(»-»)-u+|.  3(a+-^-e't  - 


du 


— u — 


a (a  + a)*  (-  2#)* 
k 


Ip(« 


[u  -f-  w3)  — 
ip'  (Z)  du 


- a + a + /3 
3 (a  + a) 


£>(w  + a>3)-  p(Z)’ 


where  <£0  is  a constant  of  integration,  and  Z is  an  auxiliary  constant  defined 
by  the  equation 

/A  — a + a + /3  , k 

PQ)  = o /„  ,,v  ».  S0  £>  (0  = 


3 (a  + a) 

The  equation  can  now  be  written 

ku 


<t>  — 4>o 


(-2^  («  + «)*' 


p'  (Z)  cZw 


a {8(7  (a  + a)}*  2 J %)  (u  -f  &>3)  — p (Z)  ’ 


the  integral  of  which  is  found  (as  in  the  problem  of  the  spherical  pendulum) 
to  be 

2 ik 


g2 i(<f>-(f>0)  _ g t-«{8^(a+a)}^ 


+ 2^)J  u a (u  + W3  — l) 


<J  (U  + ft)3  + Z)  ’ 

this  equation  expresses  <£  in  terms  of  the  auxiliary  variable  u,  and  so  com- 
pletes the  solution. 

(iv)  The  cone. 

Consider  next  the  cone,  whose  equation  is 

r — z tan  a, 

where  a is  the  semi-vertical  angle. 
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Since  this  is  a developable  surface,  we  can  apply  the  theorem  of  § 54,  and 
we  see  that  the  orbit  of  a particle  on  the  cone  under  gravity  becomes,  when 
the  cone  is  developed  on  a plane,  the  same  as  the  orbit  of  a particle 
of  unit  mass  in  the  plane  under  a force  of  constant  magnitude  g cos  a acting 
towards  a fixed  centre  of  force  (namely  the  point  on  the  plane  which  corre- 
sponds to  the  vertex  of  the  cone).  This  (§  48)  is  one  of  the  known  cases 
in  which  the  problem  of  central  motion  can  be  solved  in  terms  of  elliptic 
functions,  and  this  solution  furnishes  at  once  the  solution  of  the  problem  of 

motion  on  the  cone. 

' 

Example  1.  Shew  that  the  motion  of  a particle  under  gravity  on  a surface  of  revolution 
whose  axis  is  vertical  can  also  be  solved  in  terms  of  elliptic  functions  when  the  surface  is 
given  by  any  one  of  the  following  equations 

9 ar^—ziz-  3a)2, 

2r4  3a2r2  — 22a3 = 0, 

(r2  -az  — |a2)2 = a3z.  (Kobb  and  Stackel.) 

Example  2.  Shew  that  if  an  algebraic  surface  of  revolution  is  such  that  the  equations 
of  its  geodesics  can  be  expressed  in  terms  of  elliptic  functions  of  a parameter,  the  surface 
must  be  such  that  r2  and  2 can  be  expressed  as  rational  functions  of  a parameter,  i.e.  the 
equation  of  the  surface  regarded  as  an  equation  between  rl  and  2 is  the  equation  of 
a unicursal  curve ; where  2,  r,  (p  are  the  cylindrical  coordinates  of  a point  on  the 
surface.  (Kobb.) 

Example  3.  Shew  that  in  the  following  cases  of  the  motion  of  a particle  on  a surface 
of  revolution,  the  trajectories  are  all  closed  curves  : 

1°.  When  the  surface  is  a sphere,  and  the  force  is  directed  along  the  tangent  to  the 
meridian  and  proportional  to  cosec2  6,  where  6 is  the  angular  distance  from  the  particle  to 
the  pole.  (The  trajectories  are  in  this  case  sphero-conics  having  one  focus  in  the  pole.) 

2°.  When  the  surface  is  a sphere,  and  the  force  is  directed  along  the  tangent  to  the 
meridian  and  proportional  to  tan  6 sec2  6.  (The  trajectories  in  this  case  are  sphero-conics 
having  the  pole  as  centre*.) 

56.  Joukovsky's  theorem. 

We  shall  now  shew  how  to  determine  the  potential- energy  function  under 
which  a given  family  of  curves  on  a surface  can  be  described  as  the  orbits  of 
a particle  constrained  to  move  on  the  surface. 

The  three  rectangular  coordinates  of  a point  on  the  surface  can  be 
expressed  in  terms  of  two  parameters,  say  u and  v , so  that  an  element  of  arc 
ds  on  the  surface  is  given  in  terms  of  the  increments  of  u and  v to  which  it 
corresponds  by  an  equation  of  the  form 

ds 2 = E du2  + 2F  du  dv  + G dv2, 
where  E , F , G are  known  functions  of  u and  v. 

* Darboux  has  examined  the  possibility  of  other  cases,  in  Bull,  de  la  Soc.  Math,  de  France,  v. 
(1877). 
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Let  the  family  of  curves  which  are  to  be  the  orbits  under  the  required 
system  of  forces  be  defined  by  an  equation 

q ( u , v ) = Constant, 

and  let 

p ( u , v)  = Constant 

denote  the  family  of  curves  which  is  orthogonal  to  these. 

Then  instead  of  u and  v we  can  take  p and  q as  the  two  parameters 
which  define  the  position  of  a point  on  the  surface  ; let  the  line-element 
in  this  system  of  parameters  be  expressed  by  the  equation 

ds 2 = E'dq 2 + G'dp 2, 

the  term  in  dq  dp  being  absent,  because  the  curves  p = Constant  and 
q = Constant  cut  at  right  angles : E'  and  G'  being  known  functions  of 
p and  q. 

The  kinetic  energy  of  a particle  which  moves  on  the  surface  is 

T=i(E'?+G'p‘); 
the  Lagrangian  equations  of  motion  are  therefore 


where  V denotes  the  unknown  potential-energy  function,  which  it  is  required 
to  determine. 


These  equations  are  to  be  satisfied  by  the  value  q = 0 ; they  then  become 

I 100'  dV 

j 2 dq  ^ dq  ’ 

j 1 A (G'pA  = - — 

(2  dp{  P)  dp' 


Eliminating  p 2,  we  have 


Integrating  this  equation,  we  have 


of- 

+ V =/(^)>  where  f is  an  arbitrary  function, 

Aq 
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or 

and  therefore 


V— 


ff(p) 


O'  ' G'J  dq 


SO' 


/(?)  dq, 


where  g denotes  an  arbitrary  function. 

Now  ^7  is  A i(p),  the  differential  parameter*  of  the  first  order  of  the 


function  p ; and  thus  we  have  a theorem  enunciated  by  Joukovsky  in  1890, 
that  if  q=  Constant  is  the  equation  of  a f amity  of  curves  on  a surface , and 
p = Constant  denotes  the  family  of  curves  orthogonal  to  these,  then  the  curves 
q = Constant  can  he  freely  described  by  a particle  under  the  influence  of  forces 
derived  from  the  potential-energy  function 


F=A>  <2)9  (P>  + A‘  (P) //(?)  4 {z^)} 

where  f and  g are  arbitrary  functions , and  A1  denotes  the  first  differential 
parameter. 


The  above  equations  give 

= 3F  F /(g) 

03/3?  <?'  <?'  ’ 


and  hence  the  equation  of  energy  in  the  motion  is 


i G'P+V=f(q). 


Miscellaneous  Examples. 

1.  A particle  moves  under  gravity  on  the  smooth  cycloid  whose  equation  is 

s — 4<z  sin  0, 

where  s denotes  the  arc  and  <fi  the  angle  made  by  the  tangent  to  the  curve  with  the 
horizontal:  shew  that  the  motion  is  periodic,  the  period  being  4n- 

2.  A particle  moves  in  a smooth  circular  tube  under  the  influence  of  a force  directed 
to  a fixed  point  and  proportional  to  the  distance  from  the  point.  Shew  that  the  motion  is 
of  the  same  character  as  in  the  pendulum-problem. 


* If  the  line-element  on  a surface  is  given  by  the  equation 


ds2  = E difi  + 2 F dudv  + G dv\ 

the  first  differential  parameter  of  a function  <j>  ( u , v)  is  given  by  the  formula 


A,  (*)  = 


1 

EG-  F2 


_2  fI*¥+G 

(ju  ov 


The  differential  parameter  is  a deformation-covariant  of  the  surface,  i.e.  when  a change  of 
variables  is  made  from  ( u , v)  to  (u\  v'),  the  differential  parameter  transforms  into  the  expression 
formed  in  the  same  way  with  the  new  variables  ( u v’)  and  the  corresponding  new  coefficients 
{Ef,  F',  G'). 
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3.  A particle  moves  in  a straight  line  under  the  action  of  two  centres  of  repulsive 
force  of  equal  strength  /x,  each  varying  as  the  inverse  square  of  the  distance.  Shew  that, 
if  the  centres  of  force  are  at  a distance  2 c apart  and  the  particle  starts  from  rest  at 
a distance  he,  where  k < 1,  from  the  middle  point  of  the  line  joining  them,  it  will  perform 
oscillations  of  period 

7 r 

2s/c*(l-h2)/fi  J * (1  - h2  sin2  6)h  d0. 

(Camb.  Math.  Tripos,  Part  I,  1899.) 

4.  A particle  under  the  action  of  gravity  travels  in  a smooth  curved  tube,  starting 
from  rest  at  a given  point  0 of  the  tube.  If  the  particle  describes  every  arc  OP  in 
the  same  time  that  would  be  taken  to  slide  down  the  corresponding  chord  OP,  shew  that 
the  tube  has  the  form  of  a lemniscate. 

5.  A particle  is  projected  downwards  along  the  concave  side  of  the  curve  y34-eu?2  = 0 

with  a velocity  § (2 agf  from  the  origin,  the  axis  of  x being  horizontal ; shew  that  the 
vertical  component  of  the  velocity  is  constant.  (Nicomedi.) 

6.  A particle  moves  in  a smooth  tube  in  the  form  of  the  curve  r2  = 2a2cos  20,  under 

the  action  of  two  attractive  forces,  varying  inversely  as  the  cube  of  the  distance,  towards 
the  two  points  on  the  initial  line  which  are  at  a distance  a from  the  pole.  Prove  that  if  the 
absolute  force  is  fx,  and  the  velocity  at  the  node  2 p*/a,  the  time  of  describing  one  loop  of 
the  curve  is  na2/2f.  (Camb.  Math.  Tripos,  Part  I,  1898.) 

7.  A particle  describes  a space-curve  under  the  influence  of  a force  whose  direction 
always  intersects  a given  straight  line.  Shew  that  its  velocity  is  inversely  proportional  to 
the  distance  of  the  particle  from  the  line  and  to  the  cosine  of  the  angle  which  the 
plane  through  the  particle  and  the  line  makes  with  the  normal  plane  to  the  orbit. 

(Dainelli.) 

8.  A heavy  particle  is  constrained  to  move  on  a straight  line,  which  is  made  to 
rotate  with  constant  angular  velocity  o>  round  a fixed  vertical  axis  at  given  distance  from 
it.  Shew  that  the  motion  is  given  by  the  equation 

r=Aeu  cos  a + ,5e  " cos  a, 

where  r is  the  distance  of  the  particle  from  a fixed  point  on  the  line,  a is  the  angle  made 
by  the  line  with  the  horizontal,  and  A,  B are  constants.  (H.  am  Ende.) 

9.  A heavy  particle  is  constrained  to  move  on  a straight  line,  which  is  made  to 
rotate  with  given  variable  angular  velocity  round  a fixed  horizontal  axis.  Shew  that  the 
equation  of  motion  is 

r = +g  sin  a sin  0 - r0 2 sin2  a + a0  sin  a, 

where  a is  the  angle  between  the  line  and  the  axis  of  rotation,  0 the  angle  made  with 
the  vertical  by  the  shortest  distance  a between  the  lines,  and  r the  distance  of  the 
particle  from  the  intersection  of  this  shortest  distance  with  the  moving  line. 

(Vollhering.) 

10.  A particle  slides  in  a smooth  straight  tube  which  is  made  to  rotate  with  uniform 
angular  velocity  co  about  a vertical  axis  : shew  that,  if  the  particle  starts  from  relative 
rest  from  the  point  where  the  shortest  distance  between  the  axis  and  the  tube  meets  the 
tube,  the  distance  through  which  the  particle  moves  along  the  tube  in  time  t is 

^ cot  a cosec  a sinh2  at  sin  a), 

where  a is  the  inclination  of  the  tube  to  the  vertical. 

(Camb.  Math.  Tripos,  Part  I,  1899.) 


Ill 
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11.  A particle  is  constrained  to  move  under  no  external  forces  in  a plane  circular  tube 
which  is  constrained  to  rotate  uniformly  about  any  point  in  its  plane.  Shew  that  the 
motion  of  the  particle  in  the  tube  is  similar  to  that  in  the  pendulum-problem. 


12.  A small  bead  is  strung  upon  a smooth  circular  wire  of  radius  a , which  is  con- 
strained to  rotate  with  uniform  angular  velocity  &>  about  a point  on  itself.  The  bead  is 
initially  at  the  extremity  of  the  diameter  through  the  centre  of  rotation,  and  is  projected 
with  velocity  2oob  relative  to  the  wire  : shew  that  the  position  of  the  bead  at  time  t 
is  given  by  the  equation 

. sin  <jf>  = sn  bcot/a  (modulus  a/b) 


or 


sin  (p  — (b/a)  sn  wt,  (modulus  b/a) 


according  as  a < or  > b,  <£  being  the  angle  which  the  radius  vector  to  the  bead  makes 
with  the  diameter  of  the  circle  through  the  centre  of  rotation. 

(Camb.  Math.  Tripos,  Part  I,  1900.) 

13.  Shew  that  the  force  perpendicular  to  the  asymptote  under  which  the  curve 


x3+y3=a3 

can  be  described  is  proportional  to 

xy  (x2+y2)"3. 


14.  A particle  is  acted  on  by  a force  whose  components  (A,  7)  parallel  to  fixed  axes 
are  conjugate  functions  of  the  coordinates  ( x , y).  Shew  that  the  problem  of  its  motion  is 
always  soluble  by  quadratures. 

15.  If  (G)  be  a closed  orbit  described  by  a particle  under  the  action  of  a central  force, 
S the  centre  of  force,  0 the  centre  of  gravity  of  the  curve  (C),  G the  centre  of  gravity  of 
the  curve  ( C ) on  the  supposition  that  the  density  at  each  point  varies  inversely  as 
the  velocity,  shew  that  the  points  S,  0,  G,  are  collinear  and  that  2SG  — 3SO. 

(Laisant.) 


16.  Shew  that  the  motion  of  a particle  which  is  constrained  to  move  in  a plane, 
under  a constant  force  directed  to  a point  out  of  the  plane,  can  be  expressed  by  means  of 
elliptic  functions. 


17.  Shew  that  the  curves 

ax+by+e=xf(^, 

where  a,  b , c are  arbitrary  constants  and/  is  a given  function,  can  be  described  under  the 
same  law  of  central  force  to  the  origin. 

18.  Shew  that  when  a circle  is  described  under  a central  attraction  directed  to 
a point  in  its  circumference,  the  law  of  force  is  the  inverse  fifth  power  of  the  distance. 


19.  A particle  describes  the  pedal  of  a circle,  taken  with  respect  to  any  point  in 
its  plane,  under  the  influence  of  a centre  of  force  at  this  point.  Shew  that  the  law 
of  force  is  of  the  form 

A B 

r4+r6’ 

where  A and  B are  constants. 

Shew  that  the  law  of  force  is  also  of  this  form  when  the  inverse  of  an  ellipse  with 
respect  to  a focus  is  described  under  a centre  of  force  in  the  focus.  (Curtis.) 
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20.  Prove  that,  if  when  projected  from  r=R,  0=0  with  a velocity  Fin  a direction 
making  an  angle  a with  the  radius  vector  the  path  of  a particle  be/(r,  0,  R,  V,  sin  a)=0, 
the  path  with  the  same  initial  conditions  but  under  the  action  of  an  additional  central 

force  -0  is 
r 3 

f(r,  710 , R , F(tt2sin2a  + cos2a)*,  n sin  a (n2  sin2  a + cos2a)~*)  = 0, 

where 

n2==f~  V2R^sin2a  * (Coll.  Exam.) 

21.  A particle  of  unit  mass  describes  an  orbit  under  an  attractive  force  P to  the 
origin  and  a transverse  force  T perpendicular  to  the  radius  vector.  Prove  that  the 
differential  equation  of  the  orbit  is  given  by 

<Pu,  fH-or  -3 

dff1+V‘~ h?v?  h?v?  dd’  d6~  ' 


If  the  attractive  force  is  always  zero,  and  the  particle  moves  in  an  equiangular  spiral 
of  angle  a,  prove  that 

r=^2sec2“-s  and  h=(n  sin  a cos  af  /ec*“. 

(Camb.  Math.  Tripos,  Part  I,  1901.) 

22.  A particle,  acted  on  by  a central  force  towards  a point  0 varying  as  the  distance, 

is  projected  from  a point  P so  as  to  pass  through  a point  Q such  that  OP  is  equal  to  OQ ; 
shew  that  the  least  possible  velocity  of  projection  is  OP  (fi  sin  POQ )*,  where  fi . OP  is  the 
force  per  unit  mass  at  P.  (Camb.  Math.  Tripos,  Part  I,  1901.) 

23.  Find  a plane  curve  such  that  the  curve  and  its  pedal,  with  regard  to  some  point 
in  the  plane,  can  be  simultaneously  described  by  particles  under  central  forces  to  that 
point,  in  such  a manner  that  the  moving  particles  are  always  at  corresponding  points 
of  the  curve  and  the  pedal ; and  find  the  law  of  force  for  the  pedal  curve. 

(Camb.  Math.  Tripos,  Part  I,  1897.) 


24.  If  f(x,  y)  be  a homogeneous  function  of  one  dimension,  then  the  necessary 
and  sufficient  condition  that  the  curve  fix,  y)  — \ be  capable  of  description  under  accele- 
ration tending  to  the  origin  and  varying  with  the  distance  alone,  is  that  / be  subject 
to  a condition  of  the  form 


Hence  shew  that  the  only  curves  of  this  class  are  necessarily  included  in  the  equation 
r {A  + B sin  0 + C cos  0)  = 1. 

Proceed  to  the  discussion  of  the  case  wherein  f{x,  y ) is  homogeneous  and  of  n 
dimensions.  (Coll.  Exam.) 


25.  An  ellipse  of  centre  C is  described  under  the  influence  of  a centre  of  force 
at  a point  0 on  the  major  axis  of  the  ellipse  ; shew  that 

nt=u  — e sin  u , 

where  2n/n  is  the  periodic  time,  e is  the  ratio  of  CO  to  the  semi-major  axis,  and  u is  the 
eccentric  angle  of  the  point  reached  by  the  particle  in  time  t from  the  vertex. 

26.  Two  free  particles  fi  and  M move  in  a plane  under  the  influence  of  a central  force 

to  a fixed  point  0.  Shew  that  the  ratio  of  the  velocity  of  the  particle  /z  at  an  arbitrary 
point  m of  its  path,  to  the  velocity  which  is  possessed  at  m by  the  central  projection  of  M 
on  the  orbit  of  /x,  is  equal  to  the  constant  ratio  of  the  areas  described  in  unit  time  by  the 
radii  Ofi,  OM,  multiplied  by  the  square  of  a certain  function  / of  the  coordinates  of  m, 
which  expresses  the  ratio  of  OM,  0m.  (Dainelli.) 
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27.  A particle  is  moving  freely  in  a parabola  under  an  attraction  to  the  focus.  Shew 
that,  if  at  every  instant  a point  be  taken  on  the  tangent  through  the  particle,  at  distance 
4acos-|0/(0  + sin  8)  from  the  particle,  this  point  will  describe  a central  orbit  about 
the  focus,  and  the  rate  of  description  of  areas  will  be  the  same  as  in  the  parabola  ; where 
4 a is  the  latus  rectum,  and  8 the  vectorial  angle  of  the  particle  measured  from  the  apse 
line.  (Camb.  Math.  Tripos,  Part  I,  1896.) 


28.  When  a periodic  comet  is  at  its  greatest  distance  from  the  sun,  its  velocity 
receives  a small  increment  8v.  Shew  that  the  comet’s  least  distance  from  the  sun 
will  be  increased  by  the  quantity 

48v  . {a3  (1  - e)/n  (1  + e)}K  (Coll.  Exam.) 


29.  If  POP'  is  a focal  chord  of  an  elliptic  path  described  round  the  sun,  shew  that 

the  time  from  P'  to  P through  perihelion  is  equal  to  the  time  of  falling  towards  the 
sun  from  a distance  2 a to  a distance  a (1  + cos  a),  where  a = — (v!  — u ),  and  v!  — u is  the 

difference  of  the  eccentric  anomalies  of  the  points  P , P'.  (Cayley.) 

30.  A particle  moves  in  a plane  under  attractive  forces  /x/r3/2,  /x/rV3,  along  the 
radii  r , r'  drawn  to  two  fixed  points  at  distance  2 d apart.  Shew  that,  if  it  is  projected 
with  the  velocity  from  infinity,  a possible  path  is  a circle  with  regard  to  which  the 
two  fixed  centres  are  inverse  points,  and  that,  if  the  radius  of  this  circle  is  a,  the  periodic 
time  is 

4tt 44(«2  + ^.  (Coll.  Exam.) 

31.  A heavy  particle  is  projected  horizontally  with  a velocity  v inside  a smooth 
sphere  at  an  angular  distance  a from  the  vertical  diameter  drawn  downwards  : shew  that 
it  will  never  fall  below  or  never  rise  above  its  initial  level  according  as 

v2  > or  <dg  sin  a tan  a.  (Coll.  Exam.) 


32.  A particle  is  projected  horizontally  with  velocity  F along  the  interior  of  a smooth 
sphere  of  radius  a from  a point  whose  angular  distance  from  the  lowest  point  is  a.  Shew 
that  the  highest  point  of  the  spherical  surface  attained  is  at  an  angular  distance  £ from 
the  lowest  point,  where  /3  is  the  smaller  of  the  values  of  \p-,  y given  respectively  by 
the  equations 

(3  <cos  - 2 cos  a)ag  + F2  = 01 
(cos  x + cos  a)  F2  — 2 ag  sin2  x = 0j  * 


(Coll.  Exam.) 


33.  If  the  motion  of  a spherical  pendulum  of  length  a be  wholly  between  the  levels 
f a,  fa  below  the  point  of  support,  shew  that  at  a time  t after  passing  a point  of  greatest 
depth,  the  depth  of  the  bob  is 

\a  {4  — sn2£  v/(13<p/14a)}  (mod.  ^(7/65).) 


and  that  a horizontal  coordinate  referred  to  the  point  of  support  as  origin  is  determined 
by  the  equation 

x=(gxla)  {-jt2-+ f sn2* y/{13g/Ua)}, 

which  is  a case  of  Lame’s  equation.  (Coll.  Exam.) 

34.  A particle  is  constrained  to  move  on  the  surface  of  a sphere,  and  is  attracted  to  a 

fixed  point  M on  the  surface  of  the  sphere  with  a force  that  varies  as  r~2  (d2  — r2)  ~ where 

d is  the  diameter  of  the  sphere  and  r is  the  rectilinear  distance  from  the  particle  to  M. 

If  the  position  of  the  particle  on  the  sphere  be  defined  by  its  colatitude  6 and  longitude 

with  M as  pole,  shew  that  the  equations  of  motion  furnish  the  differential  equation 

1 fd6\2  1 , , 7 

-77  +-r~y-=  a cot  6+0, 

sin4  8 \d<p ) sin2  8 

where  a and  b are  constants  ; and  integrate  this  equation,  shewing  that  the  orbit  is 
a sphero-conic. 


w.  D. 
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35.  A particle  of  mass  m moves  on  the  inner  surface  of  a cone  of  revolution  whose 
semi-vertical  angle  is  a,  under  the  action  of  a repulsive  force  mju/r3  from  the  axis;  the 
angular  momentum  of  the  particle  about  the  axis  being  m J fi  tan  a,  shew  that  the  path  is 
an  arc  of  a hyperbola  whose  eccentricity  is  sec  a.  (Camb.  Math.  Tripos,  Part  I,  1897.) 


36.  Shew  that  the  necessary  central  force  to  the  vertex  of  a circular  cone  in  order 
that  the  path  on  the  cone  may  be  a plane  section  is 


A B 


(Coll.  Exam.) 


37.  A particle  of  unit  mass  moves  on  the  inner  surface  of  a paraboloid  of  revolution, 
latus  rectum  4 a,  under  the  action  of  a repulsive  force  fir  from  the  axis,  where  r is  the 
distance  from  the  axis;  shew  that,  if  the  particle  is  projected  along  the  surface  in  a 
direction  perpendicular  to  the  axis  with  velocity  2 af,  it  will  describe  a parabola. 

(Coll.  Exam.) 


38.  A smooth  surface  of  revolution  is  formed  by  rotating  the  catenary  s = ctan<jf> 
about  its  axis  of  symmetry,  and  a particle  is  projected  along  its  surface  from  a point 
distant  6 from  that  axis  with  velocity  h (a2  + 62)^/62.  The  direction  of  projection  is  such 
that  the  component  velocity  perpendicular  to  the  axis  is  A/6  and  the  particle  moves  in 
contact  with  the  surface,  under  the  influence  of  a force  of  attraction  A2(r2-f  2a2)/r5  in  the 
direction  of  the  perpendicular  r to  the  axis.  Shew  that,  if  gravity  be  neglected,  the 
projection  of  the  path  on  a plane  at  right  angles  to  the  axis  will  have  a polar  equation 


c smh  - — aQ. 

G 


(Coll.  Exam.} 


39.  A particle  moves  on  a smooth  helicoid,  z=-a<\ >,  under  the  action  of  a force  fir 
per  unit  mass  directed  at  each  point  along  the  generator  inwards,  r being  the  distance 
from  the  axis  of  z.  The  particle  is  projected  along  the  surface  perpendicularly  to  the 
generator  at  a point  where  the  tangent  plane  makes  an  angle  a with  the  plane  of  xy,  its 
velocity  of  projection  being  fa.  Shew  that  the  equation  of  the  projection  of  its  path  on 
the  plane  of  xy  is 

a2/r2  = sec2  a cosh2  (<p  cos  a)  — 1. 

(Camb.  Math.  Tripos,  Part  I,  1896.) 


40.  Shew  that  the  problem  of  the  motion  of  a particle  under  no  forces  on  a ruled 
surface,  whose  generators  cut  the  line  of  striction  at  a constant  angle,  and  for  which  the 
ratio  of  the  length  of  the  common  perpendicular  to  two  adjacent  generators  to  the  angle 
between  these  generators  is  constant,  can  be  solved  by  quadratures.  (Astor.)' 


CHAPTER  Y. 


THE  DYNAMICAL  SPECIFICATION  OF  BODIES. 


57.  Definitions. 

Before  proceeding  to  discuss  those  problems  in  the  dynamics  of  rigid 
bodies  which  can  be  solved  by  quadratures,  it  is  convenient  to  introduce  and 
calculate  a number  of  constants  which  can  be  assigned  to  a rigid  body,  and 
which  depend  on  its  constitution ; it  will  be  found  that  these  constants 
determine  the  dynamical  behaviour  of  the  body. 

Let  any  rigid  body  be  considered ; and  let  the  particles  of  which  (from 
the  dynamical  point  of  view)  it  is  constituted  be  typified  by  a particle  of 
mass  m situated  at  a point  whose  coordinates  referred  to  fixed  rectangular 
axes  are  ( x , y,  z). 

The  quantity  2m  (; y 2 + z2), 

where  the  symbol  2 denotes  a summation  extended  over  all  the  particles  of 
the  system,  is  called  the  moment  of  inertia  of  the  body  about  the  axis  Ox. 
Similarly  the  moment  of  inertia  about  any  other  line  is  defined  to  be  the  sum 
of  the  masses  of  the  particles  of  the  body,  each  multiplied  by  the  square  of 
its  perpendicular  distance  from  the  line.  These  summations  are  evidently  in 
the  case  of  ordinary  rigid  bodies  equivalent  to  integrations ; thus  2m  (y-  + z2) 


is  equivalent  to 


(y2  + z2)  pdxdydz,  where  p is  the  density , 


or  mass  per 


unit  volume,  of  the  body  at  the  point  (x,  y,  z). 

The  quantity  2 mxy 

is  called  the  product  of  inertia  of  the  body  about  the  axes  Ox,  Oy ; and 
similarly  the  quantities  2 myz  and  2 mzx  are  the  products  of  inertia  about 
the  other  pairs  of  axes. 

For  the  moments  and  products  of  inertia  with  reference  to  the  coordinate 
axes,  the  notation 

A = 2m  ( y 2 + z2),  B — 2m  ( z 2 + x2),  G — 2m  ( x 2 + y2), 

F = Hmyz,  G = 2 mzx,  H = 2 mxy 


will  be  generally  used. 

Two  bodies  whose  moments  of  inertia  about  every  line  in  space  are  equal 
to  each  other  are  said  to  be  equimomental.  It  will  be  seen  later  that  this 
involves  also  the  equality  of  the  products  of  inertia  of  the  bodies  with  respect 
to  any  pair  of  orthogonal  lines. 
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If  M denotes  the  mass  of  a body  and  if  & is  a quantity  such  that  Mid*  is 
equal  to  the  moment  of  inertia  of  the  body  about  a given  line,  the  quantity 
k is  called  the  radius  of  gyration  of  the  body  about  the  line. 

In  the  case  of  a plane  body,  the  moment  of  inertia  about  a line  perpen- 
dicular to  its  plane  is  often  spoken  of  as  the  moment  of  inertia  about  the 
'point  in  which  this  line  meets  the  plane. 


58.  The  moments  of  inertia  of  some  simple  bodies  *. 

(i)  The  rectangle. 

Let  it  be  required  to  find  the  moment  of  inertia  of  a uniform  rectangular 
plate,  whose  sides  are  of  lengths  2 a and  2 b respectively,  about  a line  through 
its  centre  0 parallel  to  the  sides  of  length  2 a.  Taking  this  line  as  axis  Ox, 
and  a line  through  0 parallel  to  the  other  sides  as  axis  Oy,  the  required 
moment  of  inertia  is 

Smy2,  or  I | ay^dxdy, 

J -bJ  -a 

where  a is  the  mass  per  unit  area  of  the  plate,  or  the  surface-density  as  it  is 
frequently  called ; evaluating  the  integral,  we  have  for  the  required  moment 
of  inertia 

4 crctb^ 

— — — , or  Mass  of  rectangle  x J62. 
o 

The  moment  of  inertia  of  a uniform  rod,  about  a line  through  its  middle 
point  perpendicular  to  the  rod,  can  be  deduced  from  this  result  by  regarding 
the  rod  as  the  limiting  form  of  a rectangle  in  which  the  length  of  one  pair 
of  sides  is  indefinitely  small.  It  follows  that  the  moment  of  inertia  in 
question  is 

Mass  of  rod  x J62, 
where  2b  is  the  length  of  the  rod. 


(ii)  The  rectangular  block. 

Consider  next  a uniform  rectangular  block  whose  edges  are  of  lengths  2 ay 
2b,  2c;  let  it  be  required  to  find  the  moment  of  inertia  about  an  axis  Ox 
passing  through  the  centre  0 and  parallel  to  the  edges  of  length  2a.  This 
moment  of  inertia  is 

ra  rb  re 

Sm(y2  + 22),  or  p (y2  + z2)  dzdydx, 

J -a,J  -bJ  -c 

where  p is  the  density.  Evaluating  the  integral,  we  have  for  the  moment  of 
inertia 

8^°(62  + c2),  or  Mass  of  block  xJ^+4 

u 


* For  practical  purposes  the  moments  of  inertia  of  a body  are  determined  experimentally ; a 
convenient  apparatus  is  described  by  W.  H.  Derriman,  Phil.  Mag.  v.  (1903),  p.  648. 
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(iii)  The  ellipse  and  the  circle. 

Let  it  now  be  required  to  find  the  moment  of  inertia  of  a uniform  elliptic 
plate  whose  equation  is 


& , r_i 

a2  + 62  “ ’ 


about  the  axis  of  x.  It  is 


/:/ 


<ry2dydx,  where  cr  is  the  surface-density. 


Evaluating  the  integral,  we  have  for  the  required  moment  of  inertia 
J Tratfa , or  Mass  of  ellipse  x J62. 

The  moment  of  inertia  of  a circle  of  radius  b about  a diameter  is  therefore 

Mass  of  circle  x \b2. 

(iv)  The  ellipsoid  and  the  sphere. 

The  moment  of  inertia  of  a uniform  solid  ellipsoid  of  density  p,  whose 
equation  is 

t 4.^-1 
a2+  62  + c2-1> 

about  the  axis  of  x is  similarly 

JJJ  ^ ^ dxdydz,  integrated  throughout  the  ellipsoid. 

To  evaluate  this  integral,  write 

a?  = af,  y = brj,  z — cf, 

where  £,  are  new  variables : the  integral  becomes 

pabsc  JJJ  rfd^dyd^  4-  pabcs  JJ J £2dl;dr)d£, 

where  the  integration  is  now  taken  throughout  a sphere  whose  equation  is 
Since  the  integrals 

jjj^d^drjd^,  JJJy2dgdyd£,  and  JJJ £2dgdyd£, 

are  evidently  equal,  the  required  moment  of  inertia  can  be  written  in  the 
form 


or 

or 

or 


pabc  ( b 2 + °2)  JJJ £2d£dyd£, 

rpabc  (b2+  c^J1  p(l-p)df, 

3^7 rpabc  ( b 2 + c2), 

Mass  of  ellipsoid  x £ (62  4-  c2). 
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The  moment  of  inertia  of  a uniform  sphere  of  radius  a about  a diameter 
is  therefore 

Mass  of  sphere  x § a\ 

(v)  The  triangle . 

Let  it  now  be  required  to  find  the  moment  of  inertia  of  a uniform 
triangular  plate  of  surface-density  <r , with  respect  to  any  line  in  its  plane ; 
the  position  of  the  line  can  be  specified  by  the  lengths  a,  /3,  y,  of  the  per- 
pendiculars drawn  to  it  from  the  vertices  of  the  triangle. 

Taking  (x,  y,  z ) to  be  the  areal  coordinates  of  a point  of  the  plate ; the 
perpendicular  distance  from  this  point  to  the  given  line  is  {ax  + fiy  + yz),  and 
the  required  moment  of  inertia  is  therefore 

a j j (ax  + /3y  + yz)2  dS, 

where  dS  denotes  an  element  of  area  of  the  plate. 

Now  if  T denotes  the  length  of  the  perpendicular  from  the  point  (x,  y , z) 
on  the  side  c of  the  triangle,  and  if  X denotes  the  length  intercepted  on  the 
side  c between  the  vertex  A and  the  foot  of  this  perpendicular,  we  have 


and 


Y = zb  sin  A 

X sin  A — Y cos  A = perpendicular  from  (x,  y , z)  on  the  side  b 
— yc^vaA. 

We  have  therefore 


dv dz  — d (3A  dXdY— - 

dydz  - d F)  dA  dY  - hc  gin  A 


dXdY=^dS} 


where  A denotes  the  area  of  the  triangle.  Hence  the  integral  J j y2dS,  where 
the  integration  is  extended  over  the  area  of  the  triangle,  can  be  written  in 


the  form  2 A 


jjy2dydz,  where  the  integration  is  extended  over  all  positive 


values  of  y and  z whose  sum  is  less  than  unity : this  is  equal  to 


2A 


[ y2Q--y)dy, 

J 0 


or  JA.  By  symmetry,  the  integrals  JJx2dS  and  JJz2dS  have  the  same  value, 
and  a similar  calculation  shews  that  the  integrals 

jjyz  dS,  jjzx  dS,  jjxy  dS, 
each  have  the  value  T^A. 
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Substituting  these  values  in  the  integral  cr JJ(a&  + fty  + lzf  dS,  the 
moment  of  inertia  of  the  triangle  about  the  given  line  becomes 
Jc-A  (a2  + /32  + 72  + /3y  + ya.  + a/3), 


or 


x Mass  of  triangle  x 


7 + a 


+ 


a + 


But  this  expression  evidently  represents  the  moment  of  inertia  about  the 
given  line  of  three  particles  situated  respectively  at  the  middle  points  of  the 
sides  of  the  triangle,  the  mass  of  each  particle  being  one-third  the  mass  of 
the  triangle  ; the  triangle  is  therefore  equimomental  to  this  set  of  three 
particles. 

Example.  Shew  that  a uniform  solid  tetrahedron  of  mass  M is  equimomental  to  a set 
of  five  particles,  four  of  which  are  each  of  mass  M and  are  situated  at  the  vertices 
of  the  tetrahedron,  while  the  fifth  particle  is  at  the  centre  of  gravity  of  the  tetrahedron, 
and  is  of  mass  f M. 

59.  Derivation  of  the  moment  of  inertia  about  any  axis  when  the  moment 
of  inertia  about  a parallel  axis  through  the  centre  of  gravity  is  known. 

The  moments  of  inertia  found  in  the  preceding  article  were  for  the  most 
part  taken  with  respect  to  lines  specially  related  to  the  bodies  concerned  : 
these  results  can  however  be  applied  to  determine  the  moments  of  inertia  of 
the  same  bodies  with  respect  to  other  lines,  by  means  of  a theorem  which  will 
now  be  given. 

Let  / (x,  y , z,  x,  y , z,  x,  y , z ) be  any  polynomial  (not  necessarily  homogene- 
ous) of  the  second  degree  in  the  coordinates  and  the  components  of  velocity 
and  acceleration  of  a particle  of  mass  m.  Let  ( x , y , z)  denote  the  coordinates 
of  the  centre  of  gravity  of  a body  which  is  formed  of  such  particles,  and  write 

x=x+xu  y = y + yi,  z = z + zlt 

If  now  we  substitute  these  values  for  x,  y,  z,  respectively  in  the  function  f 
we  obtain  the  following  classes  of  terms  : 

(1)  Terms  which  do  not  involve  xlf  y1}  z1 : these  terms  together  evidently 
give 

f(x,  y,  z,  x,  y,  z , xt  y,  z). 

(2)  Terms  which  do  not  involve  x,y,z:  these  terms  give 

/(«i.  Vi,  K\,  yx,  A,  xly  ylf  zx). 

(3)  Terms  which  are  linear  in  xly  y1}  z1}  x1%  y1}  zl}  x1}  y1}  zx;  when  the 
expression  2 mf(x , y,  z,  x , y,  i,  x,  y,  z)  is  formed,  the  summation  being  taken 
over  all  the  particles  of  the  body,  these  terms  will  vanish  in  consequence  of 
the  relations 

2m#i  = 0,  Smyi  = 0,  Xmzx  = 0. 
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We  have  therefore  the  equation 

Xmf(oc,  y,  z,  x,  y,  z,  x,  y,  z)  = 2mf(xlt  yx,  zlt  x1}  y1}  zlt  xu  yu  zx) 

+ / (x,  y , z , x,  y,  z , x,  y , z) . Xm, 

and  consequently  the  value  of  the  expression  Xmf  taken  with  respect  to 
any  system  of  coordinate  axes,  is  equal  to  its  value  taken  with  respect  to  a 
parallel  set  of  axes  through  the  centre  of  gravity  of  the  body,  together  with 
the  mass  of  the  body  multiplied  by  the  value  of  the  function  f at  the  centre 
of  gravity,  taken  with  respect  to  the  original  system  of  axes. 

From  this  it  immediately  follows  that  the  moments  and  products  of  inertia 
of  a body  with  respect  to  any  axes  are  equal  to  the  corresponding  moments  and 
products  of  inertia  with  respect  to  a set  of  parallel  axes  through  the  centre  of 
gravity  of  the  body , together  with  the  corresponding  moments  and  products  of 
inertia,  with  respect  to  the  original  axes,  of  a particle  of  mass  equal  to  that  of 
the  body  and  placed  at  the  centre  of  gravity. 

As  ail  example  of  this  result,  let  it  be  required  to  determine  the  moment  of  inertia 
of  a straight  uniform  rod  of  mass  M and  length  l about  a line  through  one  extremity 
perpendicular  to  the  rod.  It  follows  from  the  last  article  that  the  moment  of  inertia 

about  a parallel  line  through  the  centre  of  the  rod  is  \M  ^0  ; and  hence,  applying  the 

above  result,  we  see  that  the  required  moment  of  inertia  is 


or  \MV. 

60.  Connexion  between  moments  of  inertia  with  respect  to  different  sets  of 
axes  through  the  same  origin. 

The  result  of  the  last  article  enables  us  to  find  the  moments  of  inertia  of 
a given  body  with  respect  to  any  set  of  axes,  when  the  moments  of  inertia  are 
already  known  with  respect  to  a set  of  axes  parallel  to  these.  We  shall  now 
shew  how  the  moments  of  inertia  of  a body  with  respect  to  any  set  of 
rectangular  axes  can  be  found  when  the  moments  of  inertia  are  known  with 
respect  to  another  set  of  rectangular  axes  having  the  same  origin. 

Let  A,  B,  C,  F,  G,  H be  the  moments  and  products  of  inertia  with  respect 
to  a set  of  axes  Oxyz,  and  let  Oxy'z'  be  another  set  of  rectangular  axes  having 
the  same  origin  0 ; the  direction-cosines  of  either  set  of  axes  with  respect  to 
the  other  will  be  supposed  to  be  given  by  the  scheme 
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If  the  moments  and  products  of  inertia  with  respect  to  the  axes  Ox'y'z ' 
are  denoted  by  A' , B',  G' , F',  G',  H\  we  have 

A'  = 2m  (y'2  + /2),  where  the  summation  is  extended  over  all  the  particles  of 
the  body, 

= 2m  {(Za®  4-  m2y  + n2z)2  + (lzx  + m3y  + n3zf] 

= 2m  [i x 2 (Z22  4-  /32)  4-  y2  (m22  + m32)  4 z- 2 (rc22  4 n32)  4 2yz  (m2w2  + m3n3) 

4 2.z&  (?i2L  4 nj3)  + 2 xy  (l2m2  4 Z3m3)} 
= 2m  { x 2 (mj2  + Tix2)  + y2  (n22  4 Zj2)  4 £2  (Z^+mj2)  — 2mxnxyz  — 2nxlxzx  — 2Z1m1®y} 
= 2m  {Zx2  (y2  + z2)  4 mx2  (^2  + x 2)  4 ftx2  (®2  4 y2)  — 2mxnxyz  — 2nxlxzx  — 2lxmxxy) 

= JJi2  4 Bmf  4 Cn x2  - 2Fmxnx  — 2Gnxlx  — 2HlxmXi 
and  similarly 

B'  = Al22  + Bm£  + Cn2  — 2Fm2n2  — 2 Gn2l2  — 2 Hl2m2i 
G'  = Al3  4 Bmg  + Cn32  — 2 Fm3n3  — 2 Gn3l3  — 2 Hl3m3 . 

We  have  also 
F = 2 my'  z’ 

= 2m  (Z2;z  + m2y  + v)  + mzy  4 ?i3z) 

= y3 . 2 mx2  + m2m3 . Xmy2  4 n2n3 . 'Zrnz 2 4 (m2n3  + m37i2) . 2 myz 

4 (w2Z3  + n3l2) . ^mzx  4 (l2m3  4 Z3m2) . 2 mxy 
= (-B  4 G — A)  4 \m2m3  (G  + A — B)  + % n2n3  (A  + B — G) 

4 ( m2n3  4 m3n2)  F 4 (n2l3  4 n3l2)  G 4 (l2m3  + l3m2 ) H, 

or 

-Ff  — Al2l3  4 Bm2m3  + Gn2n3  - F(m2n3  4 m3n2)  — G ( l3n2  + Z2n3)  - H (l2m3  4 l3m.2), 
and  similarly 

— G'  — Al3lx  + Bm3m1  4 Gn3nx  — F {m3nx  4 mx%3)  — G (lxn3  4 l3n^)  — H (l3mx  4 Zxm3), 

— IF  = Alxl2  4 Bmxm2  4 Gnxn2  — F (mxn2  4 m2n  x)  — G (l2n  x 4 lxn2)  — H (lxm2  4 l2mx). 

The  quantities  A',  B',  G',  F',  G\  H',  are  thus  determined ; these  results, 
combined  with  those  of  the  last  article,  are  sufficient  to  determine  the 
moments  and  products  of  inertia  of  a given  body  with  respect  to  any  set  of 
rectangular  axes  when  the  moments  and  products  of  inertia  with  respect  to 
any  other  set  of  rectangular  axes  are  known. 

Example.  If  the  origin  of  coordinates  is  at  the  centre  of  gravity  of  the  body,  prove 
that  the  moments  and  products  of  inertia  with  respect  to  three  mutually  orthogonal 
and  intersecting  lines  whose  coordinates  are 

(^i,  m15  7i1}  Xl5  fx x,  */x),  (?2,  m2,  n2,  X2,  /x2,  v^)y  {l3y  mzy  n3y  X3,  /i3,  v3), 

3-re  A A J/ (Xx2 + /*x2  + 1^2)  etc.  and  F'  — d^(X2X3+/x2/i3  + i/2i'3)  etc., 

where  A',  B ',  C\  F\  G\  H\  have  the  same  values  as  above  and  M is  the  mass  of  the 
body.  (Coll.  Exam.) 
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61.  The  principal  axes  of  inertia;  Cauchy  s mo  mental  ellipsoid. 

If  now  we  consider  the  quadric  surface  whose  equation  is 

Ax 2 + By 2 -f  Cz 2 — 2 Fyz  — 2Gzx  — 2Hxy  = 1, 

where  A,  B,  C,  F,  G,  H,  are  the  moments  and  products  of  inertia  of  a given 
body  with  respect  to  the  axes  of  reference  Oxyz,  it  follows  from  the  equation 

A'  = Alf  + Bmi 2 + Cn x2  — 2Fmln1  — 2Gn1l1  — 2Hllmli 

that  the  reciprocal  of  the  square  of  any  radius  vector  of  the  quadric  is  equal 
to  the  moment  of  inertia  of  the  body  about  this  radius.  The  quadric  is 
therefore  the  same  whatever  be  the  axes  of  reference  provided  the  origin  is 
unchanged,  and  consequently  its  equation  referred  to  any  other  rectangular 
axes  Oxy'z'  having  the  same  origin  is 

A'x2  + B'y2  + C’z2  - 2 F'y'z  - 2 G'zx'  - 2 H'x'y  = 1 ; 

where  A',  B\  C',  F',  G',  H'  are  the  moments  and  products  of  inertia  with 
respect  to  these  axes. 

This  quadric  is  called  the  momental  ellipsoid  of  the  body  at  the  point  0 ; 
its  principal  axes  are  called  the  principal  axes  of  inertia  of  the  body  at  0;  the 
equation  of  the  quadric  referred  to  these  axes  contains  no  product-terms,  and 
therefore  the  products  of  inertia  with  respect  to  them  are  zero:  and  the 
moments  of  inertia  with  respect  to  these  axes  are  called  the  principal 
moments  of  inertia  of  the  body  at  the  point  0. 

The  momental  ellipsoid  is  also  called  the  ellipsoid  of  inertia ; its  polar  reciprocal  with 
regard  to  its  centre  is  another  ellipsoid,  which  is  sometimes  called  the  ellipsoid  of  gyration. 

Example.  The  height  of  a solid  homogeneous  right  circular  cone  is  half  the  radius 
of  its  base.  Shew  that  its  momental  ellipsoid  at  the  vertex  is  a sphere. 

62.  Calculation  of  the  angular  momentum  of  a moving  rigid  body. 

We  shall  now  shew  how  the  angular  momentum  of  a moving  rigid  body 
about  any  line,  at  any  instant  of  its  motion,  can  be  determined. 

Let  M be  the  mass  of  the  body,  (x,  y , z)  the  coordinates  of  its  centre  of 
gravity  G,  and  (u,  v,  w)  the  components  of  velocity  of  the  point  G , at  the 
instant  t,  resolved  along  any  (fixed  or  moving)  rectangular  axes  Oxyz  whose 
origin  0 is  fixed;  and  let  (g>1}  co2,  a)3)  be  the  components  of  the  angular 
velocity  of  the  body  about  G,  resolved  along  axes  Gxpy^zx,  parallel  to  the  axes 
Oxyz  and  passing  through  G.  Let  m denote  a typical  particle  of  the  body, 
and  let  (x,  y,  z)  be  its  coordinates  and  ( u , v , w)  its  components  of  velocity  at 
the  instant  t ; and  write 

x=x+xlf  y = y + Vu  z = z+  zly 

u — u + uu  v = v + v1}  w — w + w1, 


123 


61,  62]  The  dynamical  specification  of  bodies 

so  in  virtue  of  the  properties  of  the  centre  of  gravity  we  have 
2mxx  — 0,  2myx  =■  0,  2mzx  — 0 ; 

moreover  since  (§  17)  we  have 

Ux  — ZxCO 2 2/1^35  Vx  •—  Xx(t)3  Z1CO1 , IV 1 “ yx(Ox  tTj&)2  5 

it  follows  that 

' = 0,  2mvx  = 0,  2mwx  = 0. 

If  h3  denotes  the  angular  momentum  of  the  body  about  the  axis  Oz,  we 
have  therefore 

h3  = 2m  {xv  — yu) 

= 2m  {(x  + xi)  (v  + vx)  -(y  + yi)  (u  + Ui)} 

— 2m- (xv  — yu)  + 2m  (xxVi  — yiU 1) 

= M (xv  — yu)  + 2m  (xfco3  — x1z1w1  — yiZiW2  + 2/i2&>3) 

= M ( xv  — yu)  — Gc*i  — F(o2  + Cco3, 

where  A,  B,  G,  F,  G,  H are  the  moments  and  products  of  inertia  of  the  body 
with  respect  to  the  axes  Gxiyxzx. 

Similarly  the  angular  momenta  about  the  axes  Ox  and  Oy  respectively 
are 

hx=  M (yw  — zv)  + A co1—  Hw2  — Gcd3, 
h2  = M (zu  — xw)  — II  Mj  + Bcv2  — Fco3. 

The  angular  momentum  about  any  other  line  through  the  origin  can  be 
found  (§  39)  by  resolving  these  angular  momenta  along  the  line  in  question. 

Corollary.  If  the  body  is  constrained  to  turn  round  one  of  its  points,  which 
is  fixed  in  space,  it  is  unnecessary  to  introduce  the  centre  of  gravity.  For  let 
(©u  co2}  co3)  be  the  components  of  the  angular  velocity  of  the  body  about  the 
fixed  point  with  respect  to  any  rectangular  axes  (fixed  or  moving)  which  have 
the  fixed  point  as  origin,  and  let  A,  B,  G,  F,  G,  H , denote  the  moments  and 
products  of  inertia  with  respect  to  these  axes.  The  components  of  velocity 
( u , v,  w)  with  respect  to  these  axes  of  a particle  m whose  coordinates  are 
(®.  y,  V are  (§  17) 

u — zco2  — ya)  3,  v=xq)3  — zg)1,  w = yco1  — xw2) 

and  the  angular  momentum  about  the  axis  of  z,  which  is  2m  (xv  — yu),  can 
therefore  be  written  in  the  form 

2m  (x2w3  — xzwx  — yzw2  + y2co3) 
or  — Go)1  — Fco2+ Gco3, 

Similarly  the  angular  momenta  of  the  body  about  the  axes  of  x and  y 
respectively  are 

Aw1  — Ha>2  — Gco3 
&ftd  — H(ox  -j-  Bco2  — Fco3. 
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63.  Calculation  of  the  kinetic  energy  of  a moving  rigid  body. 

The  kinetic  energy  of  a rigid  body  which  is  in  motion  can  be  calculated 
in  the  same  way  as  the  angular  momenta.  If  the  general  theorem  obtained 
in  § 59  is  applied  to  the  case  in  which  the  polynomial  f(x,  y , z,  x , y , z,  x,  y , z) 
has  the  form  ( x 2 + y2  + z2),  we  immediately  obtain  the  result  that  the  kinetic 
energy  of  a moving  rigid  body  of  mass  M is  equal  to  the  kinetic  energy  of  a 
particle  of  mass  M which  moves  with  the  centre  of  gravity  of  the  body,  together 
with  the  kinetic  energy  of  the  motion  of  the  body  relative  to  its  centre  of 
gravity. 

To  determine  the  kinetic  energy  of  the  motion  of  the  body  relative  to  its 
centre  of  gravity  G,  take  any  rectangular  axes  (whose  directions  may  be  fixed 
or  moving)  having  their  origin  at  G]  let  (eolf  co2,  co3)  be  the  components  of 
the  angular  velocity  of  the  body  about  G,  relative  to  these  axes,  and  let 
(x,  y,  z ) denote  the  coordinates  of  a typical  particle  m of  the  body  referred  to 
these  axes.  The  components  of  velocity  of  the  particle  parallel  to  these  axes, 
in  the  motion  relative  to  (7,  are  (§  17) 

zco2  — yco3,  xco3  — zcox,  ycox  — xco2, 

and  therefore  the  kinetic  energy  of  the  motion  relative  to  the  centre  of 
gravity  is 

^Xm  {(zco2  — yco3)2  + ( xco3  — zcox)2  + ( ycox  - xco2)2}, 
or  \ (Acox2  + Bco2  + Cco3  — 2F(o2co3  — 2Gco3cox  — 2 H(ox(d2), 

where  A,  B,  C,  F,  G,  H,  are  the  moments  and  products  of  inertia  relative  to 
the  axes. 

This  expression  may  (by  use  of  § 60)  be  interpreted  as  half  the  square  of 
the  resultant  angular  velocity  of  the  body  in  the  motion  relative  to  the  centre 
of  gravity,  multiplied  by  the  moment  of  inertia  of  the  body  about  the  in- 
stantaneous axis  of  rotation  in  this  motion. 

Corollary.  If  one  of  the  points  of  the  body  is  fixed  in  space,  it  is  not 
necessary  to  introduce  the  centre  of  gravity.  For  let  (o)x,  w2,  co3)  denote  the 
components  of  angular  velocity  of  the  body  about  the  fixed  point  0 resolved 
along  any  rectangular  axes  (fixed  or  moving)  Oxyz  which  have  the  point  0 
as  origin,  and  let  (x,  y,  z)  be  the  coordinates  of  a typical  particle  m of  the 
body  referred  to  these  axes.  The  components  of  velocity  of  the  particle 
are  (§  17) 

zco2  — yco3 , xco3  — zcox , ycox  — xco2 , 

and  so  as  before  we  see  that  the  kinetic  energy  of  the  motion  is 

^ (A cox2  + Bco2  -f  Cco32  — 2Fco2cd3  — 2Gco3cox  — 2Hcoxco 2), 

where  A,  B,  C,  F,  G,  H,  denote  the  moments  and  products  of  inertia  of  the 
body  with  respect  to  the  axes  Oxyz. 
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From  this  it  follows  that  if  one  of  the  coordinate  axes — say  the  axis  of  x 
— is  the  instantaneous  axis  of  rotation  of  the  body,  the  kinetic  energy  is 
\Aw>x\  and  hence,  since  the  directions  of  the  axes  can  be  arbitrarily  chosen, 
the  kinetic  energy  of  any  body  moving  about  one  of  its  points,  which  is  fixed, 
is  J/a>2,  where  / is  the  moment  of  inertia  of  the  body  about  the  instantaneous 
axis  of  rotation,  and  co  is  the  angular  velocity  of  the  body  about  this  axis. 

Example.  A lamina  can  turn  freely  about  a horizontal  axis  in  its  own  plane,  and  the 
axis  turns  about  a fixed  vertical  line,  which  it  intersects.  If  <£  be  the  azimuth  of  the 
horizontal  axis,  and  \/s  the  inclination  of  the  plane  of  the  lamina  to  the  vertical,  shew  that 
the  kinetic  energy  is  . 

\A  (\js2  + 02  cos2  \fs) + H\js<p  cos 

where  A,  B,  II  are  the  moments  and  product  of  inertia  of  the  lamina  about  the  horizontal 
axis  and  a perpendicular  to  it  at  the  point  of  intersection  with  the  vertical.  (Coll.  Exam.) 

64.  Independence  of  the  motion  of  the  centre  of  gravity  and  the  motion 
relative  to  it. 

The  result  of  the  last  article  shews  that  the  kinetic  energy  of  a moving 
body  can  be  regarded  as  consisting  of  two  parts,  of  which  one  depends  on  the 
motion  of  the  centre  of  gravity  and  the  other  is  the  kinetic  energy  of  the 
motion  relative  to  the  centre  of  gravity.  We  shall  now  shew  that  these  two 
parts  of  the  motion  of  the  body  can  be  treated  quite  independently  of  each 
other. 

Let  a rigid  body  of  mass  M be  in  motion  under  the  influence  of  any 
forces.  As  coordinates  defining  its  position  we  can  take  the  three  rectangular 
coordinates  {x,  y , z ) of  its  centre  of  gravity  G,  relative  to  axes  fixed  in  space, 
and  the  three  Eulerian  angles  (6,  4 >,  which  specify  the  position,  relative 
to  axes  fixed  in  direction,  of  any  three  orthogonal  lines,  intersecting  in  G , 
which  are  fixed  in  the  body  and  move  with  it.  The  kinetic  energy  is  therefore 

T = iM(x>  + f + z*)+f(6,  4>,  ^ , 6,  (j),  ^), 
where  f(6,  <£,  y/r,  6,  <f>,  yjr)  denotes  the  kinetic  energy  of  the  motion  relative 
to  G. 

Let  X8x  + Y8y  + Z8z  + S86  + <P84>  + 

denote  the  work  done  on  the  body  by  the  external  forces  in  an  arbitrary  dis- 
placement (8x,  8y}  8z,  86,  8cf>,  8 yjr)  of  the  body.  The  Lagrangian  equations  of 
motion  are 


Mx  = X , My=Y,  Mz  = Z, 
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The  first  three  of  these  equations  shew  that  the  motion  of  the  centre  of 
gravity  of  the  body  is  the  same  as  that  of  a particle  of  mass  equal  to  the  whole 
mass  of  the  body , under  the  influence  of  forces  equivalent  to  the  total  external 
forces  acting  on  the  body,  applied  to  the  particle  parallel  to  their  actual 
directions ; since  the  work  done  on  such  a particle  in  an  arbitrary  displace- 
ment would  evidently  be  XBx  + YBy  + ZBz. 

The  second  three  equations  shew  that  the  motion  of  the  body  about  its 
centre  of  gravity  is  the  same  as  if  the  centre  of  gravity  were  fixed  and  the  body 
subjected  to  the  action  of  the  same  forces ; for  in  the  motion  relative  to  the 
centre  of  gravity,  the  kinetic  energy  of  the  body  is  f(0,  <f>,  ^r,  6,  (j>,  yjr),  and 
the  work  done  by  the  forces  in  an  arbitrary  displacement  is 

+ <E>S<£  + 'T'Sa/t. 

These  results  are  evidently  true  also  for  impulsive  motion. 

Corollary.  If  a plane  rigid  body  (e.g.  a disc  of  any  shape)  is  in  motion  in 
its  plane,  and  if  (x,  y)  are  the  coordinates  of  its  centre  of  gravity,  M its  mass, 
6 the  angle  made  by  a line  fixed  in  the  body  with  a line  fixed  in  the  plane, 
Mk 2 the  moment  of  inertia  of  the  body  about  its  centre  of  gravity,  and  if 
(. X , Y)  are  the  total  components  parallel  to  the  axes  of  the  external  forces 
acting  on  the  body,  and  L the  moment  of  the  external  forces  about  the  centre 
of  gravity,  then  the  kinetic  energy  is 

J M ( x 2 + y2  + k202), 

and  the  work  done  by  the  external  forces  in  a displacement  (8x,  By,  BO)  is 

XBx+YBy  + LBO, 

and  therefore  the  equations  of  motion  of  the  body  are 
Mx  = X,  My  = Y,  Mk20  = L. 

Example.  Obtain  one  of  the  equations  of  motion  of  a rigid  body  in  two  dimensions  in 
the  form 

M{pf+m)=L, 

where  M is  the  mass  of  the  body,  / is  the  acceleration  of  its  centre  of  gravity,  p is  the 
perpendicular  from  the  origin  upon  this  vector,  Mk2  is  the  moment  of  inertia  about  the 
origin,  6 is  the  angle  made  by  a line  fixed  in  the  body  with  a line  fixed  in  its  plane,  and  L 
is  the  moment  about  the  origin  of  the  external  forces.  (Coll.  Exam.) 
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Miscellaneous  Examples. 

1.  A homogeneous  right  circular  cone  is  of  mass  its  semi-vertical  angle  is  /3,  and 
the  length  of  a slant  side  is  l.  Shew  that  its  moment  of  inertia  about  its  axis  is 

fftMl2  sin2/3, 

and  that  its  moment  of  inertia  about  a line  through  its  vertex  perpendicular  to  its  axis  is 

%Ml2  (1-|  sin2  /3), 

and  its  moment  of  inertia  about  a generator  is 

| Ml 2 sin2  /3  (cos2  /3 + ^). 

2.  Shew  that  the  moment  of  inertia  of  the  area  enclosed  by  the  two  loops  of  the 
lemniscate 

r2=a2cos  2d, 

about  the  axis  of  the  curve  is 

(3tt  - 8)  a2 
48 


x mass  of  area. 


3.  Any  number  of  particles  are  in  one  plane,  if  the  masses  are  m1}  m%,  ...,  their 
distances  apart  d12,  ...,  the  relative  descriptions  of  area  h12,  ...,  and  the  relative  velocities 
#12,  ... ; prove  that 

(2m1m2d122)  / 2m,  ( 2mlm2h12)j2m , (2m1m2v122)  j 22m, 

are  respectively  the  moment  of  inertia  about  the  centre  of  inertia,  the  angular  momentum 
about  the  centre  of  inertia,  and  the  kinetic  energy  relative  to  the  centre  of  inertia. 

(Coll.  Exam.) 

4.  Prove  that  the  moment  of  inertia  of  a hollow  cubical  box  about  an  axis  through 
the  centre  of  gravity  of  the  box  and  perpendicular  to  one  of  the  faces  is 

hP-Ma2, 

where  M is  the  mass  of  the  box  and  2a  the  length  of  an  edge.  The  sides  of  the  box  are 
supposed  to  be  thin.  (Coll.  Exam.) 

5.  Shew  that  the  moment  of  inertia  of  an  anchor-ring  about  its  axis  is 

2 7rp2a2c  (c2+f  a2), 

where  a is  the  radius  of  the  generating  circle,  c is  the  distance  of  its  centre  from  the  axis 
of  the  anchor-ring,  and  p is  the  density. 

6.  Shew  how  to  find  at  what  point,  if  any,  a given  straight  line  is  a principal  axis  of  a 
body,  and  if  there  is  such  a point  find  the  other  two  principal  axes  through  it. 

A uniform  square  lamina  is  bounded  by  the  axes  of  x and  y and  the  lines  x=2 c,  y=2c , 
and  a corner  is  cut  off  it  by  the  line  ^/a+y/6  = 2.  Shew  that  the  two  principal  axes  at 
the  centre  of  the  square  which  are  in  its  own  plane  are  inclined  to  the  axis  of  x at  angles 
given  by 


tan  2d  — 


ab-2c  (a+6)-|-3c2 


(Coll.  Exam.) 


(a-b)  (a+b-2c) 

7.  Shew  that  the  envelope  of  lines  in  the  plane  of  an  area  about  which  that  area  has  a 
constant  moment  of  inertia  is  a set  of  confocal  ellipses  and  hyperbolas.  Hence  find  the 
direction  of  the  principal  axes  at  any  point.  (Coll.  Exam.) 
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8.  Find  the  principal  moments  of  inertia  at  the  vertex  of  a parabolic  lamina,  latus 
rectum  4a,  hounded  by  a line  perpendicular  to  the  axis  at  a distance  h from  the  vertex. 

Prove  that,  if  15A>28a,  two  principal  axes  at  the  point  on  the  parabola  whose  abscissa 
is  -a  + {a2-  4a/i/5  + 3A2/7)^  are  the  tangent  and  normal.  (Coll.  Exam.) 

9.  Find  how  the  principal  axes  of  inertia  are  arranged  in  a plane  body.  Write  down 
the  conditions  that  particles  m*  at  (xt,  y£),  where  i—  1,  2,  ...,  may  be  equimomental  to  a 
given  plate.  Shew  that  the  six  quantities  mx,  m2,  x±,  x2,  yx,  y2  can  be  eliminated  from 
these  conditions. 

If  three  equal  particles  are  equimomental  to  a given  plate,  the  area  of  the  triangle 
formed  by  them  is  3 >/3/2  times  the  product  of  the  principal  radii  of  gyration  at  the 
centre  of  gravity.  (Coll.  Exam.) 

10.  A uniform  lamina  bounded  by  the  ellipse  b2x2  + a2y2=a2b2  has  an  elliptic  hole 
(semi-axes  c,  d ) in  it  whose  major  axis  lies  in  the  line  x=y,  the  centre  being  at  a 
distance  r from  the  origin;  prove  that  if  one  of  the  principal  axes  at  the  point  ( x , y ) 
makes  an  angle  6 with  the  axis  of  x. 


then 


tan  26  = 


8abxy  - cd  [4  (x  \J  2 — r)  {y  \/ 2 — r)  - (c*2  — d2)] 
ab  [4  (x2-y2)- \-a2  - b2]  — cd  [2  (x  *J2  -r)2  — 2 (y  \J%- ■ 


r)2\ 

(Coll.  Exam.) 


11.  If  a system  of  bodies  or  particles  is  moved  or  deformed  in  any  way,  shew  that 

the  sum  of  the  products  of  the  mass  of  each  particle  into  the  square  of  its  displacement 
is  equal  to  the  product  of  the  mass  of  the  system  into  the  square  of  the  projection  in  any 
given  direction  of  the  displacement  of  the  centre  of  gravity,  together  with  the  sum  of  the 
products  of  the  masses  of  the  particles  into  the  squares  of  the  distances  through  which 
they  must  be  moved  in  order  to  bring  them  to  their  final  positions  after  communicating 
to  them  a displacement  equal  to  the  projection  in  the  given  direction  of  the  displacement 
of  the  centre  of  gravity.  (Fouret.) 

12.  The  principal  moments  of  inertia  of  a body  at  its  centre  of  gravity  are  (A,  B,  C ) ; 
if  a small  mass,  whose  moments  of  inertia  referred  to  these  axes  are  ( A ',  B',  C'),  be  added 
to  the  body,  shew  that  the  moments  of  inertia  of  the  compound  body  about  its  new 
principal  axes  at  its  new  centre  of  gravity  are 

A-\~A',  B+B\  C+C\ 

accurately  to  the  first  order  of  small  quantities.  (Hoppe.) 

13.  Shew  that  the  principal  axes  of  a given  material  system  at  any  point  are  the 
normals  to  the  three  quadrics  which  pass  through  the  point  and  belong  to  a certain 
confocal  system. 

If  (l,  m,  n,  X,  [l,  v ) be  the  six  coordinates  of  a principal  axis  and  the  associated 
Cartesian  system  be  the  principal  axes  at  the  centre  of  gravity,  then  shew  that 

Al\  + Bmfi  + Cnv=0, 

and  therefore  all  principal  axes  of  a given  system  belong  to  a quadratic  complex. 

(Coll.  Exam.) 

14.  A smoothly  jointed  framework  is  in  the  form  of  a parallelogram  formed  by 

attaching  the  ends  of  a pair  of  rods  of  mass  m and  length  2 a to  those  of  a pair  of  rods  of 
mass  m'  and  length  2b.  Masses  M are  attached  to  each  of  the  four  corners.  Express  the 
angular  momentum  of  the  system  about  the  origin  of  coordinates,  in  terms  of  the 
coordinates  ( x , y)  of  the  centre  of  gravity  and  the  angles  6 and  <£  between  the  two  pairs  of 
sides  and  the  axis  of  x.  (Coll.  Exam.) 


CHAPTER  VI. 
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65.  The  motion  of  systems  with  one  degree  of  freedom:  motion  round 
a fixed  axis , etc. 

We  now  proceed  to  apply  the  principles  which  have  been  developed  in 
the  foregoing  chapters  in  order  to  determine  the  motion  of  holonomic  systems 
of  rigid  bodies  in  those  cases  which  admit  of  solution  by  quadratures. 

It  is  natural  to  consider  first  those  systems  which  have  only  one  degree  of 
freedom.  We  have  seen  (§  42)  that  such  a system  is  immediately  soluble  by 
quadratures  when  it  possesses  an  integral  of  energy  : and  this  principle  is 
sufficient  for  the  integration  in  most  cases.  Sometimes,  however  (e.g.  when 
we  are  dealing  with  systems  in  which  one  of  the  surfaces  or  curves  of  con- 
straint is  forced  to  move  in  a given  manner),  the  problem  as  originally  formu- 
lated does  not  possess  an  integral  of  energy,  but  can  be  reduced  (e.g.  by  the 
theorem  of  § 29)  to  another  problem  for  which  the  integral  of  energy  holds ; 
when  this  reduction  has  been  performed,  the  problem  can  be  integrated  as 
before. 

The  following  examples  will  illustrate  the  application  of  these  principles, 
(i)  Motion  of  a rigid  body  round  a fixed  axis. 

Consider  the  motion  of  a single  rigid  body  which  is  free  to  turn  about  an  axis,  fixed  in 
the  body  and  in  space.  Let  I be  the  moment  of  inertia  of  the  body  about  the  axis,  so 
that  its  kinetic  energy  is  |2#2,  where  6 is  the  angle  made  by  a moveable  plane,  passing 
through  the  axis  and  fixed  in  the  body,  with  a plane  passing  through  the  axis  and 
fixed  in  space.  Let  0 be  the  moment  round  the  axis  of  all  the  external  forces  acting  on 
the  body,  so  that  QbO  is  the  work  done  by  these  forces  in  the  infinitesimal  displacement 
which  changes  0 to  0 + dO.  The  Lagrangian  equation  of  motion 

dt  \d0/  d6 

then  gives  70=0, 

which  is  a differential  equation  of  the  second  order  for  the  determination  of  0. 


w.  D. 
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If  the  forces  are  conservative,  and  V ( 6 ) denotes  the  potential  energy,  this  equation 
becomes 

, e-JJ 

ie~  de  ’ 


which  on  integration  gives  the  equation  of  energy 

$I0*+V(6)=c, 

Integrating  again,  we  have 

t = I^  I {2  (c—  V)}~^d6+ constant, 


where  c is  a constant. 


and  this  relation  between  6 and  t determines  the  motion,  the  two  constants  of  integration 
being  determined  by  the  initial  conditions. 

The  most  important  case  is  that  in  which  gravity  is  the  only  external  force,  and  the 
axis  is  horizontal.  In  this  case  let  G be  the  centre  of  gravity  of  the  body,  C the  foot  of 
the  perpendicular  drawn  from  G to  the  axis,  and  let  CG—h.  The  potential  energy  is 
— Mgh  cos  0,  where  M is  the  mass  of  the  body  and  6 is  the  angle  made  by  CG  with  the 
downward  vertical : and  the  equation  of  motion  is 


0 + 


Mgh 


sin  0 = 0. 


This  is  the  same  as  the  equation  of  motion  of  a simple  pendulum  of  length  IjMh , and 
the  motion  can  therefore  be  expressed  in  terms  of  elliptic  functions  as  in  § 44,  the  solution 
being  of  the  form 

sin  - =£sn  ~ *o)> 

in  the  oscillatory  case,  and  of  the  form 


in  the  circulating  case.  The  quantity  IjMh  is  called  the  length  of  the  equivalent  simple 
pendulum. 


If  0 be  a point  on  the  line  CG  such  that  OC—I/Mh,  the  points  0 and  C are  called 
respectively  the  centre  of  oscillation  and  the  centre  of  suspension.  A curious  result  in  this, 
connexion  is  that  the  centre  of  oscillation  and  the  centre  of  suspension  are  convertible , 
i.e.  if  0 is  the  centre  of  oscillation  when  C is  the  centre  of  suspension,  then  C will  be  the 
centre  of  oscillation  when  0 is  the  centre  of  suspension.  To  prove  this  result,  we 
have  by  § 59 

Moment  of  inertia  of  the  body  about  0= Moment  of  inertia  about  G+M.  GO 2 

=I-M.CG2  + M.  GO2, 

and  therefore  we  have 


Moment  of  inertia  of  body  about  0 _ I — Mh2  + M (// Mh  - A)2 
Distance  of  centre  of  gravity  from  0 IjMh-h 

— Mh + M {I I Mh  — h) 

=I/h. 

If  therefore  the  body  were  suspended  from  0,  the  equation  of  motion  would  still  be 

S+Mt  sin  0=0, 

which  establishes  the  result.  It  is  evident  that  the  period  of  an  oscillation  would  be  the. 
same  about  either  of  the  points  C and  0. 
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(ii)  Motion  of  a rod  on  which  an  insect  is  crawling. 

We  shall  next  study  the  motion  of  a straight  uniform  rod,  of  mass  m and  length  2a, 
whose  extremities  can  slide  on  the  circumference  of  a smooth  fixed  horizontal  circle  of 
radius  c;  an  insect  of  mass  equal  to  that  of  the  rod  is  supposed  to  crawl  along  the  rod 
at  a constant  rate  v relative  to  the  rod. 

Let  0 be  the  angle  made  by  the  rod  at  time  t with  some  fixed  direction,  and  let  x be 
the  distance  traversed  by  the  insect  from  the  middle  point  of  the  rod.  The  kinetic 

(2a2\  - 

c2  — g-  ) 02,  and  the  kinetic  energy  of  the  insect  is  due  to  a 

component  of  velocity  {x  — (c2  — aFf  6}  along  the  rod  and  a component  of  velocity  x0 
perpendicular  to  the  rod,  so  the  total  kinetic  energy  of  the  system  is 

T=\m  (&-  d2  + \vn  {x  - (c2  — afS }2  + \mx202 ; 

there  is  no  potential  energy. 

Since  x=vt,  ( t being  measured  from  the  epoch  when  x is  zero),  we  have 
T=\m  (c2  — 2a2/3)  02-Y\m  {v  - (c2  — afd}2  + \mv2t202. 

The  coordinate  6,  which  is  now  the  only  coordinate,  is  ignorable,  and  we  have  therefore 

constant, 

d0 

or  m (^c2  — 0 — m (c2  — af  {v  - (c2  — a2)^0)  -f  mv2t26  = constant, 

or  6 (2c2  - 1 a2  + v2t 2)  = constant. 

Integrating  this  equation,  we  have 

0 - 6 tan  ~ 1 {vt  (2c2  — \a2)  ~ *}, 

where  0O  and  k are  constants.  This  formula  determines  the  position  of  the  rod  at  any  time, 
(iii)  Motion  of  a cone  on  a perfectly  rough  inclined  plane. 

Consider  now  the  motion  of  a homogeneous  solid  right  circular  cone,  of  mass  M and 
semi-vertical  angle  (3,  which  moves  on  a perfectly  rough  plane  (i.e.  a plane  on  which  only 
rolling  without  sliding  can  take  place)  inclined  at  an  angle  a to  the  horizon.  Let  l be  the 
length  of  a slant  side  of  the  cone,  and  let  0 be  the  angle  between  the  generator  which  is  in 
contact  with  the  plane  at  time  t and  the  line  of  greatest  slope  downwards  in  the  plane. 
Then  if  y be  the  angle  made  by  the  axis  of  the  cone  with  the  upward  vertical,  y is  one 
side  of  a spherical  triangle  whose  vertices  represent  respectively  the  normal  to  the  plane, 
the  upward  vertical,  and  the  axis  of  the  cone ; the  other  two  sides  are  a and  — /3),  the 
angle  included  by  these  sides  being  (7 t — 0).  We  have  therefore 

cos  x — cos  a sin  $ — sin  a cos  P cos  0 ; 

but  the  vertical  height  of  the  centre  of  gravity  of  the  cone  above  its  vertex  is  f £ cos  /3  cos  y, 
and  the  potential  energy  of  the  cone  is  Mg  x this  height ; if  therefore  we  denote  by  V the 
potential  energy  of  the  cone,  we  have  (disregarding  a constant  term) 

V=  - \Mgl  sin  a cos2  /3  cos  0. 


9—2 
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We  have  next  to  calculate  the  kinetic  energy  of  the  cone;  for  this  the  moments  of 
inertia  of  the  cone  about  its  axis  and  about  a line  through  the  vertex  perpendicular  to  the 
axis  are  required:  these  are  easily  found  (by  direct  integration,  regarding  the  cone  as 
composed  of  discs  perpendicular  to  its  axis)  to  be  --fa  MV1  sin2./3  and  f MV2,  (cos2/3-+-jsin2/3) 
respectively,  and  so  the  moment  of  inertia  about  a generator  is,  by  the  theorem  of  § 60 
(since  the  direction-cosines  of  the  generator  can  be  taken  to  be  sin  /3,  0,  cos  0,  with  respect 
to  rectangular  axes  at  the  vertex,  of  which  the  axis  of  z is  the  axis  of  the  cone), 

f Ml2  (cos2  /3  + 1 sin2  /3)  sin2  /3  + fa  Ml 2 sin2  0 cos2  /3, 

/Or  | Ml 2 sin2  /3  (cos2  /3 + \). 

Now  all  points  of  that  generator  which  is  in  contact  with  the  plane  are  instantaneously 
at  rest,  since  the  motion  is  one  of  pure  rolling,  and  therefore  this  generator  is  the 
instantaneous  axis  of  rotation  of  the  cone.  If  a>  denotes  the  angular  velocity  of  the  cone 
about  this  generator,  the  kinetic  energy  of  the  cone  is  therefore  (§  63,  Corollary) 

§ Ml2  sin2  /3  (cos2  /3  + })  co2. 

But  (§  15)  we  have 

to  = 6 cot  /3, 


and  substituting  this  value  for  oo,  we  have  finally  for  the  kinetic  energy  T of  the  cone 
the  value 

T=  § Ml 2 cos2  / 3 (cos2  /3  4-  i)  02. 

The  Lagrangian  equation  of  motion 


d 

(ZT\ 

dT 

d V 

dt 

\ 00/ 

S0  ~ 

00 

becomes  therefore  in  this  case 

f J/Z2cos2/3(cos2/3+^)  6+%Mgl  sin  a cos2  /3  sin  0=0, 


or 


q sin  a . „ ^ 

0 + 7 . ,v  — -x  sin  0=0. 


I (cos2  /3-f-^) 

This  is  the  same  as  the  equation  of  motion  of  a simple  pendulum  of  length 

l cosec  a (cos2  (3 +^) ; 


the  integration  can  therefore  be  effected  in  terms  of  elliptic  functions,  as  in  § 44. 

(iv)  Motion  of  a rod  on  a rotating  frame. 

Consider  next  the  motion  of  a heavy  unifortn  rod,  whose  ends  are  constrained  to  move 
in  horizontal  and  vertical  grooves  respectively,  when  the  framework  containing  the  grooves 
is  made  to  rotate  with  constant  angular  velocity  to  about  the  line  of  the  vertical  groove. 

Let  2 a be  the  length  of  the  rod,  M its  mass,  and  0 its  inclination  to  the  vertical. 
By  § 29,  the  effect  of  the  rotation  may  be  allowed  for  by  adding  to  the  potential  energy 
a term 

— \ co2p  J x2  sin2  0 dx , 

where  p is  the  density  of  the  rod  and  x denotes  distance  measured  from  the  end  of  the 
rod  which  is  in  the  vertical  groove ; integrating,  this  term  can  be  written 

— | M(o2a2  sin2  0. 

The  term  in  the  potential  energy  due  to  gravity  is 

— Mga  cos  0, 

and  the  total  potential  energy  V is  therefore  given  by  the  equation 

V—  — Mga  cos  0 — \Mu>2a2  sin2  0. 
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The  horizontal  and  vertical  components  of  velocity  of  the  centre  of  gravity  of  the  rod 
are  a sin  6 . 6 and  a cos  6 . B,  so  the  part  of  the  kinetic  energy  due  to  the  motion  of  the 
centre  of  gravity  is  %Ma262 ; and  since  the  moment  of  inertia  of  the  rod  about  its  centre 
is  \Ma2,  the  part  of  the  kinetic  energy  due  to  the  rotation  of  the  rod  about  its  centre 
is  \Ma262 ; we  have  therefore  for  the  total  kinetic  energy  T the  equation 

T=  \Ma2Q2. 

The  integral  of  energy  is  therefore 

§ Ma2&2  - Mga  cos  6 - \Mco2a2  sin2  6 — constant, 

or,  writing  cos  6=x, 


where  e denotes  a constant;  this  constant  must  evidently  be  positive,  since  x2  and  (1  — x2) 
are  positive.  We  shall  suppose  for  definiteness  that  <?  is  not  very  large  and  that  3g/4aco2 
is  less  than  unity,  so  that  x oscillates  between  the  values  3g/4aco2±€/a>. 


To  integrate  this  equation,  we  write* 


x=l  + 


_ 3^_  _ £ \(i  - + L) 

4aco2  ooj  V 4a&)2~  ay 


JgL  + ii 

12  64aV  12 


) 


where  £ is  a new  dependent  variable.  Substituting  this  value  for  x in  the  differential 
equation,  we  have 

^=4(|-el)(|-e2)(f-e3), 

where  the  values 


l=e2, 

correspond  respectively  to  the  values 

x=---l,  X—  y~o 1 

4 aco2  co 


i = e3 

x-  I 6 • 

4ao,2  + co  ’ 


it  is  easily  seen  that  is  zero  and  that  e1  > e2  > e3. 

We  have  therefore  £ = P (t  + y),  where  the  function  jjp  is  formed  with  the  roots  elf  e2,  e3, 
and  where  y denotes  a constant.  Since  e1>e2>e3,  and  (^+y)  lies  between  e2  and  e3  for 
real  values  of  t (since  x lies  between  3#/4ao>2  — e/co  and  3g/4aoi24-e/co),  the  imaginary  part  of 
the  constant  y must  be  the  half-period  co3 ; the  real  part  of  y can  then  be  taken  as  zero, 
since  it  depends  only  on  the  choice  of  the  origin  of  time.  We  have  therefore 


and  hence 


£=iP(t+co  3), 


cos  6 = 1 + ■ 


v . 3flf  5 O)2  3 q2  e2 

P(  + “s)  + 8a  12  64a2o,2  + 12 


this  equation  determines  6 in  terms  of  t. 


(v)  Motion  of  a disc , one  of  whose  points  is  forced  to  move  in  a given  manner. 

Consider  next  the  motion  of  a disc  of  mass  M j resting  on  a perfectly  smooth  horizontal 
plane,  when  one  of  the  points  A of  the  disc  is  constrained  to  describe  a circle  of  radius  c 
in  the  horizontal  plane,  with  uniform  angular  velocity  co. 


Cf.  Whittaker,  A Course  of  Modern  Analysis , § 185. 
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Let  G be  the  centre  of  gravity  of  the  disc,  and  let  AG  be  of  length  a.  The  acceleration 
of  the  point  A is  of  magnitude  c«2,  and  is  directed  along  the  inward  normal  to  the  circle  : 
if  therefore  we  impress  an  acceleration  co>2,  directed  along  the  outward  normal  to  the 
circle,  on  all  the  particles  of  the  body  and  suppose  that  A is  at  rest,  we  shall  obtain  the 
motion  relative  to  A.  The  resultant  force  acting  on  the  body  in  this  motion  relative  to  A 
is  therefore  J/cco2,  acting  at  G in  a direction  parallel  to  the  outward  normal  to  the  circle. 

Let  6 and  <p  be  the  angles  made  with  a fixed  direction  in  the  plane  by  the  line  AG  and 
the  outward  normal  to  the  circle  respectively ; then  the  work  done  by  this  force  in  a small 
displacement  86  is 

McuPa  sin  (<£  - 6)  86, 

and  the  kinetic  energy  of  the  body  is  \Mk262,  where  Mk2  is  the  moment  of  inertia  of  the 
body  about  the  point  A.  The  Lagrangian  equation  of  motion  is  therefore 

Mk26  — Macon 2 sin  (<£  — 6). 

But  since  <j>  = (o,  we  have  <£  = 0 ; so  if  ^ be  written  for  (6-  (f>),  we  have 

v aeon 2 . 

This  is  the  same  as  the  equation  of  motion  of  a simple  pendulum  of  length  k2glacon2 ; 
the  integration  can  therefore  be  performed  by  means  of  elliptic  functions  as  in  § 44. 

(vi)  Motion  of  a disc  rolling  on  a constrained  disc  and  linked  to  it. 

Consider  the  motion  of  two  equal  circular  discs,  of  radius  a and  mass  M,  with  edges 
perfectly  rough,  which  are  kept  in  contact  in  a vertical  plane  by  means  of  a link  (in  the 
form  of  a uniform  bar  of  mass  m)  which  joins  their  centres : the  centre  of  one  disc  is  fixed, 
and  this  disc  A is  constrained  to  rotate  with  uniform  angular  acceleration  a ; it  is  required 
to  determine  the  motion  of  the  other  disc  B and  the  link. 

Let  (f>  be  the  angle  which  the  link  makes  with  the  downward  vertical  at  time  t,  and 
let  6 be  the  angle  turned  through  at  time  t by  the  disc  A.  The  angular  velocity  of  disc  A 
is  6,  and  the  velocities  of  the  points  of  the  discs  which  are  instantaneously  in  contact  are 
therefore  each  a6.  Since  the  velocity  of  the  centre  of  the  disc  B is  2 acj>,  it  follows  that  the 
angular  velocity  of  the  disc  B about  its  centre  is  2$  — 6.  Since  the  moment  of  inertia  of 
each  disc  about  its  centre  is  \Ma2,  the  kinetic  energy  of  the  system  is 

and  6=at  + e,  where  e is  a constant. 

The  potential  energy  of  the  system  is 

V=  - (2 M+  m)  ag  cos  <jn, 
and  the  Lagrangian  equation  of  motion  is 

d (dT\  _dT=  __dV 
dt  \00/  d<i>’ 

or  ^ {(6Jf+f  m)  a2<p  - Ma26)  = - (2 if  4-  m)  ag  sin  <£. 

Since  6 = a,  this  equation  gives 

(6M+$m)  a2cf)  — Ma2a  + (2 M + m)  ag  sin  (f)=0. 

Integrating,  we  have 

(3J/+§m)  a2<j>2  — Ma2a<\>  - (2 M+m)  ag  cos  <j)  = c, 
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where  c is  a constant  depending  on  the  initial  conditions : and  as  the  variables  t and  <fr  are 
separable,  this  equation  can  again  be  integrated  by  a quadrature:  this  final  integral 
determines  the  motion. 

Example.  If  the  system  is  initially  at  rest  with  the  bar  vertically  downwards,  shew 
that  the  bar  will  reach  the  horizontal  position  if 


66.  The  motion  of  systems  with  two  degrees  of  freedom. 

In  the  dynamics  of  rigid  bodies,  as  in  the  dynamics  of  a particle,  the 
possibility  of  solving  by  quadratures  a problem  with  two  degrees  of  freedom 
generally  depends  on  the  presence  of  an  ignorable  coordinate.  The  integral 
corresponding  to  the  ignorable  coordinate  can  often  be  interpreted  physically 
as  an  integral  of  momentum  or  angular  momentum.  The  formation  and 
solution  of  the  differential  equations  is  effected  by  application  of  the 
principles  developed  in  the  preceding  chapters : this  will  be  shewn  by  the 
following  illustrative  examples. 

(i)  Rod  passing  through  ring. 

Consider*  as  a first  example,  the  motion  of  a uniform  straight  rod  which  passes  through 
a small  fixed  ring  on  a horizontal  plane,  being  able  to  slide  through  the  ring  or  turn  in  any 
way  about  it  in  the  plane. 

Let  the  distance  from  the  ring  to  the  middle  point  of  the  rod  at  time  t be  r , and  let  the 
rod  make  an  angle  8 with  a fixed  line  in  the  plane ; let  2 1 be  the  length  of  the  rod,  and  M 
its  mass. 

The  moment  of  inertia  of  the  rod  about  its  middle  point  is  \Ml2,  and  the  kinetic  energy 
is  therefore 

T=\M(r2  + r282+\l282)-, 

there  is  no  potential  energy. 

The  coordinate  8 is  ignorable,  and  the  corresponding  integral  is 

constant, 
dd 

(r2  + \l2)  8 = constant. 
r 1 + r282  + \l282 — constant. 

Dividing  the  second  of  these  integrals  by  the  square  of  the  first,  we  have 


or 

The  integral  of  energy  is 


(dry 

W I 1 . 


where  c is  a constant, 


or  8 + constant  = J {(r2  -f  J l2)  (cr2  + ^ cl2  - 1 )}  * dr 

Writing  cr2=s,  this  becomes 


8 -f constant  = J {4s  (s  + ^ cl2)  ( s + cl2  - 1 )}  * ds. 
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If  therefore  $ denotes  the  Weierstrassian  elliptic  function  with  the  roots 

ei  = &(  — l + §c^2),  e3  = i(~  1 ~ic^2)j 

dv 

which  satisfy  the  relation  e1>e2>e3  if  -j-  is  sufficiently  great  initially,  we  have 

CiO 

s=ft>(0-0o)  — el}  where  0O  is  a constant  of  integration ; 

since  s is  positive,  we  have  jjf>  (0  — 0O)  > e1  for  real  values  of  0,  and  consequently  the 
constant  0O  is  real. 

The  solution  of  the  problem  is  therefore  contained  in  the  equation 

**=P(0-0o)+i-icP. 

(ii)  One  cylinder  rolling  on  another  under  gravity. 

Let  it  now  be  required  to  determine  the  motion  of  a perfectly  rough  heavy  solid 
homogeneous  cylinder  of  mass  m and  radius  r,  which  rolls  inside  a hollow  cylinder  of  mass 
M and  radius  R , which  in  turn  is  free  to  turn  about  its  axis  (supposed  horizontal). 

Let  (j>  denote  the  angle  which  the  plane  through  the  axes  of  the  cylinders  at  time  t 
makes  with  the  downward  vertical,  and  let  0 be  the  angle  through  which  the  cylinder  of 
mass  M has  turned  since  some  fixed  epoch.  The  angular  velocities  of  the  cylinders  about 
their  axes  are  easily  seen  to  be  0 and  {(R  — r)<f>  — R0}/r  respectively;  and  the  moments  of 
inertia  of  the  cylinders  about  their  axes  are  MR 2 and  |mr2  respectively;  so  the  kinetic 
energy  T of  the  system  is  given  by  the  equation 

T=iMR*02+%mr*(^^<j>-j  0^ +\m(R-r)2  <j> 2, 

while  the  potential  energy  is  given  by  the  equation 

V=  — mg  (R  — r)  cos  <£. 


The  coordinate  0 is  clearly  ignorable ; the  integral  corresponding  to  it  is 

dT  . . 

— - - constant, 

d0 

or  MR20  - \mR  {(R  -r)<p-  R0)  — k,  where  k is  a constant. 

The  integral  of  energy  is 

T+  V—h , where  A is  a constant, 

or  \MR202  + {(R -r)<j>-  R0}2  + \m(R  — r)2(j>2 -mg  {R-r)  cos  <j)  = h. 

Eliminating  0 between  the  two  integrals,  we  obtain  the  equation 
m (3if+m)  . k2 

acaS+S) {R ~ W - «v(^ -»■)«»*-*- 

This  is  the  same  as  the  equation  of  energy  of  a simple  pendulum  of  length 

3 M+m 

2 M+  m ^ ’ 

the  solution  can  be  effected  by  means  of  elliptic  functions  as  in  § 44. 


(iii)  Rod  moving  in  a free  circular  frame. 

We  shall  next  consider  the  motion  of  a rod,  whose  ends  can  slide  freely  on  a smooth 
vertical  circular  ring,  the  ring  being  free  to  turn  about  its  vertical  diameter,  which  is  fixed. 
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Let  m be  the  mass  of  the  rod  and  2 a its  length ; let  M be  the  mass  of  the  ring  and  r 
its  radius : let  0 be  the  inclination  of  the  rod  to  the  horizontal,  and  $ the  azimuth  of  the 
ring  referred  to  some  fixed  vertical  plane,  at  any  time  t. 

The  moment  of  inertia  of  the  rod  about  an  axis  through  the  centre  of  the  ring 
perpendicular  to  its  plane  is  m(r2  — fa2),  and  the  moment  of  inertia  of  the  rod  about  the 
vertical  diameter  of  the  ring  is  m{(r2  — a2)  sin2  0 + ^a2  cos2  0}.  The  kinetic  energy  of  the 
system  is  therefore 

T—\m  (r2  — -fa2)  02+ ^Mr2fy2 -\-\m$2  (r2  sin2  0 — a2  sin2  0 + \a2  cos2  0). 


The  potential  energy  is 

V—  — mg  (r2  — a2)^  cos  0. 

The  coordinate  <p  is  evidently  ignorable ; the  corresponding  integral  is 

constant, 

d<f> 

or  ^ Mr2$  + m<j>  (r2  sin2  0 — a2  sin2  0 + J a2  cos2  0)=1c, 

where  k is  a constant.  Substituting  the  value  of  found  from  this  equation  in  the 
integral  of  energy 

T+  V=h, 

we  have 

, Z.2 

£m(r2-fa2)  02=h  + mg  (r2 - a2f  cos  0 - \ l . 1 ^ • 

^ J z \Mr2  + m (r2  sin2  0 — a2  sin2  0 + \a2  cos2  0) 

In  this  equation  the  variables  0 and  t are  separable;  a further  integration  will 
therefore  give  0 in  terms  of  £,  and  so  furnish  the  solution  of  the  problem. 


(iv)  Hoop  and  ring. 

We  shall  next  discuss  the  motion  of  a system  consisting  of  a uniform  smooth  circular 
hoop  of  radius  a,  which  lies  in  a smooth  horizontal  plane,  and  is  so  constrained  that  it  can 
only  move  by  rolling  on  a fixed  straight  line  in  that  plane,  while  a small  ring  whose  mass 
is  1/A  that  of  the  hoop  slides  on  it.  The  hoop  is  initially  at  rest,  and  the  ring  is  projected 
from  the  point  furthest  from  the  fixed  line  with  velocity  v. 

Let  cf)  denote  the  angle  turned  through  by  the  hoop  after  a time  t from  the  commence- 
ment of  the  motion,  and  suppose  that  the  diameter  of  the  hoop  which  passes  through  the' 
ring  has  then  turned  through  an  angle  \js.  Taking  the  ring  to  be  of  unit  mass,  so  that  the 
mass  of  the  hoop  is  A,  the  moment  of  inertia  of  the  hoop  about  its  centre  is  A a2,  and  this 
centre  moves  with  velocity  a<f>,  while  the  velocity  of  the  ring  is  compounded  of  components 
a<j>  and  ayjs,  whose  directions  are  inclined  to  each  other  at  an  angle  \fr.  The  kinetic  energy 
of  the  system  is  therefore 

T=^\a2<j>2  + tt A a2(j>2  + \ ( a2<j> 2 + a2\js2  -i  2 a2<j>\jr  cos 
= ^ (2A  + 1 ) a2(j>2  + \ a2\j/2  + a2(pyjr  cos  \fr, 
and  the  potential  energy  is  zero. 


The  coordinate  <fi  is  evidently  ignorable,  and  the  corresponding  integral  is 

dT  . . 

— r = constant, 

0<J) 

(2A  + 1)  a2(j>  + a2\jr  cos  \fs  = the  initial  value  of  this  expression 


or 
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Integrating  this  equation,  we  have 

vt 

(2X  + 1)  (f)  + sin  \fs =the  initial  value  of  this  expression 

= 0, 

This  equation  determines  <£  in  terms  of  \fs. 


The  equation  of  energy  is 

7T=its  initial  value  = %v2, 

and  substituting  for  <j>  its  value  (via  — cos  y/s.  \js)/(2\  + 1)  in  this  equation,  we  have 

a2  (2X  + sin2^)  yj, 2=2\v2, 

so  t= — %=.  (2X  + sin2  \Js)*  d\U. 

vV2x;o' 

Writing  sin  yfr—Xy  this  becomes 

rX 

t=  ——  / (2 \+x2f(\-x2)~*dx. 
v\Z2\Jo 

In  order  to  evaluate  this  integral,  we  introduce  an  auxiliary  variable  u , defined  by  the 
equation 

u= JX(2\+ x2)~h  ( 1 - x2)~h  dx. 

Write  x2=2\/£,  where  £ is  a new  variable  ; the  last  integral  becomes 


which  is  equivalent  to 

where  the  function  p (u)  is  formed  with  the  roots 

e1=i(l+4X),  e2=i(l-2X),  «,=  -§(l+X); 

these  roots  are  real  and  satisfy  the  inequality  > e2  > e3 , so  P(u)  is  real  and  greater  than 
e1  for  real  values  of  u. 


Now  we  have 


or 


dt= — (2X  +x2f  (1  - oc2)-*  dx , 
v \/2X 

a/2 \vdt 


= |2X  } du. 

1 P (u)  — e2) 


Integrating,  we  have 

— j1-  = i ( 1 + 4X)  u + C (u)  + 


P'(«) 


« ^(^)-i(l-2X)5 

where  £ (u)  denotes  the  Weierstrassian  Zeta-function. 

Thus  finally  the  coordinate  \Js  and  the  time  t are  expressed  in  terms  of  an  auxiliary 
variable  u by  the  equations 

2X 


verti 


sin2  = 
\/2  Xvt 


P(u)-i(i-2\y 


^=J(l+4X)«  + f(M)  + i^(a)^“)_2x) 
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67.  Initial  motions. 

We  have  already  explained  in  § 32  the  general  principles  used  in  finding 
the  initial  character  of  the  motion  of  a system  which  starts  from  rest  at 
a given  time.  The  following  examples  will  serve  to  illustrate  the  procedure 
for  systems  of  rigid  bodies. 

(i)  A particle  hangs  by  a string  of  length  b from  a point  in  the  circumference  of  a disc 
of  twice  its  mass  and  of  radius  a.  The  disc  can  turn  about  its  axis , which  is  horizontal , and 
the  diameter  through  the  point  of  attachment  of  the  string  is  initially  horizontal.  To  fi/nd  the 
initial  path  of  the  particle. 

Let  0 denote  the  angle  through  which  the  disc  has  turned,  and  cp  the  inclination  of  the 
string  to  the  vertical,  at  time  t from  the  beginning  of  the  motion : let  m be  the  mass  of  the 
particle.  The  horizontal  and  (downward)  vertical  coordinates  of  the  particle  with  respect 
to  the  centre  of  the  disc  are 

a cos  0+b  sin  cp  and  a sin  0 + b cos  cp, 
so  the  square  of  the  particle’s  velocity  is 

a202  + £2^2  _ 2 ab  sin  (0  -f  <p)  0<p, 
and  the  kinetic  energy  of  the  system  is 

T= ma202 + mb2<p2  — mab  sin  (0 + <p)  0<p, 
while  the  potential  energy  is 

V—  — mg  {a  sin  0+b  cos  0). 

The  Lagrangian  equations  of  motion  are 


[d  1 

/srx 

dT 

0 V 

1 dt 

\00/ 

be 

be * 

d 

,dT\ 

dT  _ 

0 V 

1 dt  1 

\d<pJ 

dcp 

dcp ’ 

(2 a20  — ab  cos  (0  + < p ) <£2 — ga  cos  0 — ab  sin  (0  + cp)  <p  = 0, 

\ b2(j>  — ab  cos  ( 0-\-<p ) 02+gb  sin  (p  — ab  sin  ( 0+<p ) 0=0. 

Initially  the  quantities  0,  <p,  0,  <j>,  are  all  zero : these  equations  therefore  give  initially 
0=gj2a  and  cp  = 0,  so  the  expansion  of  0 begins  with  a term  gt2jA.a  and  that  of  cp  with  a 
term  higher  than  the  square  of  t.  Assuming 


4 a ’ 

cp  = Ct3+Dt*+Et5+Ft6+..., 

substituting  in  the  above  differential  equations,  and  equating  powers  of  t,  we  can  evaluate 
the  coefficients  A,  B,  (7,  ... ; we  thus  find 


0=yf+O. 

4 a 

A>  = .9%  g8?- 

v 32  ab  1920 ab2 


+ .... 


Now  if  x and  y are  the  coordinates  of  the  particle  referred  to  horizontal  and  (downward) 
vertical  axes  through  its  initial  position,  we  have 

x=a{\  — cos0)  — b sin  (p=^a02-bcp=  ab  ’ aPProx^mat'e^ 
y = a sin  0 + b (cos  cp  - 1 ) = a0 =^—  , approximately. 


and 
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Eliminating  t between  these  equations,  we  have 

y*  — 30  abx, 

and  this  is  the  required  approximate  equation  of  the  path  of  the  particle  in  the 
neighbourhood  of  its  initial  position. 

(ii)  A ring  of  mass  m can  slide  freely  on  a uniform  rod  of  mass  M and  length  2 a,  which 
can  turn  about  one  end . Initially  the  rod  is  horizontal , with  the  ring  at  a distance  r0  from 
the  fixed  end.  To  find  the  initial  curvature  of  the  path  of  the  ring  in  space. 

Let  (r,  6)  denote  the  polar  coordinates  of  the  ring  at  time  t,  referred  to  the  fixed  end  of 
the  rod  and  a horizontal  initial  line,  6 being  measured  downwards  from  the  initial  line. 
For  the  kinetic  and  potential  energies  we  have 

T=\m(r2  + r262)  + \M  .f-B2, 

V—  — mrg  sin  6 — Mag  sin  6. 

The  Lagrangian  equations  of  motion  are 


fd 

(dT\ 

dT 

dV 

dt{ 

fr) 

dr 

dr  ’ 

d 

fdT\ 

dT 

dV 

dt 1 

d6  ~ 

do ’ 

or 


r — rO'2  - g sin  6 — 0, 

| Ma2  6 + mr2  6 + 2 mrrd  — Mg  a cos  6 — mgr  cos  6=0. 

Since  r,  6,  and  6 are  initially  zero,  we  can  assume  expansions  of  the  form 

r=r0+a2£2+a3£3+a4  £4  + ... 

6 = b2t2  Ab3t^  A"  • - • > 

substituting  these  expansions  in  the  differential  equations,  and  equating  coefficients  of 
powers  of  t,  we  find 

a2  = 0,  a3= 0,  ai = ^ b2  ( g + 4 b2r0), 

3g(Ma  + mr0) 

2 2 ( 4 Ma2  4-  3mr02)  * 

The  coordinates  of  the  particle,  referred  to  horizontal  and  vertical  axes  at  its  initial 
position,  are 

x=r  cos  6 — /*0  and  y=r  sin  6, 
or  approximate]  y x = (ai  — \ r0  b22)  ft , y = r0  b2 12. 

The  curvature  of  the  path  is  given  by  the  equation 

2 a.  1 


i-Tt  ??- 
— ■k'5,  ,2  U 2r  2 

‘ uo  r a 


p y u2  1 o 
and  on  substituting  the  above  values  of  b2  and  a4,  we  have 

1 _ Ma  (4 a — 3 r0) 
p ~~  9 r02  (Ma  + mr0)  * 

This  is  the  required  initial  curvature  of  the  path  of  the  ring. 

Example.  Two  uniform  rods  AJB,  BC , of  masses  mx  and  m2,  and  lengths  a and  b 
respectively,  are  freely  hinged  at  B , and  can  turn  round  the  point  A,  which  is  fixed. 
Initially,  AB  is  horizontal  and  BC  vertical.  Shew  that,  if  C be  released,  the  equation  of 
the  initial  path  of  the  point  of  trisection  of  BC  nearer  to  C can  be  put  in  the  form 

y*  = 60  ( 1 + 2 mfim^)  abx. 

(Camb.  Math.  Tripos,  Part  1, 1896.) 
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68.  The  motion  of  systems  with  three  degrees  of  freedom. 

The  possibility  of  solving  by  quadratures  the  motion  of  a system  of  rigid 
bodies  which  has  three  degrees  of  freedom  depends  generally  (as  in  the  case 
of  systems  with  two  degrees  of  freedom)  either  on  the  occurrence  of  ignorable 
coordinates,  giving  rise  to  integrals  of  momentum  and  angular  momentum,  or 
on  a break-up  of  the  kinetic  potential  into  a sum  of  parts  which  depend  on 
the  coordinates  separately.  The  following  examples  illustrate  the  procedure. 


(i)  Motion  of  a rod  in  a given  field  of  force. 

Consider  the  motion  of  a uniform  rod,  of  mass  m and  length  2a,  which  is  free  to  move 
on  a smooth  table,  when  each  element  of  the  rod  is  attracted  to  a fixed  line  of  the  table 
with  a force  proportional  to  its  mass  and  its  distance  from  the  line. 

Let  ( x , y ) be  the  coordinates  of  the  middle  point  of  the  rod,  and  6 its  inclination  to  the 
fixed  line.  The  kinetic  energy  is 

T=  ^ m (x2 + y2 + J a262), 

and  the  potential  energy  is 

mix,  f a 

(y  + ^sin  6)2  dr,  where  g is  a constant, 

or  V—ixm  (\y2+\a2smi  6). 

The  Lagrangian  equations  of  motion  are  therefore 

( x=0, 

J y=  - ny, 

{(26)+ ix  sin  26=0. 

The  first  two  equations  give 

(x=ct  + d, 

(y=/sin  (/A+*), 

where  c,  d,  f e,  are  constants  of  integration ; the  centre  of  the  rod  therefore  describes  a 
sine  curve  in  the  plane.  The  equation  for  6 is  of  the  pendulum  type,  and  can  be 
integrated  as  in  § 44. 


(ii)  Motion  of  a rod  and  cylinder  on  a plane. 

We  shall  next  discuss  the  motion  of  a system  consisting  of  a smooth  solid  homogeneous 
circular  cylinder,  of  mass  M and  radius  c,  which  is  moveable  on  a smooth  horizontal  plane, 
and  a heavy  straight  rail  of  mass  m and  length  2a,  placed  with  its  length  in  contact  with 
the  cylinder,  in  a vertical  plane  perpendicular  to  the  axis  of  the  cylinder  and  passing 
through  the  centre  of  gravity  of  the  cylinder,  and  with  one  extremity  on  the  plane. 

Let  6 be  the  inclination  of  the  rail  to  the  vertical,  and  x the  distance  traversed  on  the 
plane  by  the  line  of  contact  of  the  cylinder  and  plane,  at  any  time  t.  The  coordinates  of 
the  centre  of  the  rod  referred  to  horizontal  and  vertical  axes,  the  origin  being  the  initial 
point  of  contact  of  the  cylinder  and  plane,  are  easily  seen  to  be 


X — c cot 


(H) 


+ a sin  6 and  a cos  6. 


Let  (fx  be  the  angle  through  which  the  cylinder  has  turned  at  time  t.  The  kinetic 
energy  of  the  system  is 


T=  \ma262 + — \c  cosec2  ^ - 0 . d + a cos  6 . 0 j +\ma2  sin2  6. 02+ \Mx2  + \Mc2$2. 
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The  potential  energy  is  given  by  the  equation 

V=mga  cos  6. 

The  coordinates  x and  <p  are  evidently  ignorable  ; the  corresponding  integrals  are 

dT 

5-r  = constant 
ox 

(which  may  be  interpreted  as  the  integral  of  momentum  of  the  system  parallel  to  the  axis 
of  x)  and 

dT  . , 

— = constant 

d<p 

(which  may  be  interpreted  as  the  integral  of  angular  momentum  of  the  cylinder  about  its 
axis).  These  integrals  can  be  written 


— \c  cosec2  ( J “ 0 • & + a cos  6 . 0 j + Mx  = constant, 

= constant. 


Substituting  for  x and  <$>  the  values  obtained  from  these  equations  in  the  integral  of 
energy 

T+  V=  constant, 

we  have  the  equation 

M ( 
m + M { 


[w 


4-  a2  sin2  6 + 


cos  6-  \c  cosec2 


(!-!)}> 


d-  %ga  cos  6, 


where  d is  a constant.  This  equation  is  again  integrable,  since  the  variables  t and  6 are 
separable ; in  its  integrated  form  it  gives  the  expression  of  6 in  terms  of  t : the  two 
integrals  found  above  then  give  x and  <£  in  terms  of  t. 


69.  Motion  of  a body  about  a fixed  point  under  no  forces. 

One  of  the  most  important  problems  in  the  dynamics  of  systems  with 
three  degrees  of  freedom  is  that  of  determining  the  motion  of  a rigid  body, 
one  of  whose  points  0 is  fixed,  when  no  external  forces  are  supposed  to  act. 
This  problem  is  realised  (§  64)  in  the  motion  of  a rigid  body  relative  to  its 
centre  of  gravity,  under  the  action  of  any  forces  whose  resultant  passes 
through  the  centre  of  gravity. 

In  this  system  the  angular  momentum  of  the  body  about  every  line  which 
passes  through  the  fixed  point  and  is  fixed  in  space  is  constant  (§  40),  and 
consequently  the  line  through  the  fixed  point  for  which  this  angular  momen- 
tum has  its  greatest  value  is  fixed  in  space.  Let  this  line,  which  is  called  the 
invariable  line,  be  taken  as  axis  OZ,  and  let  OX  and  OF  be  two  other  axes 
through  the  fixed  point  which  are  perpendicular  to  OZ  and  to  each  other. 
The  angular  momenta  about  the  axes  OX  and  OF  are  zero,  for  if  this  were 
not  the  case  the  resultant  of  the  angular  momenta  about  OX,  OF,  OZ,  would 
give  a line  about  which  the  angular  momentum  would  be  greater  than  the 
angular  momentum  about  OZ,  which  is  contrary  to  hypothesis.  It  follows 
(§  39)  that  the  angular  momentum  about  any  line  through  0 making  an 
angle  6 with  OZ  is  d cos  6,  where  d denotes  the  angular  momentum  about  OZ. 
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The  position  of  the  body  at  any  time  t is  sufficiently  specified  by  the 
knowledge  of  the  positions  at  that  time  of  its  three  principal  axes  of  inertia 
at  the  fixed  point:  let  these  lines  be  taken  as  moving  axes  Oxyz\  let  ( 0 , c p,  ty) 
denote  the  three  Eulerian  angles  which  specify  the  position  of  the  axes  Oxyz 
with  reference  to  the  axes  OXYZ , let  (A,  B , G ) be  the  principal  moments  of 
inertia  of  the  body  at  0,  supposed  arranged  in  descending  order  of  magnitude, 
and  let  (o>x , co2 , co3)  be  the  three  components  of  angular  velocity  of  the  system 
about  the  axes  Ox,  Oy,  Oz,  respectively,  so  that  (§§  10,  62) 


or  (§  16) 


Acox  — — d sin  0 cos  ylr, 

- Bco2  = d sin  0 sin  -v/r, 

. G co3  = d cos  6, 

0 sin-i/r  — (j)  sin  6 cos  yfr  — — ^ sin  6 cos  yjr, 
< 6 cos  yfr  + (j)  sin  6 sin  yjr  = sin  0 sin  yjr , 
yjr+(j)  cos  6 = ^ cos  6. 


These  are  really  three  integrals  of  the  differential  equations  of  motion  of 
the  system  (only  one  arbitrary  constant  however  occurs,  namely  d,  our  special 
set  of  axes  being  such  as  to  make  the  other  two  constants  of  integration 
zero);  we  can  therefore  take  these  instead  of  the  usual  Lagrangian  differ- 
ential equations  of  motion  in  order  to  determine  6,  (/>,  yjr. 

Solving  for  6,  c p,  yjr,  we  have 


^ (A-B)d 
8 AB- 


sin  6 cos  yfr  sin 


, , d „ , d . „ , 
\<p  =- j cos2  yfr  + sm2 
A B 


yjr  = - ~ cos2  — sin2  ^ c°s  0. 


The  integral  of  energy  (which  is  a consequence  of  these  three  equations) 
can  be  written  down  at  once  by  use  of  § 63 ; it  is 

A co^  + Bco2  + Cco3  — c, 


where  c is  a constant:  replacing  co1}  cd2,  co3  by  their  values  in  terms  of  6 and  yjr, 
this  equation  can  be  written  in  either  of  the  forms 


A-B 

AB 

A-B 

AB 


sin2  0 cos2  yjr  = — 


sin2  0 sin2  'yjr  = 


Bc-d 2 
Bd 2 + 

Ac  — d2 
Ad2  ~ 


B-G 

BG 

A-G 

AG 


cos2  0, 
cos2  0. 


or 
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Since  A > B > G,  the  quantity  (cA  — d2)  or  B (A  — B)  &>22  + G (A  - G)  co32  is 
positive,  and  ( cG  — d2)  is  negative : the  quantity  (Be  — d2)  may  be  either 
positive  or  negative : for  definiteness  we  shall  suppose  it  to  be  positive. 


The  first  of  the  three  differential  equations  can,  by  use  of  the  last  equa- 
tions, be  written 


d_ 

dt 


(cos  6)  — — d . 


Be  — d2 
Bd2 


B-G 
+ BO 


COSJ 


Ae-d2 

Ad2 


A-G 

AG 


cos2  6 


This  equation  shews  that  cos  6 is  a Jacobian  elliptic  function  of  a linear 
function  of  t ; and  the  two  preceding  equations  shew  that  sin  6 cos  ^ and 
sin  0sin  \jr  are  the  other  two  Jacobian  functions. 

We  therefore  write 


sin  6 cos  — P cn  u,  sin  6 sin  = Q sn  u,  cos  6 — R dn  u, 

where  P,  Q,  R , are  constants  and  u is  a linear  function  of  t,  say  Xt  + e ; the 
quantities  P,  Q,  P,  X,  and  the  modulus  k of  the  elliptic  functions,  are  then  to 
be  chosen  so  as  to  make  the  above  equations  coincide  with  the  equations* 

k2  cn2  u = — k'2  + dn2  u, 
k2  sn2  u = 1 — dn2  u, 

- 

^-dn  u = — k2snu  cn  u. 
du 

The  comparison  gives 

m_A(d*-cC)  n,,  _ B(d--cG)  t>,  _ 0(cA  — dr) 

r ~ d?(A-C)’  v <P (B—O)’  M ~ d? (A  — G)  ’ 

1_,_(A-B){d?-cC)  ,2_(B-G)(cA-d °) 

(. B-C)(Ac-d*)’  ABG 

Thus  finally  the  values  of  the  Eulerian  angles  0 and  yjr  at  time  t are  given 
by  the  equations 

'sin  0 cos  yjr  — P cn(Xt  + e), 

- sin  0 sin  yjr  = Q sn  (Xt  + e), 

„ cos  0 = R dn  (Xt  + e), 

where  the  constants  P,  Q,  R,  X,  k,  have  the  above  values,  and  e is  an  arbitrary 
constant.  The  equation  for  k2  shews  that  k is  real,  and  the  equation 

(A  - G)  (Be  — d?) 

(. B-G){Ac-d 2) 

shews  that  1 — k 2 is  positive,  i.e.  that  k<  1.  The  quantities  P,  Q,  R , X,  are 
also  evidently  real  from  the  above  definitions. 


\ 


* Whittaker,  A Course  of  Modern  Analysis,  §§  190,  191. 
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When  d2=cB , we  have  k2  — \,  and  the  elliptic  functions  degenerate  into  hyperbolic 
functions ; this  is  illustrated  by  the  following  examples. 

. Example  1.  A rigid  body  is  moving  about  a fixed  point  under  no  forces:  shew  that  if 
{in  the  notation  used  above)  d2  = Be,  and  if  o>2  is  zero  when  t is  zero,  oo1  and  o>3  being  initially 
positive,  then  the  direction-cosines  of  the  B-axis  at  time  t,  referred  to  the  initial  directions  of 
the  principal  axes,  are 


where 


a tanh  x~y  sin  M sech  X>  cos  /*  sech  X>  7 tanh  X +a  s^n  /*  sech  X? 

dt  dt  \{A-B){B-C)}i  _{A{B-C)\h  \C{A-B)\i 

B’  X~B  \ AC  J ’ ° \B(A-C))  ’ 

(Camb.  Math.  Tripos,  Part  I,  1899.) 


To  obtain  this  result,  we  observe  that  when  Bc  = d 2,  the  differential  equation  for  the 
coordinate  6 becomes 
dL 
dt 

the  integral  of  which  is 


, ^ ,/B-C\i  lAc-d2  9A  A-C\h 

(sec e)  = d{-Sir) 


cos  6—y  sech 

where  y and  y are  the  quantities  above  defined.  The  equation 


then  gives 
and  the  equation 


A-B  . . Ac-d2  A-C  2 

~AB  Sln  6 Sin  -AdT.  - ~AC  008  6 

sin  6 sin  \]s  = tanh 

<t>= -j  cos2  ^ ^ sin2  ^ 


sives 


sin  {(f)  — g)  = — y sin  \fr. 

These  equations  shew  that  the  direction-cosines  of  the  J3-axis  referred  to  the  axes 
OXYZ,  which  (§10)  are 

— cos  (f>  cos  6 sin  \fs  — sin  (f>  cos  \J/,  — sin  (f>  cos  6 sin  ^ -f-  cos  cf>  cos  \fs,  sin  6 sin  \j/, 

can  be  written 

— sin  g sech  x , cos  g sech  tanh  x • 

But  if  co10,  o)20j  «30,  denote  the  initial  directions  of  the  principal  axes,  since 
A V + G2(o2  = d2=Bc=B{Aco2+  Cco32), 

so  that  Aw^ad  and  Ca>3=yd,  we  see  that  the  direction -cosines  of  co10,  <o20,  <»30,  referred  to 
OX  YZ,  are  given  by  the  scheme 


X 

Y 

"10 

y 

0 

a 

"20 

0 

1 

0 

"30 

— a 

0 

y 

and  hence  the  direction-cosines  of  the  2?-axis,  referred  to  <b10,  g>20,  a)30,  are 
- y sin  g sech  x + c^tanh  x,  cos  g sech  x,  a sin  g sech  x + y tanh 


W.  D. 


10 
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Example  2.  When  d2=cB,  shew  that  the  axis  Oy  describes,  on  a sphere  with  the 
fixed  point  as  centre,  a rhumb  line  with  respect  to  the  meridians  passing  through  the 
invariable  line.  (Coll.  Exam.) 

We  now  require  the  expression  of  the  third  Eulerian  angle  <p  in  terms  of 
the  time : for  this  and  many  other  purposes  the  above  expressions  for  6 and 
y/r  in  terms  of  Jacobian  elliptic  functions  can  advantageously  be  replaced  by 
'expressions  in  terms  of  the  Weierstrassian  functions.  It  is  known*  that 

/ 


sn2  JO,  - efzj  = 
cn2 

dn2  {(ex  - efz] 


p (*)  - ex 
p (*)“*•’ 

P ( Z ) ~ g2 

P (z)  ~ es 

where  the  Jacobian  functions  are  formed  with  the  modulus  k~{e2-  es)^(e1— e3)~*, 
and  the  Weierstrassian  function  is  formed  with  the  roots  elf  e2,  es.  Let  us 
therefore  determine  quantities  ely  e2,  e3,  from  the  equations 


e\  ■+■  ^2  "h  e3  — 0, 
these  equations  give 


ei~e3  = X2, 


ei-et 


= k2 ; 


e,  = 


e9  = 


(. B - C ) ( cA  - d2)  -(G-A)  ( cB  - d2) 

3 ABC 

(G  - A)  ( cB  - d2)  - (. A-B ) (cG  - d2) 

3ABG 

(. A - B)  (< cG  - d2)  - (. B-C ) (cA  - d2) 

3 ABC 

The  preceding  equations  shew  that  (e1  — e3 ) and  (ea  — e3)  are  positive  ; 
while  the  equation 

(A-G)(Bc-d2) 
ei  e*~  ABC 

shews  that  ex  — e2  is  also  positive  : the  three  real  quantities  ex,  e2,  es,  therefore 
satisfy  the  inequality  ex  > e2>  e3. 

With  these  values  of  eu  e2,  e3)  and  choosing  the  origin  of  time  so  as  to 
omit  the  constant  additive  to  t,  we  have  therefore 

A (d2  — cG)  $ ( t ) — ex 
d2  (A  - G)  Q(t)-e8 

B(d2-cC)  ex-e3 


^sin 2 6 cos 2\Jr  = 


sin2#  sin 2yjr  — 


d2(B-C)  p(t)-e3’ 


cos*0  - GjcAj-^)  p(t)-e, 
d?(A-C)  p (f ) — e3 ’ 

* Whittaker,  A Course  of  Modern  Analysis,  § 202. 
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These  equations  can  be  expressed  in  a more  symmetrical  form  by  intro- 
ducing a new  constant.  We  have  (from  the  definitions  of  elt  e2,  e3) 


(A  — G)  (cA  — d2)  ( A-B)(A-C)cC 2 

6l  • . A2G  ~e 2 A'BG 


2 „ ( A-B)(cA-d 2) 

e3 


A2B 


let  l be  a new  constant  such  that  each  of  these  expressions  is  equal  to  p (l) ; 
then  it  is  readily  seen  that  the  above  equations  take  the  form 


sin2#  cos 2yjr  = 
sin2#  sin2 yjr  = 


__  (e»  - ea)  {<p  (0  - gi} 


{<?  (0-<M  {p.(0-<%}  ’ 

{&2  ~ &$)  IP  (Q  ^l} 

{p(0-««}  {&>(<)-«*}’ 

„„„»  a _ (P  (0  ~ gs}  Iff  (0  ~ 

ip  (o -«»}{*>(<)  "-«>}■ 

These  are  the  final  expressions  for  the  Eulerian  angles  # and  ^ in  terms 
of  t and  the  constants  elt  e2,  e3,  l.  It  follows  from  the  last  equation  that  l is 
the  value  of  t corresponding  to  the  zero  value  of  #;  but  this  cannot  be 
regarded  as  a physical  interpretation,  for  # never  attains  this  value  in  the 
actual  motion,  and  l is  imaginary. 

The  third  Eulerian  angle  </>  can  now  be  found.  The  differential  equation 
for  (f>  is 

d d 

4>  — ~7  COS 2yjr  + -jz  sin 2yfr. 

A Jj 


But  from  the  above  equations,  we  have 

-e1 


cos2\jr  = 


sin2^  = — 


£ Q)  ~ e. 


and  therefore 


P(0“P(0’  £(«)-£(/)’ 

: d (A-E)d\j?(l)-e1\ 

9 A AB  {$>  (t)  — fp  (i)} 


But  we  have  - 

and  we  can  therefore  write  the  equation  for  (f>  in  the  form 

: = d_+i_  P'ffl 
9 2 p(t)-fp(iy 

Expressing  the  fraction  on  the  right-hand  side  of  this  equation  as  a sum 
of  f- functions*,  we  have 


Whittaker,  A Course  of  Modern  Analysis,  § 211. 


10—2 
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Integrating  this  equation,  we  have 

2 ....  + 

6 °~6  a (t  — l)  ’ 

where  </>0  is  a constant  of  integration.  This  equation  expresses  c ft  in  terms 
of  t : the  three  Eulerian  angles  ( 6 , </>,  yjr)  are  thus  now  all  determined  as 
functions  of  the  time. 

Example  1.  Obtain  cos^d,  sin£d,  in  terms  of  sigma-functions;  and  hence  express 
the  Klein’s  parameters  (a,  /3,  y,  5)  of  § 12  in  terms  of  t. 

Example  2.  A uniform  circular  disc  has  its  centre  0 fixed,  and  moves  under  the 
action  of  no  external  forces.  The  disc  is  given  initial  angular  velocities  about  a diameter 
coinciding  with  in  space,  and  n about  its  axis  coinciding  with  0{  in  space.  Shew  that 
at  any  subsequent  time 

*=2  ““'‘fcrhj*8111  {(a2+4w2)i-  «]> 

“= cotr  1 [(Q4i2)itan  «q2+4"2>*  ^ ■ m]  ’ 

where  x is  the  angle  between  0{  and  the  axis  of  the  disc  Oz  and  o is  the  angle  between  the 
planes  and  {Oz.  (Coll.  Exam.) 

For  let  OZ  denote  as  usual  the  invariable  line,  and  consider  the  spherical  triangle  Z{z, 
whose  vertices  are  the  intersections  of  the  lines  OZ , 0{,  Oz  respectively  with  a sphere  of 

centre  0.  In  this  spherical  triangle  we  have  Zz—0 , {Zz=cf>.  Moreover  we  have  for  the 
disc  C=2Z?  = 2A,  so 

d 2 = A2Q,2  + C2n2  = A2  (Q,2  + 4n2) 

d 


and 


= (Q2  + 4 n2f. 


The  equations  of  motion  for  0 and  cf>  therefore  become 

0 — 0,  (j)=d/A  = (&2+4n2)^, 


so 


0=Z{= cos' 


2 n 


(02+4»*)*’ 

In  the  spherical  triangle  Z{z,  we  have  therefore 
2 n 


$ = (Q2  + 4tt2)**. 


and  hence 


and 


Z{ = Zz = cos  - ! 


sin  | = sin  Z{  sin  \{Zz  = 


(a2 +4  n2f 


, {Zz={€l24r4n2ft,  Z{z=(o,  { z=x , 


cot  <»  = cos  Z{  tan  \{Zz = 


(02+4?i2) 

2/t 


(€l2  + 4n2f 


^ sin  {(&2  + 4tt2)*.  \t) 
tan  {(fl2  + 4?i2)^.  \ t), 


which  are  the  required  equations. 


70.  Poinsot’s  Jcinematical  representation  of  the  motion;  the  polhode  and 
herpolhode. 

An  elegant  method  of  representing  kinematically  the  motion  of  a body 
about  a fixed  point  under  no  forces  is  the  following,  which  is  due  to  Poinsot. 
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The  equation  of  the  momental  ellipsoid  of  the  body  at  the  fixed  point, 
referred  to  the  moving  axes  Oxyz , is 

Ax2  + By2  + Cz2  = 1. 

Consider  the  tangent-plane  to  the  ellipsoid  which  is  perpendicular  to  the 
invariable  line.  If  p denotes  the  perpendicular  on  this  tangent-plane  from 
the  origin,  we  have  (since  the  direction-cosines  ofy?  are  Acojd,  Bco2/d,  Gco^d) 

2 _ A + Bco22  + Cco.2 
^ A2  CO!2  + B2co22  + G2co2 
c 

— ^ , which  is  constant. 


Since  the  perpendicular  on  the  plane  is  constant  in  magnitude  and 
direction,  the  plane  is  fixed  in  space  : so  the  momental  ellipsoid  always 
touches  a fixed  plane. 

Moreover,  if  (x,  y',  z)  are  the  coordinates  of  the  point  of  contact  of  the 
ellipsoid  and  the  plane,  we  have  on  identifying  the  equations 

Axx  + Byy'  + Czz  = 1 and  Acoxx  + Bw2y  + Cco3z  — pd 


the  values 


/ _ ft>i,  _ (Qx 

pd  Vc  * 


/ C02  CO  y , CO 3 CO ^ 

y ~ pd  y/c’  Z — pd  \/c  ’ 


and  hence  the  radius  vector  to  the  point  (pc',  y',  z')  is  the  instantaneous  axis 
of  rotation  of  the  body.  It  follows  that  the  body  moves  as  if  it  were  rigidly 
connected  to  its  momental  ellipsoid,  and  the  latter  body  were  to  roll  about  the 
fixed  point  on  a fixed  plane  perpendicular  to  the  invariable  line , without 
sliding ; the  angular  velocity  being  proportional  to  the  radius  to  the  point  of 
contact,  so  that  the  component  of  angular  velocity  about  the  invariable  line  is 
constant. 


Example  1.  If  a body  which  is  moveable  about  a fixed  point  is  initially  at  rest  and 
then  is  acted  on  continually  by  a couple  of  constant  magnitude  and  orientation,  shew  that 
Poinsot’s  construction  still  holds  good,  but  that  the  component  angular  velocity  about  the 
invariable  line  is  no  longer  constant  but  varies  directly  as  the  time.  (Coll.  Exam.) 

For  in  any  interval  of  time  dt  the  addition  of  angular  momentum  to  the  body  is  Ndt 
about  the  fixed  axis  OZ  of  the  couple  ; so  that  the  resultant  angular  momentum  of  the 
system  at  time  t is  Nt  about  OZ.  Now  the  components  of  angular  momentum  about  the 
principal  axes  of  inertia  Oxyz  are  A<ou  Ba>2,  Coo3,  where  A,  B,  C are  the  principal  moments 
of  inertia  and  (aj,  <a2,  <o3)  are  the  components  of  angular  velocity:  hence  we  have 

Act!  = — Nt  sin  6 cos  Z?o>2 = Nt  sin  6 sin  \js,  Oa>3 = Nt  cos  0, 

where  0,  <fi,  \Js  are  the  Eulerian  angles  which  fix  the  position  of  the  axes  Oxyz  with 
reference  to  fixed  axes  OX  YZ.  But  these  equations  differ  from  those  which  occur  in  the 
motion  of  a body  under  no  forces  only  in  the  substitution  of  tdt  for  dt ; so  the  motion  will 
be  the  same  as  in  the  problem  of  motion  under  no  forces,  except  that  the  velocities  are 
multiplied  by  t ; whence  the  result  follows. 

Example  2.  In  the  motion  of  a body,  one  of  whose  points  is  fixed,  under  no  forces,  let 
a hyperboloid  be  rigidly  connected  with  the  body,  so  as  to  have  the  principal  axes  of 
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inertia  of  the  body  at  the  point  as  axes,  and  to  have  the  squares  of  its  axes  respectively 
proportional  to  d2  — Ac,  d2-Bc,  d2  — Cc,  where  A,  B , G are  the  moments  of  inertia  of  the 
body  at  the  fixed  point,  c is  twice  its  kinetic  energy,  and  d is  the  resultant  angular 
momentum.  Shew  that  the  motion  of  this  hyperboloid  can  be  represented  by  causing  it  to 
roll  without  sliding  on  a circular  cylinder,  whose  axis  passes  through  the  fixed  point  and  is 
parallel  to  the  axis  of  resultant  angular  momentum.  (Siacci.) 

The  curve  which  in  Poinsot’s  construction  is  traced  on  the  momental 
ellipsoid  by  the  point  of  contact  with  the  fixed  plane  is  called  the  polhode. 
Its  equations,  referred  to  the  principal  moments  of  inertia,  are  clearly  the 
equation  of  the  ellipsoid  together  with  the  equation  £>  = constant,  i.e.  they 
are 

Ax 2 q-  By 2 + Gz 2 = 1, 

A2x 2 + B2y 2 + G2z2  — d2/c. 

Example  1.  Shew  that  when  A=B,  the  polhode  is  a circle. 

Example  2.  Taking  A ^ B ^ 0,  shew  that  there  are  two  kinds  of  polhodes,  one  kind 
consisting  of  curves  which  surround  the  axis  Oz  of  the  momental  ellipsoid,  and  correspond 
to  cB>d2>pC , while  the  other  kind  consists  of  curves  which  surround  the  axis  Ox, 
and  correspond  to  cA>d2>cB;  and  that  the  limiting  case  between  these  two  kinds  of 
polhodes  is  a singular  polhode  which  corresponds  to  cB—d2= 0,  and  consists  of  two  ellipses 
which  pass  through  the  extremities  of  the  mean  axis. 

The  curve  which  is  traced  on  the  fixed  plane  by  the  point  of  contact  with 
the  moving  ellipsoid  is  called  the  her  polhode. 

To  find  the  equation  of  the  herpolhode,  let  p,  % be  the  polar  coordinates 
of  the  point  of  contact,  when  the  foot  of  the  perpendicular  from  the  fixed 
point  on  the  fixed  plane  is  taken  as  pole.  If  (x',  y , z)  denote  the  coordinates 
of  the  same  point  referred  to  the  moving  axes  Oxyz , we  have 

x2  + y'2  + z'2  = square  of  radius  from  point  of  suspension  to  point  of  contact 


Substituting  for  x,  y',  z',  their  values  as  given  by  the  equations 
V = coj/a/c  — — d sin  6 cos  yft/A  \/c, 

-y'  = co2/^/c=  d sin  6 sin  y\rjB\/c, 

= ©3/ V c = d cos  0/G^c, 

we  have 

P2  = “ h + sin2<?  cos2^  + Wc sin2(?  sin2^  + ck  cos2  e' 

Replacing  8 and  hy  their  values  in  terms  of  t,  this  becomes 

(«A-«P)(#-oC)  (■ B-G)(A-B)d • 

p ~ cd?A2B2C2  1°  &(t)-e3 

__  (od  — d2)  (d2  — cC)  @(t)  — p(l  + (o) 
cd2AG  ' p(t)  — e3  9 
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where  co  denotes  the  half-period  corresponding  to  the  root  e1 ; this  equation 
expresses  the  radius  vector  of  the  herpolhode  in  terms  of  the  time. 

We  have  next  to  find  the  vectorial  angle  % in  terms  of  t.  For  this  we 
observe  that  *Jcp2x/d  is  six  times  the  volume  of  the  tetrahedron  whose 
vertices  are  the  fixed  point,  the  foot  of  the  perpendicular  from  the  fixed 
point  on  the  fixed  plane,  and  two  consecutive  positions  of  the  point  of  contact, 
divided  by  the  interval  of  time  elapsed  between  these  positions,  and  that  this 
quantity  can  also  be  expressed  in  the  form 


y'> 

z' 

C r / / 
or  ~g^xy  z 

1, 

1, 

1 

A ex' Id2,  Bey' Id2, 

Gcz'/d 2 

A, 

B, 

c 

x,  y, 

z 

x/x', 

All  the  quantities  involved,  except  %,  are  known  functions  of  t : 
substituting  their  values  in  terms  of  t,  and  reducing,  we  have 


on 


X 


d 


which  can  be  written  in  the  form 


jp(0- 


(B-C)e*  + (A-B)e1 


A-C 


. d i ip'  (l  + ct>) 

X~B  + 2 p(t)-p(l  + a>)' 

This  equation  can  be  integrated  in  the  same  way  as  the  equation  for  the 
Eulerian  angle  <fi,  and  gives 

e2i(x-Xo)  = e{*idlB-*S\l+o)}t  + 

<T  (t  — L — (o)  ’ 

where  %0  is  a constant  of  integration.  The  current  coordinates  (p,  f)  of  the 
herpolhode  are  thus  expressed  as  functions  of  t. 


Example  1.  A particle  moves  in  such  a way  that  its  angular  momentum  round  the 
origin  is  a linear  function  of  the  square  of  the  radius  vector,  while  the  square  of  its 
velocity  is  a quadratic  function  of  the  square  of  the  radius  vector,  the  coefficient  of  the 
highest  power  being  negative  ; shew  that  the  path  is  the  herpolhode  of  a Poinsot  motion, 
in  which  however  A,  B,  C are  not  restricted  to  be  positive. 

Example  2.  Discuss  the  cases  in  which  the  polhode  consists  of  (a)  two  ellipses 
intersecting  on  the  mean  axis  of  the  momental  ellipsoid,  (/3)  two  parallel  circles,  (y)  two 
points  ; shewing  that  in  these  cases  the  herpolhode  becomes  respectively  a spiral  curve 
(whose  equation  can  be  expressed  in  terms  of  elementary  functions),  a circle,  or  a point. 

71.  Motion  of  a top  on  a perfectly  rough  plane ; determination  of  the 
Eulerian  angle  6. 

A top  is  defined  to  be  a material  body  which  is  symmetrical  about  an  axis 
and  terminates  in  a sharp  point  (called  the  apex  or  vertex)  at  one  end  of 
the  axis. 

We  shall  now  study  the  motion  of  a top  when  spinning  with  its  apex  0 
placed  on  a perfectly  rough  plane,  so  that  0 is  practically  a fixed  point.  The 
problem  is  essentially  that  of  determining  the  motion  of  a solid  of  revolution 
under  the  influence  of  gravity,  when  a point  on  its  axis  is  fixed  in  space. 
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Let  (A,  A,  G)  denote  the  moments  of  inertia  of  the  top  about  rectangular 
axes  Oxyz,  fixed  relative  to  the  top  and  moving  with  it,  the  origin  being  the 
apex  and  the  axis  Oz  being  the  axis  of  symmetry  of  the  top ; let  (0,  <£,  be 
the  Eulerian  angles  defining  the  position  of  these  axes  with  reference  to  fixed 
rectangular  axes  OX  YZ,  of  which  OZ  is  directed  vertically  upwards. 

The  kinetic  energy  is  (§  63) 

T = KiwjHi  o>22  + Cco3% 

where  co1)  co2,  co3  denote  the  components  relative  to  the  moving  axes  of  the 
angular  velocity  of  the  top,  so  that  (§  16)  we  have 

= 6 sin  yjr  — cj>  sin  6 cos  yjr, 

- ft>2  = 6 cos  yjr  + <p  sin  6 sin  yjr, 
co3  = yjr  + <j>  cos  ^ j 
the  kinetic  energy  is  therefore 

T = \AQ2  + iA(j>2  sin2  0 + \G  (yjr  + <£  cos  0)2, 

and  the  potential  energy  is  V — Mgh  cos  0,  where  M is  the  mass  of  the  top 
and  h is  the  distance  of  its  centre  of  gravity  from  the  apex 


The  kinetic  potential  is  therefore 

L — T — V=£A02  + %A<j>2  sin2  6 + (yjr  + 0 cos  Q)2  — Mgh  cos  6. 

The  coordinates  (j>  and  yjr  are  evidently  ignorable ; the  corresponding 
integrals  are 

= constant,  and  ~ = constant, 

d(f>  dyfr 

or  Acj>  sin2  6 + C (yjr  + <£  cos  6)  cos  6 — a, 

C (yjr  + cj)  cos  6)  = b, 

where  a and  b are  constants  : these  may  be  interpreted  as  integrals  of  angular 
momentum  about  the  axes  OZ  and  Oz,  and  so  are  obvious  a priori  from 
general  dynamical  principles. 

The  modified  kinetic  potential  (§  38)  is 
R — L — a(j>  — byjr 

i al 39  (a-&cos0)2  b2  Q 

= iA02~  ' 2A  Sin»  6 ■ - 20  " Mfjh  008 


The  term  — 62/2(7  can  be  neglected,  as  it  is  merely  a constant;  the 
equation  of  motion  is 

dR  „ 


d /dR 
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so  the  variation  of  9 is  the  same  as  in  a dynamical  system  with  one  degree 
of  freedom  for  which  the  kinetic  energy  is  \A92  and  the  potential  energy  is 


(a  — b cos  9)2 
2 A sin2  9 


4-  Mgh  cos  9. 


The  connexion  between  9 and  t is  therefore  given  by  the  integral  of 
energy  of  this  reduced  system,  namely 

where  c is  a constant. 


Writing  cos  9 = x,  this  equation  becomes 

A2x 2 = — (a  — bx)2  — 2 A Mgh  (x  — x 3)  + 2 Ac  (1  — x2). 

The  right-hand  side  of  this  equation  is  a cubic  polynomial  in  x\  now 
when  x — — 1,  the  cubic  is  negative ; for  some  real  values  of  9 , i.e.  for  some 
values  of  x between  — 1 and  1,  the  cubic  must  be  positive,  since  the  left-hand 
side  of  the  equation  is  positive  ; when  x—  1,  the  cubic  is  again  negative  ; and 
when  x—  + oo  , the  cubic  is  positive.  The  cubic  has  therefore  two  real  roots 
which  lie  between  — 1 and  1,  and  the  remaining  root  is  also  real  and  is 
greater  than  unity.  Let  these  roots  be  denoted  by 

cos  a,  cos  /3,  cosh  7, 
where  cos  /3  > cos  a,  so  that  a>/3. 


The  differential  equation  now  becomes 

(Mgh/ 2 A)^  dt  = {4  (x  — cos  a)  (x  — cos  /3 ) (x  — cosh  7)}“*  dx. 
If  we  write 


2 A 2 A 2 Ac  + b2 

x=Whz+^osa+cos^  + aoihy)  = mz+^Mgh’ 

we  have  therefore  t + constant  = J [4  (z  — e^)  (z  — e2)  (z  — e3))-!  dz, 
where  the  constants  elf  e2,  e3  are  given  by  the  equations 


Mgh  , 

(e  i=^-cosh7- 


2 Ac  + b2 
12  A2  ’ 


e2  = 


Mgh 

2A 


cos  j3  — 


2 Ac  + b2 
12  A2 


\e3  = 


Mgh 
2 A 


cos  a — 


2^1  c + b2 
12A2 


) 


so  that  elt  e2,  e3  are  all  real  and  satisfy  the  relations 

^ + e2  + e3  = 0,  e1>e2>e3. 
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The  connexion  between  z and  t is  therefore 


s=p(<+€), 


where  e is  a constant  of  integration,  and  the  function  %>  is  formed  with  the 
roots  elf  e2,  e3;  and  hence  we  have 


2 A 
x—  ...  . 
Mgh 


P (t  + e)  + 


2Ac  + b2 
6 A Mgh  ' 


Now  in  order  that  x may  be  real  for  real  values  of  t,  it  is  evident  that  x must 
lie  between  cos  a and  cos/3,  i.e.  (t  4-  e)  must  lie  between  e2  and  es  for  real 
values  of  t : and  therefore  the  imaginary  part  of  the  constant  e must  be  the 
half-period  o>3  corresponding  to  the  root  e3.  The  real  part  of  e depends  on 
the  epoch  from  which  the  time  is  measured,  and  so  can  be  taken  to  be  zero 
by  suitably  choosing  this  epoch.  We  have  therefore  finally 


cos  6 = 


2 A 

Mgh 


fP  (f  + co3)  + 


2 Ac  + b2 
6AMgh  9 


and  this  is  the  equation  which  expresses  the  Eulerian  angle  0 in  terms  of 
the  time. 


Example  1.  If  the  circumstances  of  projection  of  the  top  are  such  that  initially 
0 = 60°,  <9  = 0,  <j>  = 2 (MghfiA)*,  ^ = (3 A- C)  (Mgh/ZA C2f> 
shew  that  the  value  of  6 at  any  time  t is  given  by  the  equation 

sec  0 = 1 + sech 

so  that  the  axis  of  the  top  continually  approaches  the  vertical. 

For  in  this  case  we  readily  find  for  the  constants  a,  b,  c,  the  values 

a = b=(3MghA )*,  c = Mgh, 
so  the  differential  equation  to  determine  x is 

whence  the  result  follows. 

Example  2.  A solid  o f revolution  can  turn  freely  about  a fixed  point  in  its  aocis  of 
symmetry , and  is  acted  on  by  forces  derived  from  a potential-energy  function  g cot2  0,  where 
0 is  the  angle  between  this  axis  and  a fixed  line;  shew  that  the  equations  of  motion  can  be 
integrated  in  terms  of  elementary  functions. 

For  proceeding  as  in  the  problem  of  the  top  on  the  perfectly  rough  plane,  we  find  for 
the  integral  of  energy  of  the  reduced  problem  the  equation 

(a-6cos0)2  cos20 
2^1  sin2  0 ^ sin2  0 C' 

Writing  cos  0=x,  this  becomes 

A2x2  = — (a  — bx)2  — 2 A gx2  + 2 Ac  ( 1 — x2). 

The  quadratic  on  the  right-hand  side  is  negative  when  # = 1 and  x=  -l,  but  is  positive 
for  some  values  of  x between  - 1 and  + 1,  since  the  left-hand  side  is  positive  for  some  real 


\A62  = 
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values  of  8\  the  quadratic  has  therefore  two  real  roots  between  -1  and  +1. 
these  cos  a and  cos  /3,  the  equation  is  of  the  form 


the  solution  of  which  is 


X2x2 = (cos  a-x)(x-  cos  /3), 
^=cos  a sin2  (tj 2X) +cos  /3  cos2  (tj 2X). 


Calling 


72.  Determination  of  the  remaining  Euler ian  angles , and  of  Kleins 
parameters ; the  spherical  top. 

When  the  Eulerian  angle  0 has  been  obtained  in  terms  of  the  time,  as  in 
the  last  article,  it  remains  to  determine  the  other  Eulerian  angles  <£  and  yjr. 
For  this  purpose  we  use  the  two  integrals  corresponding  to  the  ignorable 
coordinates : these,  when  solved  for  <j>  and  yjr,  give 

( j i _ a — b cos  0 
r A sin2  0 ’ 

j 

j ; b ( a — b cos  0)  cos  0 

f~C  A sin2  0 ' • 

If  we  regard  the  motion  as  specified  by  the  constants  of  the  body 
(if,  A,  G,  h)  and  the  constants  of  integration  (a,  b,  c ),  it  is  evident  from 
these  equations  and  the  equation  for  0 that  G does  not  occur  except  in 
the  constant  term  of  the  expression  for  yjr ; and  therefore  an  auxiliary  top 
whose  moments  of  inertia  are  {A,  A,  A),  can  be  projected  in  such  a way  that 
its  axis  of  symmetry  always  occupies  the  same  position  as  the  axis  of  symmetry 
of  the  top  considered,  the  only  difference  in  the  motion  of  the  two  tops  being 
that  the  auxiliary  top  has  throughout  the  motion  a constant  extra  spin 
b(G  — A)/AG  about  its  axis  of  symmetry.  A top  such  as  this  auxiliary  top, 
whose  moments  of  inertia  are  all  equal,  is  called  a spherical  top.  It  follows 
therefore  that  the  motion  of  any  top  can  be  simply  expressed  in  terms  of  the 
motion  of  a spherical  top,  and  that  there  is  no  real  loss  of  generality  in 
supposing  any  top  under  consideration  to  be  spherical. 

If  then  we  take  G = A,  the  equations  to  determine  </>  and  yjr  become 

• _a  — 6 cos0_  a + b a — b 

^ A sin20  2A  (cos  0 + 1)  2A  (cos  0 — 1) 5 

- 

■.  _b  — a cos  0 _ a + b a — b 

f*  A sin2  0 2 A (cos  0 + 1)  2 A (cos  0 — 1)  ‘ 

Substituting  for  cos  0 its  value  from  the  equation 
„ 2A  2 Ac  + b2 

cos*  = 5P^  + "°>+6Z%A’ 


+0  = 


Mgh 
2 A 


£>(&)  = - 


Mgh 
2 A 


2 Ac+b2 
12  A2  ’ 

2 Ac  + b* 
12  A*  5 


and  writing 
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so  that  l and  k are  known  imaginary  constants  (being  in  fact  the  values  of 
t + co3  corresponding  to  the  values  0 and  7 r of  6),  the  differential  equations 
become 


. _ Mgh  ( a + b ) 1 

^ " 4 A2  'p(«+w,)-p(A?) 


T = 


Mgh  ( a + b) 
4A2 


1 


Mgh  (a  — b)  1 

4 A2  ‘p(t  + co3)-p  (l)  ’ 

Mgh  (a  — b)  1 

4 A2 


Now  the  connexion  between  the  function  p and  its  derivate  p'  can  be  at 
once  written  down  by  substituting  for  x from  the  equation 


2 A v 2 Ac  + b2 

x-M7Th  *>(<  + “»)  + 


in  the  equation 


Mgh 


6 A Mgh 


A2  = — (a  — bx)2  — 2AMgh  (x  — xz)  + 2Ac(l  — x2) ; 

if  the  argument  of  the  ^-function  is  k,  it  follows  from  the  definition  of  k that 
the  corresponding  value  of  x is  — 1 ; and  so  the  last  equation  gives 

A2 . {2 Ap'  ( k)/Mgh }2  = — (a  -f  b)2, 

or  p'  ( k ) = iMgh  ( a 4-  b)/2A2. 

Similarly  we  have 

p'  ( l ) = iMgh  (a  — b)/2A2, 

and  therefore  the  equations  for  <£  and  \[r  can  be  written  in  the  form 


2 i(p  = 

2 iyjr 

Now  the  function 


VW 


p'(d 


p(t  + (os)-p{k)  *>(«  + ©,)-*»  (Z)’ 

(p  (t  + a>3)  — jp  (k)  fp(t  + co3)—  p (0 

P'W 


$>(t  + (o3)-p  ( k ) 

is  an  elliptic  function,  whose  poles  in  any  period- parallelogram  are  congruent 
with  t+  ©3  = k and  t + co3  — — k,  the  corresponding  residues  being  1 and  — 1 ; 
and  the  function  is  zero  when  t + co3  = 0.  Hence  * we  have 

P'W 


p (t  + co3)  — p (k) 
and  therefore 

p'  (k)  dt 


= £(t  + co3  — k)  — f (t  + o)3  + k)  4-  2f  ( k ), 


/, 


= log  — [-+a>- — P + 2 £(k)t  + constant. 
p (t  + o3)  - p (k)  * a (t  + a>3  + k) 


Whittaker,  A Course  of  Modern  Analysis,  § 211. 
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The  integrals  of  the  equations  for  <f>  and  can  therefore  be  written  in 
the  form 

= '<r(t  + a>a-k)ir(t  + a>,  + l)' 

’ a (t  + co3  + k)  a (t  + co3  — l)’ 

e2i  (*  - to)  - e2 K(k)  + £(l)}  t ' a + Ws  ~ + 0)3  ~ 0 

<t  (t  -j-  co3  •}■  fc)  cr  (t  -}-  o)3  1)  ’ 

where  </>0  and  are  constants  of  integration. 

These  equations  lead  to  simple  expressions  for  the  Kleins  parameters 
a,  ft,  7,  8 (§  12),  which  define  the  position  of  the  moving  axes JJxyz  with 
reference  to  the  fixed  axes  OXYZ : for  by  definition  we  have 


a = cos 

7 = isin  . gi*’ (*-*), 

But  we  have 

2 cos2  \ 0 = 1 4-  cos  6 
2 A 


= 1 + 


2 A 


Mgh 


ft  = i sin \Q . 

8 = cos  \ 6 . (<*>+*). 


N 2^1c  4-  b 2 
+ «3)  + -w 


(5  A Mgh 


or 


= i/p,  ^ ^ + ^ 

2 A cr(t  + co3  -f-  k)  a (t  + co3  — k) 
Mgh ' a 2 ( k ) a2  (t  4-  co3 ) 

cos  i ^ _ /-  V*  {cr  (£  4-  cj3  + k)  a (t  4-  co3  - &)}* 


\MghJ 


a (i k ) cr{t  + co3) 


Similarly  we  find 


1 z) / ^ {a (t  +a)34- 1)  o-(t+  a)3—l)}z 

2 [MghJ  <r(l)*(t  + co3) 

and  on  combining  these  with  the  expressions  for  e2i<f>  and  e1^  already  found, 
we  have 


ft  = 


(zA^ 

eii(4>a+to) 

cr  (t  4-  ft)3  — h) 

\Mgh) 

cr(k)  ' 

<r(t  4-  co3) 

f-A\i 

cs> 

Ml-1 

<s. 

1 

t 

cr  (t  4*  co3  4- 1)  ^ 

\Mgh)  - 

<r(l) 

a(t+  o)3) 

(zA)* 

a (t  4-  fc>3  — Z) 

\MghJ  ■ 

cr  ( l ) 

o-  (t  4-  <w3) 

(~A\l 

g-iiito+to) 

a(t  + w3  + k) 

\Mgh)  • 

a{k) 

a(t  + co3) 

K (k)} 

■m)} 

. e* ©, 
e-tm. 


These  equations  express  the  parameters  a,  ft,  7,  8 as  functions  of  the 
time. 
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Example  1.  A gyrostat  of  mass  M moves  about  a fixed  point  in  its  axis  of  symmetry: 
the  moments  of  inertia  about  the  axis  of  figure  and  a perpendicular  to  it  through  the  fixed 
point  are  C and  A respectively , and  the  centre  of  gravity  is  at  a distance  h from  the  fixed 
point.  The  gyrostat  is  held  so  that  its  axis  makes  an  angle  cos  ~ 1 1 jj 3 with  the  downward 
vertical , and  is  given  an  angular  velocity  \J~AMgh  sj3jC  about  its  axis.  If  the  axis  be  now 
left  free  to  move  about  the  fixed  point , shew  that  it  will  describe  the  cone 

sin2  6 sin  2(f)  — ( - cos  6 - 1/^3)*  ( - cos  6 + 
or  sin2  6 cos  2(f)  = (^3/2  + cos  0)*, 

\J  O y U 

where  (f)  is  the  azimuthal  angle  and  6 the  inclination  of  the  axis  to  the  upward  vertical. 

(Camb.  Math.  Tripos,  Part  I,  1894.) 

For  in  this  problem  we  have  initially 

cos  0=-l/V3,  (f)  — 0,  0=0,  (j)  — 0,  ^ = AMgh f3/ C, 

and  these  initial  values  give 

a=  — f MAgh/f/3,  b = $/3\J  MAgh,  c=  - Mgh\f3. 

Substituting  in  the  general  differential  equation  for  0,  namely 

i am  (.a—  b cos 0)2  ,,  , A 

\A02=  - K A - Mgh  cos  0 + c, 

J 2 A sin2  0 

we  have 

A02  sin20=  — Mgh  (cos  0 + 1/^/3)  (V3  + 2 cos  0)  ( — cos  0 + ^3), 
while  the  equation 

X_a~b  cos  0 
A sin2 0 


gives 


/Mghj3  cos  0 + 1/J3 
(p~~  \ ' sin2  0 


Dividing  this  equation  by  the  square  root  of  the  preceding  equation,  we  have 
<£  = 3*J(  - cos  0 - l/v'3)*  (V3  + 2 cos  ( - cos  0 + J3)~h  cosec  0 d0, 

<f)  = 3*J(x-l/f3)^(f3-2x)~^(x+x/3)~*(l-x2)-1dx,  where  x=  -cos0. 

u = (x-  1/V3)f  (x + y/Z)i  (V3/2  - * )-*, 


Now  if  we  write 


we  have  by  differentiation 

P = t C1  - *2)  (*"  1 A/3)*(*  + ^3)-+U/3/2-*r* 

'4”-StmSy 

We  have  therefore 

3*  r du 

4J2J  I + 3%u2/8’ 

or  2(f> = tan  “ 1 (3*2-^), 

or  tan  2(f)  = 3f  2~*  ( - cos  0 - 1/V3)1  ( - cos  0 + ^3)*  (^3/2  + cos  0)~\ 

which  is  equivalent  to  the  result  given  above. 
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Example  2.  Shew  that  the  logarithms  of  Klein’s  parameters,  considered  as  functions 
of  cos  0,  are  elliptic  integrals  of  the  third  kind. 


Example  3.  Obtain  the  expressions  found  above  for  Klein’s  parameters  as  functions  of 
the  time  t by  shewing  that  they  satisfy  differential  equations  typified  by 


d2y 

w 


+ Yy= 0, 


where  Y denotes  a doubly-periodic  function  of  t,  these  equations  being  of  the  Hermite- 
Lame  type  which  is  soluble  by  doubly-periodic  functions  of  the  second  kind. 


A simple  type  of  motion  of  the  top  is  that  in  which  the  axis  of  symmetry 
maintains  a constant  inclination  to  the  vertical;  in  this  case,  which  is 
generally  known  as  the  steady  motion  of  the  top,  6 and  6 are  permanently 
zero  ; since  we  have 


iA9*  = 


(a  — b cos  Of 
2 A sin2  6 


— Mgh  cos  6 + c, 


it  follows  that 


0 = 


d \{a  — b cos  Of 
dO  | 2 A sin2  0 


+ Mgh  cos  0 


Performing  the  differentiation,  and  substituting  for  ( a — b cos  0)  its  value 
A cf>  sin2  0,  we  have 

0 = — b(j)  + Acj)2  cos  0 + Mgh. 

This  equation  gives  the  relation  between  the  constants  </>,  0 , and  b (which 
depends  on  the  rate  of  spinning  of  the  top  on  its  axis)  in  steady  motion. 


73.  Motion  of  a top  on  a perfectly  smooth  plane. 

We  shall  now  consider  the  motion  of  a top  which  is  spinning  with  its  apex 
in  contact  with  a smooth  horizontal  plane.  The  reaction  of  the  plane  is  now- 
vertical,  so  the  horizontal  component  of  the  velocity  of  the  centre  of  gravity, 
G,  of  the  top  is  constant ; we  can  therefore  without  loss  of  generality  suppose 
that  this  component  is  zero,  so  that  the  point  G moves  vertically  in  a fixed 
line,  which  we  shall  take  as  axis  of  Z;  two  horizontal  lines  fixed  in  space  and 
perpendicular  to  each  other  wdll  be  taken  as  axes  of  X and  Y. 

Let  Gxyz  be  the  principal  axes  of  inertia  of  the  top  at  G , and  (A,  A,  G ) 
the  moments  of  inertia  about  them,  Gz  being  the  axis  of  symmetry : and  let 
(0,  </>,  be  the  Eulerian  angles  defining  their  position  with  reference  to  the 
axes  of  X,  Y,  Z. 

The  height  of  G above  the  plane  is  h cos  0,  w7here  h denotes  the  distance 
of  G from  the  apex  of  the  top ; the  part  of  the  kinetic  energy  due  to  the 
motion  of  G is  therefore  ^Mh?  sin2  0 . O'2,  where  M is  the  mass  of  the  top ; and 
so,  as  in  § 71,  the  total  kinetic  energy  is 

T = \Mh2  sin2  0 . <92  + \ AO2  + iA<£2 sin2  0 + ±C (^  + j>cos  Of, 


and  the  potential  energy  is 


V = Mgh  cos  0. 
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Proceeding  now  exactly  as  in  § 71,  we  have  two  integrals  corresponding  to 
the  ignorable  coordinates  </>  and  \js,  namely 

f A(f>  sin2  6 + C (yjr  + </>  cos  6)  cos  6 — a, 

t G (\jr  + <j)  cos  6)  = b, 

where  a and  b are  constants ; and  on  performing  the  process  of  ignoration  of 
coordinates  we  obtain  for  the  modified  kinetic  potential  the  expression 

i(A+  Mh 2 sin2  0)  0*  - - ~ f ^ - Mgh  cos  0, 

2 A sin2  6 * 


so  the  variation  of  6 is  the  same  as  in  the  system  with  one  degree  of  freedom 
for  which  the  kinetic  energy  is 

i (A  + Mh2  sin2  6)  6\ 

and  the  potential  energy  is 


(a  — b cos  6)2 
2 A sin2  0 


+ Mgh  cos  0. 


The  connexion  between  6 and  t is  given  by  the  integral  of  energy  of  this 
latter  system,  namely 

i (A  + Mh 2 sin2  0)0*=-  ' 1 C0,Sf)2  ~ Mgh  cos  0 + c, 

2 A sin2  6 * 


where  c is  a constant.  Writing  cos  6 — x,  this  becomes 

A (A  + Mh 2 — Mh?x 2)  x2  = — (a  — bx)2  — 2AMgh  (x  — a?)  4-  2^Lc  (1  — #2). 

The  variables  x and  t are  separated  in  this  equation,  so  the  solution  can 
be  expressed  as  a quadrature ; but  the  evaluation  of  the  integral  involved 
will  require  in  general  hyperelliptic  functions,  or  automorphic  functions  of 
genus  two. 

74.  Kowalevski  s top. 

The  problem  of  the  motion  under  gravity  of  a body  one  of  whose  points  is 
fixed  is  not  in  general  soluble  by  quadratures : and  the  cases  considered  in 
§ 69  (in  which  the  fixed  point  is  the  centre  of  gravity  of  the  body,  so  that 
gravity  does  not  influence  the  motion),  and  in  § 71  (in  which  the  fixed  point 
and  the  centre  of  gravity  lie  on  an  axis  of  symmetry  of  the  body)  were  for 
long  the  only  ones  known  to  be  integrable.  In  1889  however  Mme.  S.  von 
Kowalevski*  shewed  that  the  problem  is  also  soluble  when  two  of  the 
principal  moments  of  inertia  at  the  fixed  point  are  equal  and  double  the 
third,  so  that  A = B = 20,  and  when  further  the  centre  of  gravity  is  situated 
in  the  plane  of  the  equal  moments  of  inertia. 

Let  the  line  through  the  fixed  point  0 and  the  centre  of  gravity  be  taken 
as  the  axis  Ox,  and  let  the  centre  of  gravity  be  at  a distance  a from  the  fixed 


Acta  Math.  xn.  p.  177. 
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point ; let  ( 0 , cf>,  \/r)  be  the  Eulerian  angles  which  define  the  position  of  the 
principal  axes  of  inertia  Oxyz  with  reference  to  fixed  rectangular  axes  OXYZ, 
of  which  the  axis  OZ is  vertical;  let  (gjj,  o>2,  co3)  be  the  components  along  the 
axes  Oxyz  of  the  angular  velocity  of  the  body,  and  let  if  be  its  mass.  The 
kinetic  and  potential  energies  are  given  by  the  equations 

T - i (A  (Wj2  + A &)22  + Oo>32) 

= 0 {d2  + <j>2  sin2  6 + i cos  d)2}, 

V — — Mga  sin  6 cos  a Jr . 

The  coordinate  (f>  is  evidently  ignorable,  giving  an  integral 

dT  + X 
— r = constant, 
d<f> 

or  2 <f>  sin2  6 + Ojr  + (j)  cos  6)  cos  6 = k, 

where  A;  is  a constant : and  the  integral  of  energy  is 

T + V = constant, 

or  d2  + <£2  sin2  6 + £ (yjr  + <j>  cos  6 )2  — sin  6 cos  yjr  = h. 

Ime.  Kowalevski  shewed  that  another  algebraic  integral  exists,  which  can 
be  found  in  the  following  way. 

The  kinetic  potential  is 

L — Cd 2 + G<t \2  sin2  6 + \ G cos  6 )2  + Mga  sin  6 cos  \Jr, 

and  the  equations  of  motion  are 

c i /0.ZA  dL 


d fdL\  _ d_L_  _ 

dt  \()yjr)  ctyjr 

i (lL)  = o • 

Mga 


the  first  of  these  is 

2d  = (c p cos  6 — ^r)  (j)  sin  6 + cos  6 cos  yjr, 
and  on  eliminating  ijr  between  the  second  and  third,  we  obtain 
2 (4*  si*1  d)  = — (<£  cos  6 — \fr)  0 + cos  6 sin  yjr. 

Adding  the  first  of  these  equations  multiplied  by  i to  the  second,  we  have 


d 


. Mga 


2 ^ (0  sin  6 + id)  = i (<£  cos  6 — yjr)  (<£  sin  6 + id)  + i . cos  6e 


w.  D. 
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an  equation  which  can  be  written  in  the  form 


jt  •jOfrsin  0 + U 


)2  + sin  Qe-X* 


i (<j>  cos  0 — \jr)  j(<£>  sin  0 + i0 )2  + sin  0e~ixfj\  , 


or 


1 dU  vi  n i\ 
~3T  = l(<l>  COS  0-ir), 


U dt 


where 

Similarly,  if 


U — (tf)  sin  0 + i0y  + sin  0e~^. 


V = (<f>  sin  0 — iO)2  + sin  0eixf/i 


we  have  7 cos0—\[r). 

It  follows  that 

1 dU 

U dt  + V dt  ’ 

or  UV  = constant. 

We  have  therefore  the  equation 

| (cj)  sin  0 + %0 )2  + sin  0e~i'^  j(<£  sin  0 — id )2  + 


Mag 

G 


sin  0e^  [■  = constant, 


or 


(■ 0 2 + (j)2  sin2  0)2+(^~^j  sin2  0 + sin  0 [e**  (<j>  sin  0+i0)2+e_^($  s^n 

= constant, 

and  this  is  the  required  third  algebraic  integral  of  the  system. 

The  first  integrals  which  have  been  found  constitute  a system  of  three 
differential  equations,  each  of  the  first  order,  for  the  determination  of  0,  <j>,  yjr, 
and  they  can  be  regarded  as  replacing  the  original  differential  equations  of 
motion.  The  variable  </>  does  not  occur  explicitly  in  them,  and  we  can  there- 
fore use  one  of  the  three  equations  in  order  to  eliminate  </>  from  the  other  two : 
we  shall  then  have  a system  of  two  differential  equations,  each  of  the  first 
order,  to  determine  0 and  It  has  been  shewn  by  Mme.  Kowalevski  that 
these  equations  can  be  solved  by  means  of  hyperelliptic  functions : for  this 
solution  reference  may  be  made  to  the  memoir  already  referred  to*. 

Example.  Let  yx,  y2,  y3  denote  the  direction-cosines  of  Ox,  Oy,  Oz  referred  to  OZ,  and 
let  variables  x , y,  r be  defined  by  the  equations 


Mag  . 


X = ^CO]2  — i 


Mgayx 


a>2 


+ 2 co- 


M;mi\  ( , 

~)v 


Cf.  also  Kotter,  Acta  Math.  xvn.  (1893),  p.  209. 
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-*-(**-  + ) {(^«1+  ^)2  - <03w} 


We?  dr  = 


i"i  + 


Mgayz\2 


®32®22} 


eft. 


Shew  by  use  of  Kowalevski’s  integral  (without  using  the  integrals  of  energy  or  angular 
momentum)  that  the  equations  of  motion  can  be  written  in  the  form 


d2x  _ bV  d2y  _ dV 
dr2  dx  ’ dr2  by  ’ 

where  V is  a function  of  x and  y only,  so  that  the  problem  is  transformed  into  that  of  the 
motion  of  a particle  in  a plane  conservative  field  of  force.  (Kolosoff.) 

Liouville*  has  shewn  that  the  only  other  general  case  in  which  the  motion  under 
gravity  of  a rigid  body  with  one  point  fixed  has  a third  algebraic  integral  is  that  in  which 

1°.  The  momental  ellipsoid  of  the  point  of  suspension  is  an  ellipsoid  of  revolution. 

2°.  The  centre  of  gravity  of  the  body  is  in  the  equatorial  plane  of  the  momental 
ellipsoid. 

3°.  If  (A,  A,  C)  are  the  principal  moments  of  inertia  at  the  point  of  suspension,  the 
ratio  2C /A  is  an  integer : this  integer  can  be  arbitrarily  chosen. 

Example.  A heavy  body  rotates  about  a fixed  point  0 , the  principal  moments  of 
inertia  at  which  satisfy  the  relation  A = B = 4 C:  and  the  centre  of  gravity  of  the  body  lies 
in  the  equatorial  plane  of  the  momental  ellipsoid,  at  a distance  h from  0.  Shew  that  if 
the  constant  of  angular  momentum  about  the  vertical  through  0 vanishes,  there  exists  an 
integral 

o>3  (wj2  + o>22)  + gha>x  cos  6 = constant, 

where  oq,  co2,  <a3  are  the  components  of  angular  velocity  about  the  principal  axes  Oxyz , 
Ox  being  the  line  from  0 to  the  centre  of  gravity ; and  hence  that  the  problem  can  be 
solved  by  quadratures,  leading  to  hyperelliptic  integrals.  (Tshapliguine.) 

75.  Impulsive  motion. 

As  has  been  observed  in  § 36,  the  solution  of  problems  in  impulsive 
motion  does  not  depend  on  the  integration  of  differential  equations,  and  can 
generally  be  effected  by  simple  algebraic  methods.  The  following  examples 
illustrate  various  types  of  impulsive  systems. 

Example  1.  Two  uniform  rods  AB,  BO,  each  of  length  2 a,  are  smoothly  jointed  at  B 
and  rest  on  a horizontal  table  with  their  directions  at  right  angles.  An  impulse  is  applied  to 
the  middle  point  of  AB,  and  the  rods  start  moving  as  a rigid  body:  determine  the  direction 
of  the  impulse  that  this  may  be  the  case,  and  prove  that  the  velocities  of  A,  C will  be  in  the 
ratio  ^13  : 1.  (Coll.  Exam.) 

We  can  without  loss  of  gei''~"'1'ty  suppose  the  mass  of  each  rod  to  be  unity.  Let  (x,  y) 
be  the  component  velocities  of  B referred  to  fixed  axes  Ox,  Oy  parallel  to  the  undisturbed 
position  BA,  BO  of  the  rods,  and  let  6,  (p  be  the  angular  velocities  of  BA  and  BC.  The^ 
components  of  velocity  of  the  middle  point  of  AB  are  {xt,  y + a6),  and  the  component^  are 
velocity  of  the  middle  point  of  BO  are  (fc  — a<j>,  y),  so  the  kinetic  energy  of  the  syst^  ^ 
given  by  the  equation 

T=  + i {y  + a6)2  + ia20‘ 2 + J (x - aj>)2  + \i)2  + \ a2$2. 

* Acta  Math.  xx.  (1897),  p.  239. 
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Let  the  components  parallel  to  the  axes  of  the  impulse  be  I,  J.  The  components  of 
the  displacement  of  the  point  of  application  of  the  impulse  in  a small  displacement  of  the 
system  are  {bx,  by  + ab0) ; and  hence  the  equations  of  § 36  become 


cT_ 
dx  ’ 


dT  T dT  T 
— —J.  - =Ja, 

dy  d0 


®|=0, 

00 


I—  2x  — a0, 

J=2y  + a0, 

Ja  = ay  + §a20, 

0 = — ax  + 1 a2<p, 

while  the  condition  that  the  system  moves  as  if  rigid  is  0 — <j>.  These  equations  give 

i*=y=:ka0=£a<i)=ll=ij. 


Hence  I=J,  which  shews  that  the  direction  of  the  impulse  makes  an  angle  45°  with  BA  ; 
and  as  the  components  of  velocity  of  A are  ( x , y + 2 a0),  and  the  components  of  velocity  of 
C are  ( x - 2 a0,  y),  we  have  for  the  velocities  of  A and  of  C the  values  V 65 y and  V by 
respectively,  so  the  velocity  of  A is  a/ 13  x the  velocity  of  C : which  is  the  required  result 


Example  2.  A framework  in  the  form  of  a parallelogram  is  made  by  smoothly  jointing 
the  ends  of  two  pairs  of  uniform  bars  of  lengths  2a,  2b,  masses  m,  m',  and  radii  of  gyration 
k , k'.  The  parallelogram  is  moving  without  any  rotation  of  its  sides,  and  with  velocity  V,  in 
the  direction  of  one  of  its  diagonals  ; it  impinges  on  a smooth  fixed  wall  with  which  the  sides 
make  angles  0,  and  the  direction  of  the  velocity  V a right  angle,  the  vertex  which  impinges 
being  brought  to  rest  by  the  impact.  Shew  that  the  impulse  on  the  ivall  is 

2 V {{m  -f  in')  ~ 1 + (mk2  + m’a2)  ~ 1 a2  cos2  6 + {mb2 + m'k'2)  ~ 1 b2  cos2  <£}  “ \ 

(Coll.  Exam.) 

Let  x and  y be  the  coordinates  of  the  centre  of  the  parallelogram,  x being  measured  at 
right  angles  to  the  wall  and  towards  it.  The  kinetic  energy  is 

T=  (m  + m')  {x2  +y2)  + {mk2  + m'a 2)  6 2 4-  {mb2  + m'k'2)  <£2. 


The  ^-coordinate  of  the  point  of  contact  is  x+ a sin  0 + b sin  0,  so  the  displacement  of  the 
point  of  contact  parallel  to  the  axis  of  x corresponding  to  an  arbitrary  displacement 
{dx,  by,  b6,  bcf))  is  bx+a  cos  6b0  + b cos  0S0.  The  equations  of  motion,  denoting  the 
impulse  by  I,  are  therefore 


rdT 

(dT\ 

dx 

\0®/  0 

dT 

M 

CO  I 

co.| 

1 

\deh 

dT 

(dT\ 

' 00 

\00/o 

— la  cos  6, 

- Ib  cos  0, 


12  {m  + m')  {x—  V)=  —I, 

2,  { m,k 2 + m'a2)  6 = — la  cos  6, 
2 {mb2  + m'k'2)  0 = — Ib  cos  0. 


ver  since  the  final  velocity  of  the  point  of  contact  is  zero,  we  have 
x+a  cos  0 .0  + b cos  0.0  = 0. 
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Eliminating  x,  6,  0 from  these  equations,  we  have 
1 a 2 cos2  6 


2 (ra-f  ml)  "r  2 (mF + w'a2) 


+ 


52  cos2  (ft  1 
2 (mft2  + m'&'2)J 


which  is  the  result  stated. 


The  next  example  relates  to  a case  of  sudden  fixture ; if  one  point  (or  line) 
of  a freely-moving  rigid  body  is  suddenly  seized  and  compelled  to  move  in  a 
given  manner,  there  will  be  an  impulsive  change  in  the  motion  of  the  body, 
which  can  be  determined  from  the  condition  that  the  angular  momentum  of 
the  body  about  any  line  through  the  point  seized  (or  about  the  line  seized) 
is  unchanged  by  the  seizure ; this  follows  from  the  fact  that  the  impulse  of 
seizure  has  no  moment  about  the  point  (or  line). 

Example  3.  A uniform  circular  disc  is  spinning  with  an  angular  velocity  £l  about  a 
diameter  when  a point  P on  its  rim  is  suddenly  fixed.  Prove  that  the  subsequent  velocity  of 
the  centre  is  equal  to  4 of  the  velocity  of  the  point  P immediately  before  the  impact. 

(Coll.  Exam.) 

Let  m be  the  mass  of  the  disc,  and  let  a be  the  angle  between  the  radius  to  P and  the 
diameter  about  which  the  disc  was  originally  spinning.  The  original  velocity  of  P is 
Q.c  sin  a,  where  c is  the  radius  of  the  disc.  The  original  angular  momentum  about  P is 
about  an  axis  through  P parallel  to  the  original  axis  of  rotation,  and  of  magnitude  \mcl£l ; 
and  this  is  unchanged  by  the  fixing  of  P,  so  when  P has  been  fixed,  the  angular  momentum 
about  the  tangent  at  P is  \mcH 2 sin  a.  But  the  moment  of  inertia  of  the  disc  about  its 
tangent  at  P is  f-mc2,  and  so  the  angular  velocity  about  the  tangent  at  P is  4G  sin  a.  The 
velocity  of  the  centre  of  the  disc  is  therefore  ^I2csin  a,  which  is  ^ of  the  original  velocity 
ofP. 

Example  4.  A lamina  in  the  form  of  a parallelogram  whose  mass  is  m has  a smooth 
pivot  at  each  of  the  middle  points  of  two  parallel  sides.  It  is  struck  at  an  angular  point 
by  a particle  of  mass  m which  adheres  to  it  after  the  blow.  Shew  that  the  impulsive 
reaction  at  one  of  the  pivots  is  zero.  (Coll.  Exam.) 


Miscellaneous  Examples. 

1.  Prove  that  for  a disc  free  to  turn  about  a horizontal  axis  perpendicular  to  its  plane 
the  locus  on  the  disc  of  the  centres  of  suspension  for  which  the  simple  equivalent 
pendulum  has  a given  length  L consists  of  two  circles ; and  that,  if  A and  B are  two 
points,  one  on  each  circle,  and  L'  is  the  length  of  the  simple  equivalent  pendulum  when 
the  centre  of  suspension  is  the  middle  point  of  AB , the  radius  of  gyration  k of  the  disc 
about  its  centre  of  inertia  is  given  by  the  equation 

£2£'2_(i£2_c2)  (Z'2_iZ2+c2), 

where  2 c is  the  length  of  AB.  (Coll.  Exam.) 

2.  A heavy  rigid  body  can  turn  about  a fixed  horizontal  axis.  If  one  point  in  the 

body  is  given  through  which  the  horizontal  axis  has  to  pass,  discuss  the  problem  of 
choosing  the  direction  of  the  axis  in  the  body  in  such  a way  that  the  simple  equivalent 
pendulum  shall  have  a given  length ; shewing  that  the  axes  which  satisfy  this  condition  are 
the  generators  of  a quartic  cone.  (Coll.  Exam.) 

3.  A sphere  of  radius  b rolls  without  slipping  down  the  cycloid 

#=a(0  + sin  0),  y—aif—  cos  0). 
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It  starts  from  rest  with  its  centre  on  the  horizontal  line  y = 2a.  Prove  that  the  velocity  V 
of  its  centre  when  at  the  lowest  point  is  given  by 

F2  = ^(2a-6).  (Coll.  Exam.) 

4.  A uniform  smooth  cube  of  edge  2 a and  mass  M rests  symmetrically  on  two  shelves 
each  of  breadth  b and  mass  m and  attached  to  walls  at  a distance  2c  apart.  Shew  that,  if 
one  of  the  shelves  gives  way  and  begins  to  turn  about  the  edge  where  it  is  attached  to  the 
wall,  the  initial  angular  acceleration  of  the  cube  will  be 

Mg  ( c—a )2  (c  — b)  + \mgb  ( c—a ) ( c-b  + a ) 

M{c-  af  (P  +(c  - b)2}  + 1 (c-b  + a)2  ’ 

where  Mk 2 and  I are  respectively  the  moments  of  inertia  of  the  cube  about  its  centre  and 
of  the  shelf  about  its  edge.  (Camb.  Math.  Tripos,  Part  I,  1899.) 

5.  A homogeneous  rod  of  mass  M and  length  2 a moves  on  a horizontal  plane,  one  end 
being  constrained  to  slide  without  friction  in  a fixed  straight  line.  The  rod  is  initially 
perpendicular  to  the  line,  and  is  struck  at  the  free  end  by  a blow  I parallel  to  the  line. 
Shew  that  after  time  t the  perpendicular  distance  y of  the  middle  point  of  the  rod  from 
the  line  is  given  by  the  equation 

/i 

(1  -f.2?2)*  (1  -x2)~idx=3It/2Ma.  (Coll.  Exam.) 

y/a 


6.  Four  equal  uniform  rods,  of  length  2 a,  are  smoothly  jointed  so  as  to  form  a 
rhombus  ABCD.  The  joint  A is  fixed,  whilst  G is  free  to  move  on  a smooth  vertical  rod 
through  A.  Initially  C coincides  with  A and  the  whole  system  is  rotating  about  the 
vertical  with  angular  velocity  a>.  Prove  that,  if  in  the  subsequent  motion  2 a is  the  least 
angle  between  the  upper  rods, 

a<o2  cos  a = 3g  sin2  a. 

(Camb.  Math.  Tripos,  Part  I,  1900.) 


7.  A disc  of  mass  M rests  on  a smooth  horizontal  table,  and  a smooth  circular  groove 
of  radius  a is  cut  in  it,  passing  through  the  centre  of  gravity  of  the  disc.  A particle  of 
mass  \M  is  started  in  the  groove  from  the  centre  of  gravity  of  the  disc.  Investigate  the 
motion.  Prove  that  if  is  the  arc  traversed  by  the  particle  and  6 the  angle  turned 
round  by  the  disc,  then 

k (d2+k2f 


tan  ^(f)  — 


(a2  + k2f 


tan 


(to-*), 


Mk 2 being  the  moment  of  inertia  of  the  disc  about  a vertical  line  through  its  centre 
of  gravity.  (Coll.  Exam.) 

8.  A rigid  body  is  moving  freely  under  the  action  of  gravity  and  rotating  with  angular 

velocity  a>  about  an  axis  through  its  centre  of  gravity  perpendicular  to  the  plane  of  its 
motion.  Shew  that  the  axis  of  instantaneous  rotation  describes  a parabolic  cylinder  of 
latus  rectum  (V 4a  + V 2g /o>)2,  whose  vertex  is  at  a distance  \J %ga  /a>  above  that  of  the  path 
of  the  centre  of  gravity  of  the  body;  where  4 a is  the  latus  rectum  of  the  parabola 
described  by  the  centre  of  gravity.  (Coll.  Exam.) 

9.  A particle  of  mass  m is  placed  in  a smooth  uniform  tube  which  can  rotate  in  a 
vertical  plane  about  its  middle  point.  The  system  starts  from  rest  when  the  tube  is 
horizontal.  If  6 is  the  angle  the  tube  makes  with  the  vertical  when  its  angular  velocity  is 
a maximum  and  equal  to  o>,  prove  that 

4 (mr2  + Mk2)  o>4  — Qmgra>2  cos  6 + mg 2 sin2  6 = 0, 
where  Mk 2 is  the  moment  of  inertia  of  the  tube  about  its  centre  and  r the  distance  of  the 
particle  from  the  centre  of  the  tube.  (Coll.  Exam.) 
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10.  Four  uniform  rods,  smoothly  jointed  at  their  ends,  form  a parallelogram  which 

can  move  smoothly  on  a horizontal  surface,  one  of  the  angular  points  being  fixed. 
Initially  the  configuration  is  rectangular  and  the  framework  is  set  in  motion  in  such  a 
manner  that  the  angular  velocity  of  one  pair  of  opposite  sides  is  {2,  that  of  the  other  pair 
being  zero.  Shew  that  when  the  angle  between  the  rods  is  a maximum  or  minimum,  the 
angular  velocity  of  the  system  is  Q.  (Coll.  Exam.) 

11.  Two  homogeneous  rough  spheres  of  equal  radii  a and  of  masses  m,  ml  rest  on  a 
smooth  horizontal  plane  with  m!  at  the  highest  point  of  m.  If  the  system  is  disturbed, 
shew  that  the  inclination  of  their  common  normal  6 to  the  vertical  is  given  by  the 
equation 

ad2  (7m  + 5m' sin2  0)  = 5g  (m  + m')  (1  — cosd).  (Coll.  Exam.) 

12.  A uniform  rod  AB  is  of  length  2 a and  is  attached  at  one  end  to  a light  inexten- 

sible  string  of  length  c.  The  other  end  of  this  string  is  fixed  at  0 to  a point  in  a smooth 
horizontal  plane  on  which  the  rod  moves.  Initially  OAB  is  a straight  line  and  the  rod  is 
projected  without  rotation  with  velocity  V in  the  direction  perpendicular  to  its  length. 
Prove  that  the  cosine  of  the  greatest  subsequent  angle  between  the  rod  and  string  is 
1 - a/6c.  (Coll.  Exam.) 

13.  To  a fixed  point  are  smoothly  jointed  two  uniform  rods  of  length  2a,  and  upon 
them  slides,  by  means  of  a smooth  ring  at  each  end,  a third  rod  similar  in  all  respects. 
Initially  the  three  rods  are  in  a horizontal  line  with  the  ends  of  the  third  rod  at  the 
middle  points  of  the  other  two  and,  on  the  application  of  an  impulse,  the  rods  begin  to 
rotate  with  angular  velocity  Q in  a horizontal  plane.  Shew  that  the  third  rod  will  slide 
right  off  the  other  two  unless 

Q,2>2g/a*j3.  (Coll.  Exam.) 

14.  A hollow  thin  cylinder  of  radius  a and  mass  M is  maintained  at  rest  in  a 
horizontal  position  on  a rough  plane  whose  inclination  is  a,  and  contains  an  insect  of  mass 
m at  rest  on  the  line  of  contact  with  the  plane.  The  cylinder  is  released  as  the  insect 
starts  off  with  velocity  V : if  this  relative  velocity  be  maintained  and  the  cylinder  roll  up 
hill,  shew  that  it  will  come  to  instantaneous  rest  when  the  radius  through  the  insect 
makes  an  angle  6 with  the  vertical  given  by 

V 2 (1  - cos  (6  - a)}  -f-  ag  (cos  a - cos  6)  — (1  + M/m)  ag  (6  — a)  sin  a. 

(Coll.  Exam.) 

15.  A uniform  smooth  plane  tube  can  turn  smoothly  about  a fixed  axis  of  rotation 
lying  in  its  plane  and  intersecting  it : the  moment  of  inertia  of  the  tube  about  the  axis 
is  I.  Initially  the  tube  is  rotating  with  angular  velocity  Q,  about  the  axis,  and  a particle 
of  mass  m is  projected  with  velocity  V within  the  tube  from  the  point  of  intersection  of 
the  tube  with  the  axis.  The  system  then  moves  under  no  external  forces.  Prove  that, 
when  the  particle  is  at  a distance  r from  the  axis,  the  square  of  its  velocity  relative  to  the 
tube  is 

F2+-=A-„a2.  (Coll.  Exam.) 

I+mr 2 

16.  A uniform  straight  rod  of  mass  M is  laid  across  two  smooth  horizontal  pegs  so 
that  each  of  its  ends  projects  beyond  the  corresponding  peg.  A second  uniform  rod  of 
mass  m and  length  2 1 is  fastened  to  the  first  at  some  point  between  the  pegs  by  a 
universal  joint.  This  rod  is  initially  held  horizontal  and  in  contact  with  the  first  rod ; and 
then  let  go,  so  as  to  oscillate  in  the  vertical  plane  through  the  first  rod.  Prove  that  if  6 
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be  the  angle  which  the  second  rod  makes  with  the  vertical  at  any  instant,  and  x the 
distance  through  which  the  first  rod  has  moved  from  rest, 

{M+  m)  x+ml  sin  6 = ml , 

and  (ji  — ^cos2  6^  I02  = 2g  cos  6.  (Coll.  .Exam.) 

17.  A plane  body  is  free  to  rotate  in  its  plane  about  a fixed  point,  and  a second  plane 
body  is  free  to  slide  along  a smooth  straight  groove  in  the  first  body,  its  motion  being  in 
the  same  plane ; shew  that  the  relation  between  the  relative  advance  x along  the  groove 
and  the  angle  of  rotation  6 (no  external  forces  being  supposed  to  act  on  the  system) 
is  of  the  form 

/dx\2  ndx  ~ . 

U)  +p5g+«=0' 

where  P and  Q are  respectively  linear  and  quadratic  functions  of  x2.  (Coll.  Exam.) 

18.  A pendulum  is  formed  of  a straight  rod  and  a hollow  circular  bob,  and  fitting 
inside  the  bob  is  a smooth  vertical  lamina  in  the  shape  of  a segment  of  a circle,  the 
distances  of  the  centre  (C)  of  the  bob  from  the  point  of  suspension  (0)  and  from  the 
centre  of  gravity  ( G ) of  the  lamina  being  l and  c respectively.  Prove  that  if  M,  m are  the 
masses  of  the  pendulum  and  lamina,  k and  k'  their  respective  radii  of  gyration  about 
0 and  G , 6 and  <£  the  angles  which  OC  and  CG  make  with  the  vertical,  then  twice  the 
work  done  by  gravity  on  the  system  during  its  motion  from  rest  is  equal  to 

(. Mk 2 + ml2)  02  + m {k'2  + c2)  <j>2  + 2 mcl  cos  (0  — (f>)  0<j>.  (Coll.  Exam.) 

19.  A particle  of  mass  m is  attached  to  the  end  of  a fine  string  which  passes  round 
the  circumference  of  a wheel  of  mass  if,  the  other  end  of  the  string  being  attached  to  a 
point  in  that  circumference,  a length  l of  the  string  being  straight  initially,  and  the  wheel 
(radius  a and  radius  of  gyration  k)  being  free  to  move  about  a fixed  vertical  axis  through 
its  centre;  the  particle,  which  lies  on  a smooth  horizontal  plane,  is  projected  at  right 
angles  to  the  string,  so  that  the  string  begins  to  wrap  round  the  wheel ; prove  that,  if  the 
string  eventually  unwinds  from  the  wheel,  the  shortest  length  of  the  straight  portion  is 

( l 2 -a2-  Mk2\mf.  (Coll.  Exam.) 

20.  A carriage  is  placed  on  an  inclined  plane  making  an  angle  a with  the  horizon  and 
rolls  straight  down  without  any  slipping  between  the  wheels  and  the  plane.  The  floor  of 
the  carriage  is  parallel  to  the  plane  and  a perfectly  rough  ball  is  placed  freely  on  it.  Shew 
that  the  acceleration  of  the  carriage  down  the  plane  is 

14if  + 4 Jf ' + 14m 
14if+4Jf'  + 21m  9 Sm 

where  M is  the  mass  of  the  carriage  excluding  the  wheels,  m the  sum  of  the  masses  of  the 
wheels,  which  are  uniform  discs,  and  M'  that  of  the  ball.  The  friction  between  the  wheels 
and  the  axes  is  neglected.  (Coll.  Exam.) 

21.  A uniform  rod  of  mass  mx  and  length  2 a is  capable  of  rotating  freely  about  its 

fixed  upper  extremity  and  is  initially  inclined  at  an  angle  of  7r/6  to  the  vertical.  A second 
rod,  of  mass  m2  and  length  2a,  is  smoothly  attached  to  the  lower  end  of  the  first  and  rests 
initially  at  an  angle  of  27r/3  with  it  and  in  a horizontal  position.  Shew  that  if  the  centre 
of  the  lower  rod  commence  to  move  in  a direction  making  an  angle  7 r/6  with  the  vertical, 
then  3m1  = 14m2.  (Coll.  Exam.) 

22.  A uniform  circular  disc  is  symmetrically  suspended  by  two  elastic  strings  of 
natural  length  c inclined  at  an  angle  a to  the  vertical,  and  attached  to  the  highest  point  of 
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the  disc.  If  one  of  the  strings  is  cut,  prove  that  the  initial  curvature  of  the  path  of  the 
centre  of  the  disc  is 

(c  sin  4a  - b sin  2 a)/b  ( b — c ), 

where  b is  the  equilibrium  length  of  each  string.  (Coll.  Exam.) 

23.  Two  rods  AC,  CB  of  equal  length  2 a are  freely  jointed  at  C,  the  rod  AC  being 
freely  moveable  about  a fixed  point  A,  and  the  end  B of  the  rod  CB  is  attached  to  A by 
an  inextensible  string  of  length  4a/>/3.  The  system  being  in  equilibrium,  the  string  is 
cut;  shew  that  the  radius  of  curvature  of  the  initial  path  of  B at  B is 


(Camb.  Math.  Tripos,  Part  I,  1897.) 

24.  A rod  of  length  2 a is  supported  in  a horizontal  position  by  two  light  strings  which 

pass  over  two  smooth  pegs  in  a horizontal  line  at  a distance  2 a apart  and  have  at  their 
other  extremities  weights  each  equal  to  one  half  that  of  the  rod.  One  of  the  strings  is 
cut ; prove  that  the  initial  curvature  of  the  path  of  that  end  of  the  rod  to  which  the  cut 
string  was  attached  is  27/25 a.  (Coll.  Exam.) 

25.  A heavy  plank,  straight  and  very  rough,  is  free  to  turn  in  a vertical  plane  about 
a horizontal  axis  from  which  the  distance  of  its  centre  of  gravity  is  c.  A rough  heavy 
sphere  is  placed  on  this  plank  at  a distance  b from  the  axis,  on  the  side  remote  from  the 
centre  of  gravity ; the  plank  being  held  horizontal.  The  system  is  now  left  free  to  move. 
Prove  that  the  initial  radius  of  curvature  of  the  path  of  the  centre  of  the  sphere  is 
2150/(5  - lid),  where  6 = (mb  — Mc)/(mb  + Ma),  m and  M are  the  masses  of  the  sphere  and 
the  plank,  and  Mab  is  the  moment  of  inertia  of  the  plank  about  the  axis. 

(Coll.  Exam.) 

26.  A light  stiff  rod  of  length  2c  carries  two  equal  particles  of  mass  m at  distances  Tc 
from  the  centre  on  each  side  of  it ; to  each  end  of  the  rod  is  tied  an  end  of  an  inextensible 
string  of  length  2 a on  which  is  a ring  of  mass  m!.  Initially  the  string  and  rod  are  in  one 
straight  line  on  a smooth  horizontal  table  with  the  string  taut  and  the  ring  at  the  loop ; 
the  ring  is  then  projected  at  right  angles  to  the  rod,  shew  that  the  relative  motion  will  be 
oscillatory  if 

c2jk 2 > 1 + 2m/m'.  (Coll.  Exam. ) 

27.  Three  equal  uniform  rods,  each  of  length  c,  are  firmly  joined  to  form  an  equilateral 
triangle  ABC  of  weight  W;  a uniform  bar  of  length  2b  and  weight  W is  freely  jointed  to 
the  triangle  at  C.  This  system  rests  in  equilibrium  in  contact  with  the  surface  of  a fixed 
smooth  sphere  of  radius  a,  AB  being  horizontal  and  in  contact  with  the  sphere,  and  the 
bar  being  in  the  vertical  plane  through  the  centre  of  the  triangle;  the  bar,  and  the  centre 
of  the  triangle,  are  on  opposite  sides  of  the  vertical  line  through  C.  Proved  that  the 
inclination  of  the  plane  of  the  triangle  to  the  horizon  is  the  angle  whose  tangent  is 

[abfi  + 2 cA2]  -f-  [ n/j.  ( a 2 + 1 c2) + A2/*  - 2 abc\ , 
where  X2  = a2  + ^c2  — ^bc,  /x2  = 12  a2  — c2,  and  n=  W/W'. 

(Camb.  Math.  Tripos,  Part  I,  1896.) 

28.  A body,  under  the  action  of  no  forces,  moves  so  that  the  resolved  part  of  its 
angular  velocity  about  one  of  the  principal  axes  at  the  centre  of  gravity  is  constant ; shew 
that  the  angular  velocity  of  the  body  must  be  constant,  and  find  its  resolved  parts  about 
the  other  two  principal  axes  when  the  moments  of  inertia  about  these  axes  are  equal. 

(Coll.  Exam.) 

(M.  de  Sparre.) 


29.  Shew  that  a herpolhode  cannot  have  a point  of  inflexion. 
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30.  In  the  motion  under  no  forces  of  a body  one  of  whose  points  is  fixed,  shew  that 

the  motion  of  every  quadric  homocyclic  with  the  momental  ellipsoid  relative  to  the  fixed 
point,  and  rigidly  connected  with  the  body,  is  the  same  as  if  it  were  made  to  roll 
without  sliding  on  a fixed  quadric  of  revolution,  which  has  its  centre  at  the  fixed  point, 
and  whose  axis  is  the  invariable  line.  (Gebbia.) 

31.  In  the  motion  of  a body  under  no  forces  round  a fixed  point,  shew  that  the  three 

diameters  of  the  momental  ellipsoid  at  the  fixed  point  and  the  diameter  of  the  ellipsoid 
reciprocal  to  the  momental  ellipsoid,  determined  respectively  by  the  intersection  of  the 
invariable  plane  with  the  three  principal  planes  and  with  the  plane  perpendicular  to  the 
instantaneous  axis,  describe  areas  proportional  to  the  times,  so  that  the  accelerations  of 
their  extremities  are  directed  to  the  centre.  (Siacci.) 

32.  When  a body  moveable  about  a fixed  point  is  acted  on  by  forces  whose  moment 
round  the  instantaneous  axis  is  always  zero,  shew  that  the  velocity  of  rotation  is 
proportional  to  that  radius  vector  of  the  momental  ellipsoid  which  is  in  the  direction  of 
this  axis. 

Shew  that  this  theorem  is  still  true  if  the  body  is  moveable  about  a fixed  point  and 
also  constrained  to  slide  on  a fixed  surface.  (Flye  St  Marie.) 

33.  A plane  lamina  is  initially  moving  with  equal  angular  velocities  Q about  the 
principal  axes  of  greatest  and  least  moment  of  inertia  at  its  centre  of  mass,  and  has  no 
angular  velocity  about  the  third  principal  axis;  express  the  angular  velocities  about 
these  axes  as  elliptic  functions  of  the  time,  supposing  no  forces  to  act  on  the  lamina. 

If  6 be  the  angle  between  the  plane  of  the  lamina  and  any  fixed  plane,  shew  that 

S + 2a  {a2  - (®)T dn  (fl° = {a2  ■ (f)l cot  6 ■ 

(Camb.  Math.  Tripos,  Part  I,  1896.) 

34.  A rigid  body  is  kinetically  symmetrical  about  an  axis  which  passes  through  a 

fixed  point  above  its  centre  of  gravity  and  is  set  in  motion  in  any  manner ; shew  that  in 
the  subsequent  motion,  except  in  one  case,  the  centre  of  gravity  can  never  be  vertically 
over  the  fixed  point ; and  find  the  greatest  height  it  attains.  (Coll.  Exam.) 

35.  In  the  motion  of  the  top  on  the  rough  plane,  shew  that  there  exists  an  auxiliary 

set  of  axes  0£rj£  whose  motion  with  respect  to  the  fixed  axes  OXYZ  and  also  with  respect 
to  the  moving  axes  Oxyz  is  a Poinsot  motion ; the  invariable  planes  being  the  horizontal 
plane  in  the  former  case,  and  the  plane  perpendicular  to  the  axis  of  the  body  in  the 
second  case.  (Jacobi.) 

36.  A uniform  solid  of  revolution  moves  about  a point,  so  that  its  motion  may  be 
represented  by  the  uniform  rolling  of  a cone  of  semivertical  angle  a fixed  in  the  body 
upon  an  equal  cone  fixed  in  space,  the  axis  of  the  former  being  the  axis  of  revolution. 
Shew  that  the  couple  necessary  to  maintain  the  motion  is  of  magnitude 

^Q,2  tan  a {C+(C—  A)  cos  2a}, 

where  O is  the  resultant  angular  velocity  and  A and  C the  principal  moments  of  inertia  at 
the  point,  and  that  the  couple  lies  in  the  plane  of  the  axes  of  the  cones.  (Coll.  Exam.) 

37.  A vertical  plane  is  made  to  rotate  with  uniform  angular  velocity  about  a vertical 
axis  in  itself,  and  a perfectly  rough  cone  of  revolution  has  its  vertex  fixed  at  a point  of 
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that  axis.  Shew  that,  if  the  line  of  contact  make  an  angle  6 with  the  vertical,  and 
/3  and  y be  the  extreme  values  of  6,  and  a be  the  semi-vertical  angle  of  the  cone, 

£2  ( M\*  —2k  S^n2  a (cos  ^ ~ C°S  ^ (cos  ^ _ C°S  ^ 

\dt ) **  cos  a cos /3  + cosy  ’ 

where  h is  the  distance  of  the  centre  of  gravity  of  the  cone  from  its  vertex,  and  k its 
radius  of  gyration  about  a generator.  (Camb.  Math.  Tripos,  Part  I,  1896.) 


38.  A body  can  rotate  freely  about  a fixed  vertical  axis  for  which  its  moment  of 
inertia  is  1 : the  body  carries  a second  body  in  the  form  of  a disc  which  can  rotate  about  a 
horizontal  axis,  fixed  in  the  first  body  and  intersecting  the  vertical  axis.  In  the  position 
of  equilibrium  the  moments  and  product  of  inertia  of  the  disc  with  regard  to  the  vertical 
and  horizontal  axes  respectively  are  A,  B,  F.  Prove  that  if  the  system  start  from  rest 
with  the  plane  of  the  disc  inclined  at  an  angle  a to  the  vertical,  the  first  body  will  oscillate 
through  an  angle 

2 F , sinai 


{iJ(J +/)}**“  ‘V + /)*/' 


(Coll.  Exam.) 


39.  A gyrostat  consists  of  a heavy  symmetrical  flywheel  freely  mounted  in  a heavy 
spherical  case  and  is  suspended  from  a fixed  point  by  a string  of  length  l fixed  to  a point 
in  the  case.  The  centres  of  gravity  of  the  flywheel  and  case  are  coincident.  Shew  that, 
if  the  whole  revolve  in  steady  motion  round  the  vertical  with  angular  velocity  Q,  the 
string  and  the  axis  of  the  gyrostat  inclined  at  angles  a,  /3  to  the  vertical,  then 


Q2  (I  sin  a + a sin  /3  + b cos  /3)  —g  tan  a, 

and  IQ.  sin  (3-AQ,2  sin  /3  cos  13= Mg  sec  a {a  sin  (/3  - a)  + b cos  (/3  - a)}, 

where  M is  the  mass  of  the  gyrostat,  a and  b the  coordinates  of  the  point  of  attachment  of 
the  string  with  reference  to  axes  coinciding  with,  and  at  right  angles  to,  the  axis  of  the 
flywheel,  I the  angular  momentum  of  the  flywheel  about  its  axis  and  A the  moment  of 
inertia  about  a line  perpendicular  to  its  axis.  (Camb.  Math.  Tripos,  Part  I,  1900.) 


40.  A system  consisting  of  any  number  of  equal  uniform  rods  loosely  jointed  and 

initially  in  the  same  straight  line  is  struck  at  any  point  by  a blow  perpendicular  to  the 
rods.  Shew  that  if  u,  v,  w be  the  initial  velocities  of  the  middle  points  of  any  three 
consecutive  rods,  u + 4v  + w = 0.  (Coll.  Exam. ) 

41.  Any  number  of  uniform  rods  of  masses  A,  B,  C , ...,  Z are  .smoothly  jointed  to 
each  other  in  succession  and  laid  in  a straight  line  on  a smooth  table.  If  the  end  Z be 
free  and  the  end  A moved  with  velocity  V in  a direction  perpendicular  to  the  line  of  the 
rods,  then  the  initial  velocities  of  the  joints  (AB),  ( BC ),  ...  and  the  end  Z are  a,  b,  ...,  z 
where 

0 = A ( V -{•  2c&) -f- B (2ct 6),  0 = .Z?  (<2-t-2&) -f- (7(26  + c),  ...,  0=  Ir(^7-|-2(y)4-^(2y-f-2), 
and  y + 22=0.  (Coll.  Exam.) 

42.  Six  equal  uniform  rods  form  a regular  hexagon  loosely  jointed  at  the  angular 
points : a blow  is  given  at  right  angles  to  one  of  them  at  its  middle  point,  shew  that  the 
opposite  rod  begins  to  move  with  of  the  velocity  of  the  rod  struck. 

(Camb.  Math.  Tripos,  1882.) 

43.  A body  at  rest,  with  one  point  0 fixed,  is  struck : shew  that  the  initial  axis  of 
rotation  of  the  body  is  the  diametral  line,  with  respect  to  the  momental  ellipsoid  at  0,  of 
the  plane  of  the  impulsive  couple  acting  on  the  body. 
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44.  The  positive  octant  of  the  ellipsoid  x2/a2+y2/b2+22/c2  = l has  the  origin  fixed. 
Shew  that  if  an  impulsive  couple  in  the  plane 

£ , g £ (a  b\  z 
a 2 \b  ' a)  c 

act  upon  the  octant,  it  will  begin  to  revolve  about  the  axis  of  z.  (Coll.  Exam.) 

45.  An  ellipsoid  is  rotating  about  its  centre  with  angular  velocity  (o^,  g>2,  o>3) 
referred  to  its  principal  axes;  the  centre  is  free  and  a point  (x,  y , z ) on  the  surface  is 
suddenly  brought  to  rest.  Find  the  impulsive  reaction  at  that  point.  (Coll.  Exam.) 

46.  Two  equal  rods  AB , BG  inclined  at  an  angle  a are  smoothly  jointed  at  B\  A is 
made  to  move  parallel  to  the  external  bisector  of  the  angle  ABC : prove  that  the  initial 
angular  velocities  of  AB , BC  are  in  the  ratio 

2 + 3 sin2  ^ : 2 — 15  sin2  £ . (Coll.  Exam.) 

47.  A uniform  cone  is  rotating  with  angular  velocity  a>  about  a generator  when 
suddenly  this  generator  is  loosed  and  the  diameter  of  the  base  which  intersects  the 
generator  is  fixed.  Prove  that  the  new  angular  velocity  is 

(l+h2/8k2)  ajsina, 

where  h is  the  altitude,  a the  semi-vertical  angle,  and  k the  radius  of  gyration  about  a 
diameter  of  the  base.  (Coll.  Exam.) 

48.  A rough  disc  can  turn  about  an  axis  perpendicular  to  its  plane,  and  a rough 
circular  cone  rests  on  the  disc  with  its  vertex  just  at  the  axis.  If  the  disc  be  made  to 
turn  with  angular  velocity  i2,  shew  that  the  cone  takes  an  amount  of  kinetic  energy 
equal  to 

Jl22/{cos2 a/ A +sin2  a/C}.  (Coll.  Exam.) 

49.  One  end  of  an  inelastic  string  is  attached  to  a fixed  point  and  the  other  to  a point 
in  the  surface  of  a body  of  mass  M.  The  body  is  allowed  to  fall  freely  under  gravity 
without  rotation.  Shew  that  just  after  the  string  becomes  tight  the  loss  of  kinetic  energy 
due  to  the  impact  is 


where  V is  the  resolved  velocity  of  the  body  in  the  direction  of  the  string  just  before 
impact,  the  string  only  touching  the  body  at  the  point  of  attachment,  (l,  m,  n,  X,  /x,  v)  are 
the  coordinates  of  the  string  at  the  instant  it  becomes  tight,  and  A,  B,  C are  the  principal 
moments  of  inertia  of  the  body  with  respect  to  its  principal  axes  at  its  centre  of  inertia. 

(Coll.  Exam.) 


CHAPTER  VII. 


THEORY  OF  VIBRATIONS. 


76.  Vibrations  about  equilibrium. 


In  Dynamics  we  frequently  have  to  deal  with  systems  for  which  there 
exists  an  equilibrium-configuration,  i.e.  a configuration  in  which  the  system 
can  remain  permanently  at  rest ; thus  in  the  case  of  the  spherical  pendulum, 
the  configurations  in  which  the  bob  is  vertically  over  or  vertically  under  the 
point  of  support  are  of  this  character.  If  {q1,  q2,  ...,  qn)  are  the  coordinates 
of  a system  and  L its  kinetic  potential,  and  if  (a1?  a2,  ... , an ) are  the  values  of 
the  coordinates  in  an  equilibrium-configuration,  the  equations  of  motion 


d /9Z\  dL 
dt  \dqrJ  dqr 


(r  = 1,2,  ...,  n) 


must  be  satisfied  by  the  set  of  values 


7i  = 0,  q2  = 0,  qn=  0,  qx  = 0,  q2  = 0,  ...,  qn  = 0,  qx  = clx,  q2  = a2,  qn  = ctn. 

The  values  of  the  coordinates  in  the  various  possible  equilibrium-con- 
figurations of  a system  are  therefore  obtained  by  solving  for  qx,  q2,  ...,  qn  the 
equations 

|^=0  (r  = 1,  2,  ...,  n), 

dqr 

in  which  qx,  q2,  ...,  qn  are  to  be  replaced  by  zero. 

In  many  cases,  if  the  system  is  initially  placed  near  an  equilibrium-con- 
figuration, its  particles  having  very  small  initial  velocities,  the  divergence 
from  the  equilibrium-configuration  will  never  become  very  marked,  the 
particles  always  remaining  in  the  vicinity  of  their  original  positions  and 
never  acquiring  large  velocities.  We  shall  now  study  motions  of  this  type* ; 
they  are  called  vibrations  about  an  equilibrium-configuration. 


* More  strictly  speaking,  we  study  in  this  chapter  the  limiting  form  to  which  this  type  of 
motion  approximates  when  the  initial  divergence  from  a state  of  rest  in  the  equilibrium-configu- 
ration tends  to  zero  ; the  study  of  the  motions  which  differ  by  a finite,  though  not  large,  amount 
from  a state  of  rest  in  the  equilibrium-configuration  is  given  later  in  Chapter  XVI : the  discussion 
of  the  present  chapter  may  be  regarded  as  a first  approximation  to  that  of  Chapter  XVI. 
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In  the  present  work  we  are  of  course  concerned  only  with  the  vibrations  of  systems 
which  have  a finite  number  of  degrees  of  freedom ; the  study  of  the  vibrations  of  systems 
which  have  an  infinite  number  of  degrees  of  freedom,  which  is  here  excluded,  will  be  found 
in  treatises  on  the  Analytical  Theory  of  Sound. 

We  shall  suppose  that  the  system  is  defined  by  its  kinetic  energy  T and 
its  potential  energy  V,  and  that  the  position  of  the  system  is  specified  by  the 
coordinates  (qlf  q2,  . qn)  independently  of  the  time,  so  that  T does  not 
involve  t explicitly : we  shall  also  suppose  that  no  coordinates  have  been 
ignored  ; the  kinetic  energy  T is  therefore  a homogeneous  quadratic  function 
of  qx,  q2,  ...,  qn,  with  coefficients  involving  qx,  q2,  ...,  qn  in  any  way.  There 
is  evidently  no  loss  of  generality  in  assuming  that  the  equilibrium-con- 
figuration corresponds  to  zero  values  of  the  coordinates  qx,  q2,  ...,  qn\  so  that 
q1}  q% , •••>  in,  qi>  q 2,  •••>  qn,  are  very  small  throughout  the  motion  considered. 

The  coefficients  of  the  squares  and  products  of  qx,  q.2,  ...,  qn  in  T are 
functions  of  qx,  q2,  qn\  as  however  all  the  coordinates  and  velocities  are 
small,  we  can  in  approximating  to  the  motion  retain  only  the  terms  of  lowest 
order  in  T , and  so  can  replace  all  these  coefficients  by  the  constant  values 
which  they  assume  when  qx,  q2,  ...,  qn  are  replaced  by  zero.  The  kinetic 
energy  is  therefore  for  our  purposes  a homogeneous  quadratic  function  of 
qlf  • ••>  in  with  constant  coefficients. 

Moreover,  if  we  expand  the  function  V by  Taylor’s  theorem  in  ascending 
powers  of  qx,  q2,  ...,qn  the  term  independent  of  qXi  q2 , ...,  qn  can  be  omitted, 
since  it  exercises  no  influence  on  the  equations  of  motion ; and  there  are  no 

dV 

terms  linear  in  qx,  q2,  ...,  qn,  since  if  such  terms  existed  the  quantities  - — 

oqr 

would  not  be  zero  in  the  equilibrium  position,  as  they  must  be.  The  terms 
of  lowest  order  in  V are  therefore  the  terms  quadratic  in  qx,  q2,  ,..,qn. 
Neglecting  the  higher  terms  of  the  expansion  in  comparison  with  these, 
we  have  therefore  V expressed  as  a homogeneous  quadratic  form  in  the 
variables  qx,  q2)  ...,  qn,  with  constant  coefficients. 

Thus  the  problem  of  vibratory  motions  about  a configuration  of  equilibrium 
depends  on  the  solution  of  Lagrangian  equations  of  motion  in  which  the  kinetic 
and  potential  energies  are  homogeneous  quadratic  forms  in  the  velocities  and 
coordinates  respectively,  with  constant  coefficients. 

77.  Normal  coordinates. 

In  order  to  solve  the  equations  of  motion  of  a vibrating  system,  we  write 
the  expressions  for  the  kinetic  and  potential  energies  in  the  form 

T=  i (axxqi  + a22q<?  + ...  + annqn  + %a12qxq2  + 2ax3qxq3  + . . . + 2an_x>nqn_xqn), 

V — \ (bxxqx  + b22q2  + . . . + bnnqn~  + 2 b12qxq2  + 2 b13qxq3  + . . . + 2 bn-Xinqn-xqn) ; 
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of  these  T is  (§  26)  a positive  definite  form ; and  the  determinant  formed 
of  the  quantities  ars  is  not  zero  (since  if  this  condition  is  not  satisfied, 
T will  depend  on  less  than  n independent  velocities).  The  equations  of 
motion  are 


d_  /0T\=_aF 
dt  \dqj  dqr 


(r  = l,  2,  n); 


if  a change  of  variables  is  made,  such  that  the  new  variables  (qx\  q2)  . ..,  qn') 
are  linear  functions  of  (< qx , q2,  ...,  qn),  the  new  equations  of  motion  will  be 


d_  /0T\_a7 
dt  \3 qr'J  dq^ 


(r=l,  2,  ...,  n), 


and  these  equations  are  clearly  linear  combinations  of  the  original  equations. 


Suppose  then*  that  the  original  equations  of  motion  are  multiplied 
respectively  by  undetermined  constants  mX)  m2,  ...,  mn , and  added  together. 
The  resulting  equation  will  be  of  the  form 


d?Q 

dt 2 


4-  XQ  — 0, 


where  Q = hxqx  + h2q2  + ...  + hnqn , 

provided  the  constants  mx,  m2,  ...,  mn,  h1}  h2,  ...,  hn,  X satisfy  the  equations 
bnm1  + bX2m2  + . . . 4-  bmmn  = X (au mx  4-  a12m2  + . . . + alnmn)  = Xh1} 
b2Xmx  + b22m2  + . . . 4-  b2nmn  = X ( a2xmx  4-  a22m2  4-  . . . 4-  cim^n)  = ~Xh2, 


bni'W'l  d"  byi2ni2  4“  ...  4“  bnnWln  — X (o^wq  4-  Ctn2^2  d*  • • • 4“  Cf'nn^'n)  — Xhn . 


These  equations  can  coexist  only  if  X is  a root  of  the  determinantal  equation 


axx X b^x , OjX2X  bX2)  . . . , dX'fiX  bXn 

d2X X b2X,  ct22X  b2 2,  . ..,  a2nX  b2n 


= 0. 


dm  X b. 


dnn  X b 


nn 


Moreover,  if  Xx  is  any  root  of  this  equation,  we  can  determine  from  the 
preceding  equations  a possible  set  of  ratios  for  mx,  m2,  ...,  mn,  hx,  h2,  ...,  hn\ 
these  ratios  may,  in  certain  cases,  be  partly  indeterminate,  but  in  all  cases  at 
least  one  function  Q can  be  obtained  in  this  way,  satisfying  the  equation 


d?Q 
dt 2 


d-  XxQ  — 0. 


Now  let  a linear  change  of  variables  be  effected  so  that  the  quantity  Q 
so  determined  is  one  of  the  new  variables : there  will  be  no  ambiguity  in 


This  method  of  proof  is  due  to  Jordan,  Comptes  Rendus,  lxxiv.  p.  1396. 
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denoting  the  new  variables  by  qx,  q2i  qn ; we  shall  take  qx  to  be  identical 
with  Q , so  that  the  above  equations  are  satisfied  by  the  values  hx  — 1,  h2  = 0, 
— 0.  Since  the  form  T is  a positive  definite  form,  the  coefficients 
^22>  ct33,  ...,  ann  of  the  squares  of  q2,  q3,  . ..,  qn,  will  not  be  zero:  so  instead 
of  q2,  q3,  ...,  qn  we  can  again  take  new  variables  respectively  equal  to 

( hn 

(XfV 


0^12 

9,+<r ?i’ 

a 22 


Clj3 


$ n 


<h< 


By  this  change  of  variables  the  terms  in  qxq2}  qxq3i  q. lqn>  are  removed  from 

T : so  we  can  assume  that  a2X,  a3x,  am  are  zero. 


Now  introducing  the  conditions  hx  — 1,  h2  = 0,  /i3  = 0,  ...,hn  = 0,  a21  = 0, 
anl  = 0,  in  the  equations  which  determine  m1}  m2,  , mn,  hu  h2,  ...,  hn>\, 

we  obtain  the  values 


m1  = l/an,  m2  = 0,  m3  = 0,  . . . , mn  = 0, 

6n  = Xjttn,  621  = 0,  b3l  — 0,  ... , bnl  = 0. 


It  follows  that  the  equation 


has  the  form 
while  the  equations 


d 

(dT) 

_0F 

dt 

\dqj 

dqx 

d%  - 

= 0, 

d 1 

'dT\ 

dV 

dt  \ 

<dqr) 

dqr 

l( 

'd  T'\ 

dV' 

dt  \ 

,dqr) 

dqr 

have  the  form 

where  T'  —T  — \axlq^,  V'  = V—  \\xanq^} 


(r  = 2,  3,  n) 

(r=2,  3,  n), 


so  that  T'  and  V'  do  not  involve  qx  and  qx. 

This  last  system  of  equations  may  be  regarded  as  the  system  of  equations 
corresponding  to  a vibrational  problem  with  (n  — 1)  degrees  of  freedom. 
Treating  them  in  the  same  manner,  we  can  isolate  another  coordinate  q2 
such  that  if 

T"  = T'  - %a22q22,  V"  -V'  - V\2a22q<? 

(where  \2  and  a22  are  certain  constants),  then  T"  and  V"  do  not  involve  q2  or 
q2,  and  the  coordinates  q3 , q u ...,  qn  are  determined  by  the  equations  of 
a vibrational  problem  with  ( n — 2)  degrees  of  freedom,  in  which  the  kinetic 
and  potential  energies  are  respectively  T"  and  V". 

Proceeding  in  this  way,  we  shall  finally  have  the  variables  chosen  so  that 
the  kinetic  and  potential  energies  of  the  original  system  can  be  written  in 
terms  of  the  new  variables  in  the  form 

T=\  ( auqi 2 + «22^2  + . . . + a nnqn)> 

V=\  (&1?12+  £22  g22  + • • • + finnqn), 

where  au,  a23,  ...,  ann,  fixx,  /322, finn  are  constants. 
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If  finally  we  take  as  variables  the  quantities  V alxqx,  Va22g2,  ^ annqn , 

instead  of  qlt  q2,  qn,  the  kinetic  and  potential  energies  take  the  form 

(5i2  + q22  + . . . + qn2), 
v=  i it1!  q2  + faq-z  + • • • +^n  q?i2), 
where  pk  stands  for  /3kk/akk. 

In  this  reduction  it  is  immaterial  whether  the  determinantal  equation  has 
its  roots  all  distinct  or  has  groups  of  repeated  roots.  The  final  result  can  be 
expressed  by  the  statement  that  if  the  kinetic  and  potential  energies  of  a 
vibrating  system  are  given  in  the  form 

On^i2  + a22g22  + • • . + annqn  + 2 a12qxq2  + . . . + 2 an-l>nqn-An)> 

V-  i {bnq2  + b^qi  + . . . + bnnqn2  + 2 b12qxq2  + . . . 4-  2 bn^nqn-iqn), 


it  is  always  possible  to  find  a linear  transformation  of  the  coordinates  such 
that  the  kinetic  and  potential  energies , when  expressed,  in  terms  of  the  new 
coordinates , have  the  form 

T = 2 (£i2  + ^22  + ---  +<in), 

V — 2 (a6!^!2  + /^2 q%  + • • • + pn,qn  X 


where  the  quantities  p1}  gn  are  constants.  These  new  coordinates  are 

called  the  normal  coordinates  or  principal  coordinates  of  the  vibrating  system. 


Now  it  is  a well-known  algebraical  theorem  that  the  roots  of  the  determi- 
nantal equation 


u-nX  bn,  a12\  b12,  . . . , am\  bm 
ct2i\  b%i , tt22 /V  b22,  ...,  a27)\  b2n 


= 0 


I X bn 


>.X  — b 


nn 


are  the  values  of  X for  which  the  expression 

(&nX  bn) q2  + (a22\  622) q2 -f- . . . + (am^\  bm q^  + 2 (d12X  612)  qiq2  . 

+ 2 {an—irn'^  1, n)  qn—iqn 

can  be  made  to  depend  on  less  than  n independent  variables  (which  will  be 
linear  functions  of  qlf  q2,  qn ).  Since  this  is  a property  which  persists 

through  any  linear  change  of  variables,  we  see  that  the  determinantal  equation 
is  invariantive,  i.e.  if  qx\  q2,  . . . , q n'  are  any  n independent  linear  functions  of 
q1}  q2,  ...,  qn,  and  if  T and  V when  expressed  in  terms  of  q^,  q2,  ...,  qn'  take 
the  form 


w.  D. 


T (au qfi  + a22q22  + . . . + 2 aX2qlq2  + . . .), 

V=  2 (fin  qi 2 "f*  b22  q2  2 + ...  + 2612  q{  q2  +...), 
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then  the  roots  of  the  new  determinantal  equation  |]  ar/X  — br8'\\  = 0 are  the 
same  as  the  roots  of  the  original  determinantal  equation  ||  ars\  — 6rs||  = 0. 

But  when  the  kinetic  and  potential  energies  have  been  brought  by  the 
introduction  of  normal  coordinates  to  the  form 

T = 2 (9i2  + (Z22  + • • • + qn), 

V — 2"  + g2q2  + . . . + Mn2), 

the  determinantal  equation  is 


\ — fjbx  0 

0 X — g2 
0 0 


0 0...  0 

0 0...  0 

X — /z3  0 . . . 0 


0 0 0 0 ...\-pn 

so  its  roots  are  p1}  p2,  ...,  pn.  It  follows  that  the  constants  /jl2,  gn,  which 
occur  as  the  coefficients  of  the  squares  of  the  normal  coordinates  in  the  potential 
energy , are  the  n roots  ( distinct  or  repeated)  of  the  determinantal  equation 
||  ars\  — hrs  ||  = 0,  where  an,  a12,  hn,  h12,  ...  are  the  coefficients  in  the  original 
expressions  for  the  kinetic  and  potential  energies. 


It  will  be  seen  that  the  problem  of  reducing  the  kinetic  and  potential  energies  to  their 
expressions  in  terms  of  normal  coordinates  is  essentially  the  problem  of  simultaneously 
reducing  each  of  two  given  homogeneous  quadratic  expressions  in  n variables  to  a sum  of 
squares  of  n new  variables : the  fact  that  T is  a function  of  the  velocities  while  V is  a 
function  of  the  coordinates  does  not  affect  the  question,  since  the  formulae  of  transforma- 
tion for  the  velocities  qu  q2,  qn  are  the  same  as  the  formulae  of  transformation  for  the 
coordinates  qu  q2,  qn. 

It  might  be  supposed  from  the  foregoing  that  it  is  always  possible  to  transform 
simultaneously  each  of  two  given  homogeneous  quadratic  expressions  in  n variables  to  a 
sum  of  squares  of  n new  variables ; but  this  is  not  the  case ; for  example,  it  is  not  possible 
to  transform  the  two  quadratic  expressions 

ax1  + bxy  + az1  and  cx1  + dxy  + cz2 

to  the  forms 

!2  + *72  + t2  and  a^+(3r,z+y(z, 
where  rj , £ are  linear  functions  of  x,  y,  z. 

The  conditions  which  must  be  satisfied  in  order  that  two  given  quadratic  expressions 
anxx2  -f  a22  x22  + . . . + 2^2^  x2  + . . . , 
hnX12  + b22  x22+  ...  +2 &12a?1a?2+..., 


may  be  simultaneously  reducible  to  the  form 

«U^l2  + «22l22+--+«nnln2, 


£l2+/322  ^22  + • • • + ftnn 
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are,  in  fact,  that  the  elementary  divisors  (. Elementartheiler ) of  the  determinant  [| ars\  — br8\\ 
shall  be  linear*  If  however  one  of  the  two  given  forms  is  a definite  form  (as  we  saw  was 
the  case  with  the  kinetic  energy  in  the  dynamical  problem),  the  elementary  divisors  are 
always  linear,  and  the  simultaneous  reduction  to  sums  of  squares  is  therefore  possible; 
this  explains  the  circumstance  that  the  reduction  can  always  be  effected  in  the  dynamical 
problem  of  vibrations. 

The  universal  possibility  of  the  reduction  to  normal  coordinates  for  dynamical  systems 
was  established  by  Weierstrass  in  1858t;  previous  writers  (following  Lagrange)  had 
supposed  that  in  cases  where  the  determinantal  equation  had  repeated  roots  a set  of 
normal  coordinates  would  not  exist,  and  that  terms  involving  the  time  otherwise  than  in 
trigonometric  and  exponential  functions  would  occur  in  the  final  solution  of  the  equations 
of  motion. 

78.  Sylvesters  theorem  on  the  reality  of  the  roots  of  the  determinantal 
equation. 

We  have  seen  in  the  preceding  article  that  by  introducing  new  variables 
which  are  linear  functions  of  the  original  variables,  it  is  always  possible  to 
reduce  the  kinetic  and  potential  energies  of  a vibrating  system  to  the  form 

T=  i(qi+q» + — + &), 

V=  i Oi 2 + • • • + 


The  question  arises  as  to  whether  this  transformation  is  real,  i.e.  whether 
the  coefficients  m1}  ra2,  ...,  mn,  h1}  h.2,  ... , hn  which  occur  in  the  trans- 
formation are  real  or  complex.  Since  these  coefficients  are  given  by  linear 
equations  whose  coefficients,  with  the  possible  exception  of  the  roots  X2, . . .,  \n 
of  the  determinantal  equation,  are  certainly  real,  the  question  reduces  to  an 
investigation  of  the  reality  or  otherwise  of  the  roots  of  the  equation 


ctjjA,  — bxx  (Xj2A<  bx2 

aofi.  b2±  a2ifi  ^22 


Oj  nfi  b l 

bo 


= 0; 


ani\ 


A by 


Unrtfi  b7 


it  being  known  that  the  quantities  ars  and  brs  are  all  real,  and  that 
+ a22^22  + • • * + Unnqn  + 2a12g,1^2  + . . . + 2 an_1>  n qn_x  qn 
is  a positive  definite  form. 

Let  A denote J the  determinant  |j  ars\  — brs  ||,  and  let  Ax  denote  the 
determinant  obtained  from  it  by  striking  out  the  first  row  and  first  column ; 
let  A2  denote  the  determinant  obtained  from  A by  striking  out  the  first  two 

* Cf.  Muth’s  treatise  on  Elementartheiler  (Leipzig,  1899) ; Bromwich,  Proc.  Lond.  Math.  Soc. 

xxxi. — XXXIII. 

+ Cf.  Weierstrass’  Collected  Works , Yol.  i.  p.  288. 

X The  following  proof  is  due  to  Nanson,  Mess,  of  Math.  xxvi.  (1896),  p.  59. 
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rows  and  first  two  columns,  and  so  on.  Then  in  any  symmetrical  deter- 
minant, say 


D = 


<*ii 

®21 


«i2 

«22 


Q-m 


, where  ctrs  — asr, 


&ni  Q-m 


&nn 


it  is  known  that 


&d  a D__/dDv_I)  a2D 

0OCll  (JOC22  \0OCi2/  0^11  0^22 


and  hence  if  vanishes  the  quantities  D and  . ^ 'P—  must  have  opposite 
C/Otn  doL11da22 

signs ; thus  we  have  the  result  that  in  the  series  of  quantities 


A,  Ai,  Aa,  An  (where  An=  1), 

if  any  one  member  of  the  series  vanishes  for  a given  value  of  X,  the  two 
adjacent  members  must  have  opposite  signs  for  that  value  of  X. 

Let  Ar  denote  the  determinant  formed  from  Ar  by  replacing  X by  unity 
and  each  of  the  quantities  brs  by  zero,  so  that  Ar  is  the  coefficient  of  the 
highest  power  of  X in  Ar.  Since 


anqi2  + a22q22  + . . . + annqn2  + 2 + . . . + 2 an_^nqn^  qn 

is  a positive  definite  form,  Ar  is  positive  for  all  values  of  r from  0 to  n. 
Thus  the  coefficients  of  the  highest  powers  of  X in  the  functions  A,  A1}  ...,  An 
are  all  of  the  same  sign ; and  therefore  as  X increases  from  — 00  to  + 00 , 
these  functions  lose  n changes  of  sign. 

Now  since  An  is  not  zero  and  Ar_1;  Ar+1  have  opposite  signs  when  Ar 
vanishes,  it  follows  that  the  functions  A,  A1?  A2,  ...,  An , cannot  lose  or  gain  a 
change  of  sign  except  when  X passes  through  a root  of  A.  But  as  X passes 
from  — 00  to  + qo  , the  functions  lose  n changes  of  sign ; and  hence  the 
n roots  of  the  determinant  A are  all  real.  The  transformation  to  normal 
coordinates  is  therefore  always  a real  transformation. 

Moreover,  since  a change  of  sign  is  lost  in  the  pair  A,  Au  every  time  that  X 
passes  through  a root  of  A,  it  is  evident  that  Ax  must  change  sign  when  X 
increases  from  one  root  of  A to  the  consecutive  root,  and  hence  that  the 
n roots  of  A are  separated  by  the  (n  — 1)  roots  of  A^  similarly  the  roots  of 
each  of  the  functions  Ar  are  separated  by  the  roots  of  the  function  Ar+1. 
Now  An  has  no  roots : and  if  An has  the  same  sign  at  X = 0 as  at  X = — 00  , 
the  root  of  the  function  An will  not  be  negative.  If  moreover  An_2  has 
the  same  sign  at  X = 0 as  at  X = — oo , neither  of  the  roots  of  An_2  will  be 
negative : for  if  this  condition  is  satisfied,  An_2  must  have  either  two 
negative  roots  or  no  negative  roots,  and  there  cannot  be  two  negative 
roots  since  there  is  no  negative  root  of  An_x  to  separate  them.  Similarly  in 
general  the  condition  that  none  of  the  functions  in  the  series  A,  A1}  A2,  ...,  An 
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shall  have  a negative  root  is  that  each  of  the  functions  must  have  the 
same  sign  at  A = 0 as  at  A = — oo  . Hence  the  condition  to  be  satisfied 
in  order  that  all  the  roots  of  A may  be  positive  is  that  each  quantity  Ar 
shall  have  at  A = 0 the  same  sign  as  (—  l)n~r,  i.e.  that  each  of  the 
determinants 


bn  ^12  • • • hln 

b22  b-23 . . . b2n 

j 

^33  h3i ...  bsn 

bzi  b22  ...  hm 

^32  h33 ...  bsn 

^43  ^44 

hni  bn2 . . . bnn 

hn2  bnn 

hns  hnn 

shall  be  positive.  But  these  are  the  well-known  conditions  that  the  quadratic 
form 

Kqi2  + Kq?  + . • • “1“  t>nn  q n + 2612g,i^2  + . • . + 26n_lj  n qn—i  qn 

shall  be  a positive  definite  form.  Hence  finally  the  condition  that  the  deter - 
minantal  equation  j|  arsX  — brs  |j  = 0 shall  have  all  its  roots  positive  is  that 
the  quadratic  form 

bnqi  + Kq22  + •••  + hnnqn  + ^h12qiq2  + . • • + 2 bn—1}n  qn—i  qn 
shall  he  a positive  definite  form , i.e.  that  the  potential  energy  in  the  vibratory 
motion  shall  he  essentially  positive. 


79.  Solution  of  the  differential  equations ; the  periods ; stability. 

In  order  to  express  the  configuration  of  any  vibrating  system  in  terms  of 
the  time,  we  first  determine  the  normal  coordinates  of  the  system,  and 
express  the  kinetic  and  potential  energies  in  terms  of  them,  so  that  these 
take  the  form 

T = ±(qi  + qi+. ..+&), 

V—\  (A xqi  + \2qi  + . . . + \nqn% 

where  (q1}  q2,  ...,  qn)  are  the  normal  coordinates,  and  (A1}  A2,  ...,  \n)  are  the 
roots  of  the  determinantal  equation  ||  ars\  — hrs  ||  = 0 ; these  quantities 
(Ai,  A2, \n)  have  been  shewn  in  the  last  article  to  be  all  real. 

The  Lagrangian  equation  of  motion  for  any  coordinate  qr,  namely 


is  therefore 


d(dT\_dT  = __dV 
dt  \dqr)  dqr  ~ dqr  ’ 

qr  + A rqr  = 0. 


The  solution  of  this  equation  is 

qr  = Ar  cos  (Va rt  + Br)  , if  \r  is  positive, 

- qr  = Art  + Br  , if  Ar  is  zero, 

qr  — Arey/~Xrt  + Bre~yJZ~*rti  if  Ar  is  negative, 
where  in  each  case  Ar  and  Br  denote  constants  of  integration. 
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It  appears  from  these  equations  that  if  all  the  normal  coordinates  except 
one,  say  qr,  are  initially  zero,  and  if  the  constant  \ corresponding  to  the 
non-zero  coordinate  is  positive,  then  the  coordinates  (qly  q2, . . . , qr_lyqr+1,  ...,qn) 
will  be  permanently  zero,  and  the  system  will  perform  vibrations  in  which 
the  coordinate  qr  is  alone  affected.  Moreover  the  configuration  of  the 
system  will  repeat  itself  after  an  interval  of  time  27 r/V\r.  This  is  usually 
expressed  by  saying  that  each  of  the  normal  coordinates  corresponds  to  an 
independent  mode  of  vibration  of  the  system , provided  the  corresponding 
constant  \r  is  positive  ; and  the  period  of  this  vibration  is  27r/V\r. 

Moreover,  if  the  system  be  referred  to  any  other  set  of  coordinates  which 
are  not  normal  coordinates,  these  coordinates  are  linear  functions  of  the 
normal  coordinates;  and  the  normal  coordinates  perform  their  vibrations 
quite  independently  of  each  other ; thus  every  conceivable  vibration  of  the 
system  may  be  regarded  as  the  superposition  of  n independent  normal 
vibrations.  This  is  generally  known  as  Bernoulli's  principle  of  the  super- 
position of  vibrations. 

If  the  quantities  (\1?  \2,  ...,  \n)  are  not  all  positive,  it  appears  from  the 
above  solution  that  those  normal  coordinates  qr  which  correspond  to  the 
non-positive  roots  Xr  will  not  oscillate  about  a zero  value  when  the  system  is 
slightly  disturbed  from  a state  of  rest  in  its  equilibrium  position,  but  will 
increase  so  as  to  invalidate  the  assumption  made  at  the  outset  of  the  work, 
namely  that  the  higher  powers  of  the  coordinates  can  be  neglected.  In 
this  case  therefore,  there  will  not  be  a vibration  at  all,  and  the  equilibrium 
configuration  is  said  to  be  unstable.  If  however  the  initial  disturbance  is 
such  that  these  normal  coordinates  which  correspond  to  non-positive  roots 
Xr  are  not  affected,  the  system  will  perform  vibrations  in  which  the  rest 
of  the  normal  coordinates  oscillate  about  zero  values. 

The  normal  modes  of  vibration,  which  correspond  to  those  normal 
coordinates  for  which  the  corresponding  root  \r  is  positive,  are  said  to 
be  stable.  If  the  constants  \r  are  all  positive,  the  equilibrium-configuration 
as  a whole  is  said  to  be  stable.  The  condition  for  stability  of  the  equi- 
librium-configuration is  therefore,  by  the  theorem  of  the  last  article,  that 
the  potential  energy  of  the  vibrating  system  shall  be  a positive  definite  form. 

This  result  might  have  been  expected  from  a consideration  of  the  integral  of  energy ; 
for  this  integral  is 

T+  F=A, 

where  T and  F are  the  quadratic  forms  which  represent  the  kinetic  and  potential  energies, 
and  where  h is  a constant.  This  constant  h will  be  small  if  the  initial  divergence  from  the 
equilibrium  state  is  small.  But  T is  a positive  definite  form ; and  if  F is  also  a positive 
definite  form,  we  must  have  T and  F each  less  than  h , so  T and  V will  remain  small 
throughout  the  motion : the  motion  will  therefore  never  differ  greatly  from  the  equilibrium- 
configuration,  i.e.  it  will  be  stable. 
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80.  Examples  of  vibrations  about  equilibrium. 

We  shall  now  discuss  a number  of  illustrative  cases  of  vibration  about 
equilibrium. 

(i)  To  find  the  vibration-period  of  a cylinder  of  any  cross-section  which  can  roll  on  the 
outside  of  a perfectly  rough  fixed  cylinder. 

Let  s be  the  arc  described  on  the  fixed  cylinder  by  the  point  of  contact,  s being 
measured  from  the  equilibrium  position;  let  p and  p be  the  radii  of  curvature  of  the 
cross-sections  of  the  fixed  and  moving  cylinders  respectively  at  the  points  which  are  in 
contact  in  the  equilibrium  position  ; p and  p being  supposed  positive  when  the  cylinders 
are  convex  to  each  other : let  M be  the  mass  of  the  moving  cylinder,  Mk2  its  moment  of 
inertia  about  its  centre  of  gravity,  and  c the  distance  of  the  centre  of  gravity  from  the 
initial  position  of  the  point  of  contact  in  the  moving  cylinder. 

If  a denotes  the  initial  angle  between  the  common  normal  to  the  cylinders  and  the 
vertical,  then  a+s/p  is  the  angle  between  the  common  normal  at  time  t and  the  vertical, 
a+s/p+s/p'  is  the  angle  made  with  the  vertical  by  the  line  joining  the  centre  of  curvature 
of  the  moving  cylinder  with  the  original  point  of  contact  in  the  moving  cylinder,  and 
sfp+s/p'  is  the  angle  made  with  the  vertical  by  the  line  joining  the  last-named  point  to 
the  centre  of  gravity  of  the  moving  cylinder.  The  angular  velocity  of  the  moving  cylinder 
is  therefore 

1 1' 


so  its  kinetic  energy  is 


p + p 1 ’ 


T=^M(k2  + c2)  + s 2. 

\P  P J 

The  potential  energy  is 

V=Mgx  height  of  the  centre  of  gravity  of  the  moving  cylinder  above  some  fixed  position 
= Mg  j(p  4-  p)  cos  (m  4-0  - p'  cos  (a  + s~  + 0 + c cos  ^ 

Neglecting  s 3 this  gives 


COS  a — C 


-Jp±f 


pp  \ pp 


tfl- 


The  Lagrangian  equation  of  motion, 

d fdT 


dT  dV 


gives 


s = 0, 


dt  \ ds 

M(V+c>)  (l  + f)%+M9  \ffco sa-c  (e±£)2} 

and  the  vibrations  are  therefore  given  by  the  equation 

s= A cos  (Xtf  + e), 

where  A and  e are  constants  of  integration  to  be  determined  by  the  initial  conditions,  and 


X is  given  by  the  equation 


X2  = 


9 f PP 


a — cj. 


pi  _j_  c2  [p  + P 

The  vibration -period  is  2 tt/X. 

(ii)  To  find  the  periods  of  the  normal  modes  of  vibration  about  an  equilibrium-configura- 
tion of  a particle  \ moving  on  a fixed  smooth  surface  under  gravity. 

The  tangent-plane  to  the  surface  at  the  point  occupied  by  the  particle  in  the 
equilibrium-configuration  is  evidently  horizontal : take  as  axes  of  x and  y the  tangents  to 
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the  lines  of  curvature  of  the  surface  at  this  point,  and  as  axis  of  z a line  drawn  vertically 
upwards : so  that  the  equation  to  the  surface  is  approximately 

x 2 , u 2 

where  p1  and  p2  denote  the  principal  radii  of  curvature,  measured  positively  upwards. 
The  kinetic  energy  and  potential  energy  are  approximately 

T=%m  (x2+y2)  (where  m is  the  mass), 

and  V—mgz 


It  is  evident  from  these  expressions,  that  x and  y are  the  normal  coordinates : the 
equations  of  motion  are 

x + —x  = 0 and  y+—y  = 0, 

Pi  P2 

and  the  periods  of  the  normal  modes  of  vibration  are  therefore 

Kf)‘  “a 

(iii)  To  find  the  normal  modes  of  vibration  of  a rigid  body , one  of  whose  points  is  fixed , 
and  which  is  vibrating  about  a position  of  stable  equilibrium  under  the  action  of  any  system 
of  conservative  forces. 

Take  as  fixed  axes  of  reference  OXYZ  the  equilibrium  positions  of  the  principal  axes  of 
inertia  of  the  body  at  the  fixed  point ; the  moving  axes  will  be  taken  as  usual  to  be  these 
principal  axes  of  inertia.  We  shall  suppose  the  position  of  the  body  at  any  instant 
defined  by  the  symmetrical  parameters  (£,  r/,  £,  f)  of  § 9 ; we  shall  regard  £,  rj,  ( as  the 
independent  coordinates  of  the  system,  x being  defined  in  terms  of  them  by  the  equation 

£2+V+(T2+x2=i. 

The  components  of  angular  velocity  of  the  body  about  the  moving  axes  are  (§  16) 

(g>i=2(x£+Cv-vC-£x)> 

|g>2=2  (-££+*» ) + iC~Vx\ 

U3 = 2 (i;|  - £ )+xC~  Cx)- 

On  account  of  the  smallness  of  the  vibration,  we  regard  £,  77 , ( as  small  quantities  of 
the  first  order ; y therefore  differs  from  unity  by  a small  quantity  of  the  second  order,  and 
so  we  have,  correctly  to  the  first  order  of  small  quantities, 

wi  = 2i,  o)2  = 2?7,  o)3 =2C, 

and  the  kinetic  energy  of  the  body,  which  is  given  by  the  equation 

2 T—  A a >j2 + Bcof  + <7o)32, 

where  A,  B,  C are  the  principal  moments  of  inertia  at  the  point  of  suspension,  can  be 
written 

T=2  (A£2+Brj2  + C{2). 

The  potential  energy  is  some  function  of  the  position  of  the  body,  and  therefore  of  the 
parameters  (£,  rj,  £) ; let  it  be  denoted  by  V (£,  rj , C). 
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Since  zero  values  of  (£,  77,  £)  correspond  to  the  equilibrium  position,  there  will  be 
no  terms  linear  in  (£,  77,  £)  when  V is  expanded  in  ascending  powers  of  (|,  77,  £) : the  lowest 
terms  are  therefore  of  the  second  order  ; neglecting  terms  of  higher  order,  we  can  therefore 
write 

V=  a?  + W + 0C2  + 2/77C+  2 + 2h£rj, 

where  a , b , c,  /,  <7,  A are  constants. 

The  problem  of  determining  the  normal  coordinates  is  therefore  the  same  as  that 
of  reducing  the  two  quadratic  expressions 

(A&+Bf+Cp, 

\af3 + brj2  + c{2  + 2/77^+ 2 + 2h^rj, 

to  the  form 

(A^+B^+C^z2, 

\axx2-\rb$2+cxz2^ 

where  ( x , y,  2)  are  linear  functions  of  (£,  77,  £). 

Now  the  equation,  referred  to  the  fixed  axes,  of  the  momental  ellipsoid  in  its  equi- 
librium position,  is 

AX2+BY2+CZ2= 1; 

consider  in  connexion  with  this  the  quadric  whose  equation  is 

aX2  + bY2+cZ2+ 2 fYZ+  2gZX+  2hXY=  1 , 

which  we  shall  call  the  “ ellipsoid  of  equal  potential  energy 53 ; and  determine  the  common 
set  of  conjugate  diameters  of  these  quadrics.  Let  (X',  Y',  Z')  be  the  coordinates,  referred 
to  these  conjugate  diameters,  of  a point  whose  coordinates  referred  to  the  fixed  axes 
are  (X,  Y,  Z),  and  let  the  equations  connecting  (X',  Y\  Z')  and  (X,  Y,  Z)  be 

f X = lxX' + mu x Y'  + nxZ\ 

4 Y=l2X'+m2Y'+n2Z', 

\Z  — l3X'  + wig  Y'  + n3Z'. 

By  this  transformation  the  equations  of  the  quadrics  are  reduced  to  the  form 

jAxX'2 + Bx  Y'2 + CXZ'2 = 1 , 

\axX'2  + bxY'2+cxZ'2  =1, 

and  therefore  the  transformation  which  gives  the  normal  coordinates  in  the  dynamical 
problem  is 

fg=lxx+mx?/+nxz, 

J77  = ?2a?  + m2y  + ?i22!, 

Vt=l3x+m3y+n3z. 

It  follows  that  in  a normal  mode  of  vibration,  say  that  in  which  x alone  varies,  the 
quantities  (f,  77,  £)  will  be  permanently  in  the  ratio 

£ : 77  : C=lx  • ^2  • ^3  • 

But  from  the  definitions  of  § 9 it  is  evident  that  £,  77,  £ are,  to  the  first  order  of  small 
quantities,  proportional  to  the  direction-cosines  of  the  line  about  which  the  rotation 
of  the  rigid  body  takes  place,  and  consequently  the  normal  mode  of  vibration  of  the 
rigid  body  consists  of  a small  oscillation  about  a line  whose  equation  is 

X : Y : Z=lx  : l2  : l3, 

i.e.  about  the  line 

Y'  = 0,  Z'  = 0, 

which  is  one  of  the  common  conjugate  diameters  of  the  two  quadrics. 
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Hence  finally  we  have  the  result  that  the  normal  vibrations  of  the  body  are  small 
oscillations  about  the  common  conjugate  diameters  of  the  momental  ellipsoid  and  the  ellipsoid 
of  equal  potential  energy. 

(iv)  To  find  the  normal  coordinates  and  the  periods  of  normal  vibration  in  the  system 
of  three  degrees  of  freedom  for  which 

T =%(x2-\ry2+z2), 

{x2+y2)+2az  {x+y)+q2z2}, 

where  a is  small  in  comparison  with  p and  q ; and  to  shew  that  if  such  a system  be  let 
go  from  rest  with  y and  z initially  zero , the  vibration  in  x will  have  temporarily  ceased 
after  a time  rep  ( q2  — p2)/a 2,  and  that  there  will  then  be  a vibration  of  the  same  amplitude  in 
y as  the  original  one  was  in  x.  (Coll.  Exam.) 

The  form  of  the  kinetic  and  potential  energies  suggests  the  transformation 

x+y= 2g,  x—y=2ij, 

which  gives 

jT=£2  + i2+U2, 

| V =p2£2  +p2r)2  + 2 az%  + \q2z2. 

The  variable  rj  is  therefore  a normal  coordinate  : to  reduce  the  remaining  terms  in  the 
kinetic  and  potential  energies  to  sums  of  squares,  we  write 


and  then  we  have 


T-rj2  + {l  + (^ 2 _ p2y}[  ft + 2 j1  + _ p2)2}  ft 

V=p2rj2  + {p2 


(4 q2  - 2 p2)  a 2 
(q2  —p2)2 


The  variables  77,  <p,  are  therefore  the  normal  coordinates. 

Suppose  that  initially  we  have 

x=ic,  y= 0,  z=0, 

x=0,  y — 0,  z— 0, 

and  suppose  that  Tc  is  so  small  that  its  product  with  other  small  quantities  can  be 
neglected.  Then  to  this  degree  of  approximation  we  have  initially 

r)  = \Jc,  £=0. 

The  vibrations  of  the  normal  coordinates  77  and  <£  are  therefore  given  by  the  equations 
rj  cos  pt, 


(f)  = ^ic  cos  t 


P 


a2  (2?2-4j02hi 

{q2-p2)2  I 


1 + 


2a2 


(< q 2 —p2)2 


or 


The  last  equation  can  be  written 

<#,  = PcOs[>«{  l-p^pj}]: 

<jf>  = \1c  cos  pt  cos 


a2t 


p(q2-p2) 


+ \k  sin/tf  sin 


a2t 


p(q2~P2Y 
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The  motion  can  therefore  be  approximately  represented  initially  by 

r\=\k  cos  pt,  0=^  cos  pt, 
or 

x—  k cos  pt,  y= 0. 

After  an  interval  of  time  n p (q2—p2)/a2,  the  motion  is  approximately  represented  by 

rj = \lc  cos pt,  0 = — \h  cos  pt , 

or 

x=0  , y=-iccospt; 

which  establishes  the  result  stated. 

81.  Effect  of  a new  constraint  on  the  periods  of  a vibrating  system. 

We  shall  now  consider  the  effect  produced  on  the  periods  of  normal 
vibration  of  a dynamical  system  about  a configuration  of  stable  equilibrium 
when  the  number  of  degrees  of  freedom  of  the  system  is  diminished  by  the 
introduction  of  an  additional  constraint. 

Suppose  that  the  original  system  is  specified  in  terms  of  its  normal 
coordinates  (q1}  q2,  ...,  qn),  so  that  the  kinetic  and  potential  energies  have  the 
form 

T = i(qi‘  + q22  + ■■■  +qn), 

v=i  ( w + w + . . . + v?„s) ; 

and  let  the  additional  constraint  be  expressed  by  the  equation 

f(qi,  q3,  ....  qn)  = 0. 

Since  q1}  q2,  ...,  qn  are  small,  we  can  expand  the  function  f in  ascending 
powers  of  qx,  q2,  ...,  qn,  and  retain  only  the  first  terms  of  the  expansion : we 
can  thus  express  the  constraint  by  the  equation 

Axqx  + A2q2+  ...  + Anqn  = 0, 

where  Ax,  ...,An  are  constants.  As  the  equilibrium -configuration  is  supposed 
to  be  compatible  with  the  constraint,  there  will  be  no  constant  term.  By 
means  of  this  equation  we  can  eliminate  qn:  we  thus  have 

T = i j^i2  + qf  4-  . . . + (fn- 1 + j—q  {Axqx  + . . . + An_x  g,w-i)2J  > 

v — i jv^i2  + • • • + ^n-i  q2n~ l + J^~2  (Axqx  + . . . + An_x  ^n_i)2|  . 

The  Lagrangian  equations  of  motion  of  the  constrained  system  are  there- 
fore the  (n  — 1)  equations 

qr  + Xfqr  + Ar  ^ (^-1^1  + • • • + An_x  qn—i)  + ~^~2  (Axqx  + . . . + An_x  ^w-i)|  — 0 

(r  = l,  2,  1), 

or  qr  + \2qr  + pAr  = 0 {r— 1,  2,  ... , n — 1), 
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where 


1 xn2 

/*  = ~r~2  + • • • + An_ i qn-i)  + (^iS'i  + • • • + An-X  qn. __i) 


= _(hL  _ 

-d  -n. 


so  the  equations  of  motion  of  the  constrained  system  can  be  written  in  the 
form  of  the  n equations 

qr  + Vg>  + pAr  = 0 (r  = 1,  2,  . . . , n), 

where  y,  is  undetermined. 

Now  consider  a normal  mode  of  vibration  of  the  modified  system,  defined 
by  equations 

qx  = «i  cos  \t,  q2  — a2 cos \t,  ... , qn  — an  cos  \t,  y — v cos  \t. 
Substituting  in  the  equations  of  motion,  we  have 

ar  (Xr2  — X2)  + vAr  = 0 (r  = 1,  2, . . .,  n). 

Substituting  the  values  of  alt  a2,  ...,  otn  given  by  these  equations  in  the 
equation 

A«i  + A2a2  + ...  +Anan  = 0, 

we  have 

^i  . ! A-2  An 2 = Q 

X,2  - X2  X22  - X2  Xn2  - X2 

This  equation  in  X2  has  (n—  1)  roots,  which  from  the  form  of  the  equa- 
tion are  evidently  interspaced  between  the  quantities  Xj2,  X22,  ...,  Xn2:  the 
quantities  27 r/X  corresponding  to  these  roots  are  the  periods  of  the  normal 
modes  of  vibration  of  the  constrained  system,  and  it  therefore  follows  that 
the  (n  — 1)  periods  of  normal  vibration  of  the  constrained  system  are  spaced 
between  the  n periods  of  the  original  system. 


82.  The  stationary  character  of  normal  vibrations. 

We  shall  next  consider  the  effect  of  adding  constraints  to  a dynamical 
system  to  such  an  extent  that  only  one  degree  of  freedom  is  left  to  the 
system.  Let  (q1}  q2,  ...,  qn ) be  the  normal  coordinates  of  the  original 
system ; the  constraints  may,  as  in  the  last  article,  be  represented  by  linear 
equations  between  these  coordinates,  and  can  therefore  be  expressed  in  the 
form 

qi  = Piq>  q%  = p2,q>  ••^qn  — tLnq^ 

where  ylf  y2y  ...,  yn  are  constants  and  q is  a new  variable  which  may  be 
taken  as  defining  the  configuration  of  the  constrained  system  at  time  t. 

Let  the  kinetic  and  potential  energies  of  the  original  system  be 
^ = i(?i2  + + •••  +?»)» 

V-\ Mi  + W + • • • + Xn  V), 
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so  27 r/X'u  27 r/X2,  ...,  27r/Xn  are  its  periods  of  normal  vibration:  the  kinetic 
and  potential  energies  of  the  constrained  system  are  then 

^ = i(/*i2  + /*22+ •••  + /V2)  q\ 

V=i  (XiV  + x2>22  + . . . + Xi^n)  q2- 

The  period  of  a vibration  of  the  constrained  system  is  therefore  27 r/X, 
where  X is  given  by  the  equation 

^2  = X1  Vi2  + X2>22  + . . . + \n2^n 
fli>+  fl22+  ...+/An2 

If  the  constraints  are  varied,  this  expression  has  a stationary  value  when 
(n  — 1)  of  the  quantities  y2,  ...,  yn  are  zero:  this  stationary  value  is  one 
of  the  quantities  Xx2,  X22,  Xn2:  and  thus  we  have  the  theorem  that  when 
constraints  are  put  on  the  system  so  as  to  reduce  its  number  of  degrees  of 
freedom  to  unity,  the  period  of  the  constrained  system  has  a stationary  value 
for  those  constraints  which  make  the  vibration  to  be  a normal  vibration  of  the 
unconstrained  system. 

83.  Vibrations  about  steady  motion. 

A type  of  motion  which  presents  many  analogies  with  the  equilibrium- 
configuration  is  that  known  as  the  steady  motion  of  systems  which  possess 
ignorable  coordinates:  this  is  defined  to  be  a motion  in  which  the  non- 
ignorable  coordinates  of  the  system  have  constant  values,  while  the  velocities 
corresponding  to  the  ignorable  coordinates  have  also  constant  values. 

One  example  of  a steady  motion  is  that  of  the  top,  discussed  in  § 72  ; as  another 
example  we  may  take  the  case  of  a particle  which  is  free  to  move  in  a plane  and  is 
attracted  by  a fixed  centre  of  force,  the  potential  energy  depending  only  on  the  distance 
from  the  centre  of  force  ; for  such  a particle,  a circular  orbit  described  with  constant 
velocity  is  always  a possible  orbit,  and  this  is  a form  of  steady  motion,  since  the  radius 
vector  is  constant  and  the  angular  velocity  6 corresponding  to  the  ignorable  coordinate  6 
is  also  constant. 


In  many  cases,  if  a system  is  initially  in  a state  of  motion  differing  only 
slightly  from  a given  form  of  steady  motion,  the  divergence  from  this  form  of 
motion  will  never  subsequently  become  very  marked  ; we  shall  now  consider 
motions  of  this  kind,  which  are  called  vibrations  about  steady  motion. 


The  steady  motion  is  said  to  be  stable * if  the  vibratory  motion  tends  to 
a certain  limiting  form,  namely  the  steady  motion,  when  the  initial  disturb- 
ance from  steady  motion  tends  to  zero. 


Let  (p1}  p2,  ... ,pk ) be  the  ignorable  and  (q1}  q2,  ...,  qn ) be  the  non-ignorable 
coordinates  of  the  system.  Corresponding  to  the  ignorable  coordinates,  there 
will  be  k integrals 


* This  definition  is  due  to  Klein  and  Sommerfeld. 


(r=l,  2,  ... ,k ), 
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where  /3U  fi2,  ...,  /3*  are  constants.  We  shall  suppose  that  these  constants 
have  the  same  value  in  the  vibratory  motion  as  in  the  undisturbed  steady 
motion  of  which  it  is  regarded  as  the  disturbed  form;  this  of  course  only 
amounts  to  coordinating  each  vibratory  motion  to  some  particular  steacy 
motion. 


We  suppose  the  system  conservative,  with  constraints  independent  of  the 
time  ; let  its  kinetic  energy  be 


nn  n k Jc  lc 

T = % % 2 aijqiqj+  2 2 bijqipj  + ^ 2 2 typify, 

i= 1 j= 1 i= 1 j=  1 i — 1 j=  1 

where  the  coefficients  ay,  by,  Cy,  are  functions  of  qlf  q.2,  ...,  qn. 

The  integrals  corresponding  to  the  ignorable  coordinates  are 

2cyPi  4"  Xbijqi:=^j  (j  = 1>  2,  ...,  Tc). 

i i 


Let  Gy  be  the  minor  of  cy  in  the  determinant  formed  of  the  coefficients 
dj,  divided  by  this  determinant ; then  solving  the  last  equations  for  the 
quantities  pr,  we  have 

pr^tGrs  (/3s-lbisqi). 

s l 

Substituting  for  px,  p2)  ...,  pk,  in  the  above  expression  for  T,  and  utilising 
the  properties  of  minors  of  determinants,  we  have 

T=  i 2 (ay  - IGisbubjs)  qiqj  + J 2 Gufafa. 

i,j  1,8  1,8 

Now  perform  the  process  of  ignoration  of  coordinates.  Let  R be  the 
modified  kinetic  potential,  so 


R = T—  V—  2 pri 

r= 1 


— 2"  ^ (®ij  ^ Gisbubjs)  qiqj  2 Grs  f3rbisqi  % 2 Gis(3i(3s  V. 


Is  S 


l,  r,s 


1,8 


We  can  without  loss  of  generality  suppose  that  the  values  of  qx,  q2)  ...,  qn 
in  the  steady  motion  are  all  zero.  If  then  the  coefficients  in  R are  expanded 
in  ascending  powers  of  q1}  q2,  ...,  qn  by  Taylors  theorem,  and  all  terms  in  the 
expression  of  R thus  obtained  which  are  above  the  second  degree  in  the 
variables  q1}  q2,  ...,  qn,  q1}  q2,  •••,  qn  are  neglected  in  comparison  with  the 
terms  of  the  second  degree,  we  obtain  for  R an  expression  consisting  of  terms 
linear  and  quadratic  in  qu  q2,  ...,  qn,  qlf  q2,  ...,  qn.  Now  the  terms  which 
are  linear  in  q1}  q2,  ...,  qn  and  independent  of  q1}  q2)  ...,  qn,  disappear  auto- 
matically from  the  equations  of  motion 


d fR\  dR 

dt  \dqj  dqr 


(r  = l,  2,  ...,  w), 


and  these  terms  can  therefore  be  omitted.  Moreover,  since  the  equations  are 
satisfied  by  permanent  zero  values  of  q1}  q2,  ...,  qn,  it  is  evident  that  no  terms 
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linear  in  qu  q2,  ...,  qn  and  independent  of  ql3  q2,  ...,  qn  can  be  present  in  JR. 
It  follows  that  the  problem  of  vibrations  about  steady  motion  depends  on  the 
solution  of  Lagrangian  equations  of  motion  in  which  the  kinetic  potential  is  a 
homogeneous  quadratic  function  of  the  velocities  and  coordinates,  with  constant 
coefficients. 


The  difference  between  vibrations  about  equilibrium  and  vibrations  about 
steady  motion  consists  in  the  possible  presence  in  the  latter  case  of  terms  of 
the  type  qrqs  (i.e.  products  of  a coordinate  and  a velocity)  in  the  kinetic 
potential.  These  are  called  gyroscopic  terms.  The  vibrations  about  steady 
motion  of  a system  are  in  fact  the  same  thing  as  the  vibrations  about 
equilibrium  of  the  reduced  or  non-natural  (§  38)  system  to  which  the  problem 
is  brought  by  ignoration  of  coordinates. 

The  equations  of  motion  for  the  vibrating  system  are  therefore 


d /3JR\ 
dt  \dqr) 

where  JR  can  be  written  in  the  form 


(r  = l,  2,  ...,  n), 


JR  — 2"  S arsqrqs  + S /3rsqrqs  + 2 yrsqrqs  (r,  s — 1,  2,  . . . , n), 

r,s  r,s  r,s 

and  where  ars  = asr,  ^rs  — Psr, 

but  where  <yrs  is  not  in  general  equal  to  ysr.  The  equations  of  motion  in  the 
expanded  form  are 


filial  + O-lfpl  + (^21  7l2)  #2  — /3l2^2  + ai3^3  + (731  ~ 7l3)  9.Z  ~ /5i3^3  + ...  — 0, 

' C<21^1  + (712  — 721)  2i  — /^2l3l  + 0-22  q<l  — /?22^2  + 0t23^3  + (7^  “ 723)  ^3  ~ ^23^3  + • • • = 0, 

etc. 

These  are  linear  equations  with  constant  coefficients,  which  are  of  the  same 
general  character  as  the  corresponding  equations  in  the  case  of  vibrations  about 
equilibrium ; they  differ  only  in  the  presence  of  the  gyroscopic  terms,  which 
involve  the  coefficients  (7sr  — yrs).  The  presence  of  these  terms  makes  it 
impossible  to  transform  the  system  to  normal  coordinates* ; but,  as  we  shall 
next  see,  the  main  characteristic  of  vibrations  about  equilibrium  is  retained, 
namely  that  any  vibration  can  be  regarded  as  a superposition  of  n purely 
periodic  vibrations,  which  we  shall  call  (as  before)  the  normal  modes  of 
vibration  of  the  system. 


84.  The  integration  of  the  equations. 

We  shall  now  shew  how  the  nature  of  the  vibrations  can  be  determined, 
by  integration  of  the  equations  of  motion. 

* That  is  to  say,  impossible  to  transform  the  system  to  normal  coordinates  by  a point-trans- 
formation : it  is  possible  to  effect  the  transformation  to  normal  coordinates  by  a contact-trans- 
formation, and  this  is  actually  done  in  Chapter  XYI. 
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It  will  be  convenient  first  to  transform  them  into  a system  of  equations 
each  of  the  first  order.  Let  R denote  the  modified  kinetic  potential  of  the 
system,  so  that  in  the  vibratory  problem  R is  a homogeneous  quadratic 
function  of  qlt  q2,  qn,  qu  q2,  qn.  Write 

dR-  , a X 

0^  Qn+r  V 1>  2,  ??•), 

so  that  qn+lf  qn+2,  ...,  q2n  are  linear  functions  of  qlt  q2t  qn  and  vice  versa ; 
the  equations  of  motion  can  be  written 


2n+r  — 


djt 

dqr 


(r=l,  2,  w). 


Now  if  S denote  an  increment  of  a function  of  the  variables  q1}  q2}  ...,  qn, 
qn+i>  ...,  qm,  due  to  small  changes  in  these  variables,  we  have 

= 2 (qn+r&qr  “H qn+r^qf) 

r= 1 

\ ..  . w 

^ qn+r q_r  ) "h  2 (^qnjrrhqr  qr^qn+r)- 
r= 1 J r= 1 

n 

Let  the  quantity  2 qn+rqr  — R, 

r= 1 

when  expressed  as  a function  of  <£,  q2i  q2n,  be  denoted  by  H , so  that  .S’  is 
a known  homogeneous  quadratic  function  of  the  variables  q1}  q2,  . ..,  q2n\  the 
last  equation  can  be  written 

n 

8H  — 2 (qr$qn+r  qn+r&qr)) 

r= 1 

and  therefore*  the  equations  of  motion,  which  consisted  originally  of  n equations 
each  of  the  second  order,  can  be  replaced  by  a system  of  2 n equations , each  of 
the  first  order,  namely 

. a h . dH 

<7r  = ;r— qn+r  = -~-  (r=  1,  2,  n), 

oqn+r  oqr 

the  independent  variables  being  q1}  q2,  ...,  q2n. 

We  shall  now  shew  that  the  function  H,  which  has  replaced  R as  the 
determining  function  of  the  equations,  represents  the  sum  of  the  kinetic  and 
potential  energies  of  the  dynamical  system  considered. 

For  R contains  terms  of  degrees  2,  1,  and  0 in  the  velocities,  and 

3 . dR 

2 qr^r~ 

r= 1 oq.r 

* This  transformation  is  really  a case  of  the  Hamiltonian  transformation  given  later  in 
Chapter  X. 
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is  equivalent  to  twice  the  terms  of  degree  two  together  with  the  terms  of 
degree  one,  by  Euler  s theorem  ; it  follows  that  H , being  defined  as 

v ■ dR  7? 

^ j \r  • R> 
r=i  oqr 

will  be  equal  to  the  terms  of  degree  two  in  the  velocities  in  R,  together  with 
the  terms  of  zero  degree  in  R with  their  signs  changed  : on  comparing  the 
expressions  for  Tand  R given  on  page  190,  it  follows  that 

H = T+  V , 

so  H is  the  total  energy  of  the  dynamical  system,  expressed  in  terms  of  the 
variables  q1}  q2,  ...,  q2n. 

In  the  case  of  vibrations  about  an  equilibrium-configuration,  we  have 
seen  that  the  condition  for  stability  is  that  the  potential  as  well  as  the 
kinetic  energy  shall  be  a positive  definite  form ; we  shall  now  make  a similar 
assumption  for  the  case  of  vibrations  about  steady  motion,  namely  that  the 
total  energy  H is  a positive  definite  form  in  the  variables  qlf  q2,  ...,  q2n ; on 
this  assumption  we  shall  shew  that  the  steady  motion  is  stable,  and  in  fact 
that  the  equations  of  motion 

<hr dfr+r  SH 

dt  dqn+r'  dt  dqr  K ' 

can  be  integrated  in  the  following  way  *. 

Consider  the  set  of  linear  equations  in  the  variables  q1}  q2 , q2n, 


sqn+r  ^ —yr 

a# (ft,  ga,  -,?»»)_ 

b(ir  X ~ Vn+r 

oqn+r 


(r=l,  2,  n)\ 


if  we  denote  the  determinant  of  the  system  by  f(s),  and  the  minor  of  the 
element  in  the  Xth  row  and  yath  column  by 

/(*)x/t,  (X,  fi  = 1,  2,  ...,  2 n), 

the  expression  of  q1}  q2,  ...,  q2n  in  terms  of  y1}  y2,  y2n  is  given  by  the 
equations 

(/a  = 1,  2,  . . 2 n) 


/(s)am 


and  the  degree  of  f(s)  in  s is  2 n,  while  the  degree  of  f(s) ^ is  not  greater 
than  (2n  — 1). 

In  order  to  solve  the  equations  of  motion,  consider  expressions  for 
qi,  q2,  ...>  q2n  of  the  form 


= f />/*(*) 
Jc 


As) 


es(t—ia)  gs 


(A*  = l,  2,... ,2 «), 


* The  method  of  integration  which  follows  is  due  to  Weierstrass,  Berlin.  Monatsberichte,  1879. 

13 
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where  the  integration  is  taken  round  a large  circle  G which  encloses  all  the 
roots  of  the  equation  /(s)  = 0.  These  values  of  qlt  q2,  ...,  q2n  will  satisfy 
the  equations  of  motion,  provided  the  equations 


[ *->j  * -o 

J C { dpn+r  j f (s) 


(r—  1,  2,  ?i) 


are  satisfied.  If  therefore  plt  p2,  ***,_p2n  are  polynomials  in  s so  chosen  that 
the  expressions  in  brackets  under  the  integral  sign  vanish  when  s is  equal  to 
one  of  the  roots  of  the  equation  f(s)  = 0,  these  equations  will  be  satisfied, 
since  the  integrands  will  then  have  no  singularities  within  the  contour  C *. 
It  follows  that  p1}  p2,  ...,  pm  must  be  a set  of  solutions  of  the  equations 


sp  '0H(Ih,p„  .. 

• ? _ A 

dH(Pl,p2,.. 

— V 

• j Pm)  _ a 

dpn+r 

— V 

(r  = l,  2, 


when  s is  a root  of  the  equation  f(s)  — 0 ; this  condition  is  satisfied  by  the 
expressions 

P M 0)  = + a2  f{s\ * + . • . + CLmf(s\n,n  0=1,2,...,  2n), 

where  ax,  a2,  ...,  a2n  are  arbitrary  constants. 

The  equations  of  motion  are  therefore  satisfied  by  the  values 

= coefficient  of  1/s  in  the  Laurent  expansion  in  positive  and  nega- 
tive powers  of  s of  the  expression 

es(t-t0 ) 


{^/(s)^  + a2/(s)2/A  + . . . + a.2n  /(s)  m^} 


/(*) 


(ya  = l,  2,  ...,  2 n). 


Now  on  inspection  of  the  determinant  f(s)  we  see  that  minors  of  the 
types 

/(sW,*  and  f(s)^n+ll.  0 = 1,2 

are  of  degree  (2n  — 1)  in  s,  and  the  other  minors  are  of  degree  (2n  — 2)  in  s ; 
so  the  coefficient  of  1/s  in  the  Laurent  expansion  of  is  zero  unless 

\ = n + p or  fjL  = n + \]  in  the  former  case  it  is  — 1,  and  in  the  latter  case  it 
is  1.  Hence  on  taking  t = t0,  we  see  that  the  quantities 

di,  > • • • ) 

are  respectively  the  values  of 

Qn+ 1>  $71+2?  • • • ) ^2 n>  ~ ~ #2>  • • • ) ~ qn 


at  the  time  t0. 


* Whittaker,  A Course  of  Modern  Analysis,  § 36. 
t Ibid.  § 43. 
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If  therefore  we  write 

</>  (£)Afl  = coefficient  of  1/s  in  the  Laurent  expansion  of  es{t~to), 

J \s) 

and  if  qu  q2,  ...,  q2n  are  the  values  of  qlt  q2,  ...,  q2n  respectively  corresponding 
to  any  definite  value  t0  of  t,  we  have 

n 

q*  ^ {qn+a  (f>  f)a,  n qa-4*  (fyn+a,  fi]  (fA  — 1,  2,  . ..,  2 7l). 

0 = 1 

In  order  to  evaluate  the  quantities  </>  (t) Am,  it  is  necessary  to  discuss  the 
nature  of  the  roots  of  the  determinantal  equation  f(s)  = 0 ; let  ki  + l,  where 
k and  l are  real  and  i denotes  \/—l,  be  any  root  of  this  equation;  then 
the  2 n equations 


(ki  + l)  qn+a  + m(q"  = 0 

- (ki  + l)qa  + -><!*»)  = o 

oqn+a. 


(a  = 1,  2,  n) 


can  be  satisfied  by  values  of  qly  q2i  ...,  q2n  which  are  not  all  zero.  Let  a 
system  of  such  values  be 

+ irji > %2+iV2,  •••>  tjm  + irji n, 

where  f2,  ...,  %2n,  rj1,  rj2 , ...,  ?/2n,  are  real  quantities.  Then  if  we  write 

hH(q"  gy  g2n)  = H(quq,,  ....  ?«,),, 

we  have,  on  separating  the  last  equations  into  their  real  and  imaginary  parts, 
H (£1,  •••>  ^2n)a  4*  ^n+a  k7]n+a  — 0 

# (fl , £2,  • • • , £m)n+a  — + krj*  = 0 

LT  (^1,  y2,  • • • , ^27l)a  + tfjn+a  + k^n+a  = 0 

L?  ('T/I,  'T/a,  • • • j  S *  7?2n)n+a  ^*/a  k£a  = 0 > 

But  since  17  is  homogeneous  and  of  degree  two  in  its  arguments,  we  have 

2 n 

(£l>  ^2>  •••)  ^2/l)  = S (£l,  ^2)  •••)  ^2n)\) 

A=1 

and  using  the  first  two  of  the  preceding  equations  this  gives 

n > 

1,  £2,  •••>  ^2  n)  — tc  ]£  (£aVn+a~  V*£n+a)' 


(a  = I„  2,  ...,  w). 


Similarly 


0=1 

n 


2 H (jji,  'T/a,  • • • ) Vzn)  — ^ 2 (tjaVn+a  Vafjn+a) 


.(A). 


Moreover  on  multiplying  the  first  of  the  preceding  equations  by  ?/a  and  the 
second  by  t/,^,  adding,  and  summing  for  values  of  a from  1 to  n,  we  have 


and  similarly 


S VkH(% 1,  •••>  %m)k=l  2 (faf/n+a-^afn+a), 

A=1  a=l 


2 !>#(?/ 1, 1/2,  • 

A=1 


— ^ S (^a'^/n+a  '^/a^rt+a)* 
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Since  the  left-hand  sides  of  these  equations  are  equal,  we  must  have 

n 

l S (tjaVn+a  VoL^n+a)—0. 
a — 1 

But  from  equations  (A)  we  see  that,  as  H is  a positive  definite  form,  neither 

n 

k nor  X (fa^n+a  — VaZn+a)  can  be  zero;  we  must  therefore  have  l zero;  and 

a = l 

so  the  equation  f(s)  = 0 has  each  of  its  roots  of  the  form  ik,  where  k is  a real 
quantity  different  from  zero. 

We  shall  next  shew  that  in  the  case  in  which  the  equation  f{s)  = 0 has  a 
y-tuple  root  s',  each  of  the  functions  f(s) A/u.  is  divisible  by  {s  — s'y~l. 

For  let  c1}  c2,  c2n  be  a set  of  definite  real  quantities;  define  quanti- 
ties qx,  q2,  ...,  q2n  by  the  equations 

sqn+a  + H(qx,  q2,  qm)a  = ca 
sq<x  4"  H (c[\j  q%,  . • . , q2n)n+a  ~ Cn+a 

so  that  we  have 

2 n f(sy 

(/,  = !,  2,  2n). 


} (a -1,2,  .... 


n)  ••■(B), 


q*~ir=i  m 


Let  sxi  be  any  root  of  the  equation  f(s)  = 0,  and  let  m be  the  smallest 
positive  integer  for  which  all  the  functions 


0 - sxiy 


/0) 


are  finite  for  the  value  sxi  of  s.  When  s is  taken  sufficiently  near  sxi,  we  can 
expand  q^  in  a series  of  the  form 

(0V  + Ki)  0 “ i)~m  + (gf  + Ki)  0 ~ sxi)~m+1  + . . . , 
where  g^,  gf  hf,  ...,  denote  real  constants;  and  we  can  suppose  the 
quantities  cx,  c2,  ...,  c2n  so  chosen  that  the  quantities  g M and  h M are  not  zero. 
Substituting  this  value  of  q^  in  equations  (B),  and  equating  the  coefficients 
of  ( s — sxi)m , we  have 

H (gx,  g2,  g2n)a  - sxhn+a  = 0 
H (gx,  g2,  g2n)n+a  4-  sxha  = 0 
H (hx,  h2 , . . . , h2n)a  + sxgn. j_a  = 0 
H ( hx , h2)  . . . , h2f)n+a  sxg a = 0 
and  on  equating  the  coefficients  of  (s  — sxi)m~l,  we  have 

0 when  m > 1 


(a  = l,  2, ... yn ) (C), 


H (gi,  g 2, +5’»+«  = 

(0  w] 

H ($1  > 9*  > * • • > 9zn  )n+a  + Sl^a  — = "j 

(Cn+a 


when  m — 1 


0 when  m>  1 
when  m—  1 


r(«  = l,  2,  ...,n)  (D). 


, h2  , • . . , ^2n  )a  4“  ^1^  7l+a  4"  hn-\-a  — 9 

H (Jlx  , h2  , . . . , )w+a  SlQa-  = 9 
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Now  by  Eulers  theorem  on  homogeneous  functions  we  have 

2 n 

,g2,...,gm)  = 2 gkH(gltg2,  ...,gm\, 

or  by  (C), 

n 

2i7(^,  <y2,  ...,gm)  = s1  2 (g.hn+a  - hagn+a), 

a=l 

and  similarly 

n 

2H  (hj , h2,  h2ri)  = Si  S (cfahn+a  ha9n+a)> 

a = l 
n 

from  which  it  is  evident  that  2 ( gahn+a  — hagn+a)  is  not  zero. 

a = l 

Moreover,  the  first  two  of  equations  (C)  give 

2 n n 

S K'H  (glf  g2,  ... , #2n)A  + s1  1 (hah'n+a  - ha'hn+a)  = 0 (E), 

A = 1 a=l 

and  the  last  two  of  equations  (C)  give 

2 n n 

2 gd  H (h± , h2 , . , . , /?2n)A  - 2 (gafn+a  - gdgn+a)  = 0 (F). 

A = 1 o=l 

But  from  the  first  two  of  equations  (D),  when  m > 1,  we  have 

2 n n n 

X h\H  (g1 , g2 , . . . , g2n  )A  Si  ^ (hah  n+a  ha  hn+a)  S (gahn+a  hagn+a)  = 9 

A = 1 a = l a=l 

(G), 

and  from  the  last  two  of  equations  (D)  we  have 

2 n n n 

S g\H  (Jhi  , h2  , . . . , h2n  )a  "h  ^1  S ( gag  n+a  9°-  (Jn+a)  "1”  S (gahn+a  hagn+a)  = 9 

A=1  a=l  a=l 

(H). 

Also  since  H is  homogeneous  of  the  second  degree  in  its  arguments,  we 
have  the  identities 

2 n 2 n 

2 V-ET ( gi , g-2,  = 2 g^H{W,  h2, hm').K (K) 

A=1  A=1 

2 n 2 n 

aQd  ^ 9*  H (hi,  h2,  ... ,h2n)\=  X h\H(g1,g2}  . ..,^2to)a  (E). 

A=1  A=1 

From  equations  (E),  (H),  (K)  we  have 

n n n 

^ (9*hn+ a hagn+a)  = Sx  X (hah  /^a  hn+d)  $1  S w+a  — ga  gn+a ) 

o=l  a=l  a=l 

and  from  equations  (F),  (G),  (L)  we  have 

«■  n n 

^ (9 Q-hn+a  hagn+ a)  = X (hah  n+a  Aa  ^7i+a)  “b  Si  S Vi+a  ^n+a)- 

o=l  a=l  a=l 

Comparing  these  equations,  we  have 

n 

^ (9<*hn+a  hagn+a)  — 9, 

a = l 
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which  is  contrary  to  what  has  already  been  proved.  The  assumption  that 
m>l,  which  was  used  in  obtaining  equation  (G),  must  therefore  be  false; 
m must  therefore  be  unity,  and  consequently  when  f(s)  is  divisible  by  ( s — sfi)16, 
each  of  the  functions  f(s)\p  is  divisible  by  (s  — sfif-1. 

Now  let  slf  s2y . . sr  be  the  moduli  of  the  distinct  roots  of  the  equation  f(s)= 0, 
so  that  the  functions  f(s)\fif{s)  are  infinite  only  for  s = ± s xi,  ± s2i , ± sri ; 

then  denoting  the  coefficient  of  (s  — sfi)-1  in  the  Laurent  expansion  of 
/(5W/(5)  in  powers  of  (s  - spi ) by 

(\,  ff)p  + i (X,  g)p, 

where  (X,  /i)p  and  (X,  ff)p  are  real,  and  observing  that  the  only  poles  of  - the 
function  f(s)\ff(s)  are  the  points  s — ± spi,  and  that  these  are  simple  poles, 
we  have 

/(*)*»  _ ^ |(X,  ff)p  + i (X,  f)p  ^ (X,  f)p  — i (X,  ff)p 
f(s)  ~p=il  s-spi  s + spi 

and  therefore  </>(£) a,*  is  the  coefficient  of  1/s  in  the  Laurent  expansion  of 

gsK-g  j [(X’  /Op  + j (A.  ^ (X  tO?  ~ i (A,  fi)f 

p=i  \ s — Spi  s 4-  spi 

in  powers  of  s. 

But  the  coefficient  of  1/s  in  the  Laurent  expansion  of  e?{t~to)/(s  — spi)  is 
esp(t-t0)i}  an(j  the  coefficient  of  1/s  in  the  Laurent  expansion  of  es(t~to)/(s  + spi) 
is  e~sP{t~to)i;  we  have  therefore 

r 

</>  (t)\n  =2  S {(X,  g)p  cos  sp  (t  - 10)  - (X,  f)p  sin  sp  (t  - t0)}} 

p= i 

and  so  finally 

n r 

q*  = 2 2 2 [< qn+a  {(a,  g)p  cos  sp  (t  - 10)  - (a,  y)p  sin  sp  ( t - £„)} 

a= 1 p=l 

- qa  {{n  + a,  g)p  cos  sp  (t  - 10)  -(n  + ct,  ff)p  sin  sp  (t  - £„)}]  (fi  = 1,  2, ... , 2 n). 

This  formula  constitutes  the  general  solution  of  the  differential  equations  of 
motion.  Hence  finally  we  see  that  when  the  total  energy  of  a system  vibrating 
about  a state  of  steady  motion  is  a positive  definite  form , the  vibratory  motion 
can  be  expressed  in  terms  of  circular  functions  of  t,  and  the  steady  motion  is 
stable ; the  periods  of  the  normal  vibrations  are  27 r/slt  Ztt/s2,  where  + isx, 
±is2,  ...  are  the  roots  of  the  determinantal  equation  f(s)  — 0,  whose  order  in  s2 
is  equal  to  the  number  of  non-ignorable  coordinates  of  the  system. 

The  above  investigation  is  valid  whether  the  determinantal  equation  has 
repeated  roots  or  not. 

Between  the  coefficients  (X,  f)p,  (X,  fx)p,  there  exist  the  relations 
(X,  /*)P=  -(/i,  X)p,  (X,  fx)p  =(/i,  X)p, 

(X,  X)p  = 0. 


and  so  in  particular 
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These  relations  follow  from  equations  which  (in  virtue  of  their  definitions)  are  true  for 

/(*)>/(*) namelJ 

m =/(-*), 

f(s\n=f(~sU- 

Example.  If  the  number  of  degrees  of  freedom  of  the  system,  after  ignoration  of  the 
ignorable  coordinates,  is  even,  shew  that  when  the  ignorable  velocities  are  large  (e.g.  if 
the  ignorable  coordinates  are  the  angles  through  which  certain  fly-wheels  have  rotated,, 
this  would  imply  that  the  fly-wheels  are  rotating  very  rapidly),  half  the  periods  of 
vibration  are  very  long  and  the  other  half  are  very  short,  the  one  set  being  proportional 
to  the  ignorable  velocities  and  the  other  set  being  inversely  proportional  to  these  velocities. 

85.  Examples  of  vibrations  about  steady  motion. 

A number  of  illustrative  cases  of  vibration  about  a state  of  steady  motion 
will  now  be  considered. 


(i)  A particle  is  describing  the  circle  r=a,  z — b,  in  the  cylindrical  field  of  force 
in  which  the  potential  energy  is  V=<f>(r , z ),  where  r2—x2-\-y2,  it  being  given  that  dV/dz 
is  zero  when  r—a , z — b.  To  find  the  conditions  for  stability  of  the  motion . 

If  we  write 

x=r  cos0,  y—r  sin  0, 

we  have  for  the  kinetic  and  potential  energies  of  the  particle,  whose  mass  will  be  denoted 
by  m, 

T=%m(r2  + r262+z2\ . 

V=<j>(r,  z). 

The  integral  corresponding  to  the  ignorable  coordinate  6 is  mr26 = where  k is  a 
constant.  The  modified  kinetic  potential  after  ignoration  of  6 is  therefore 

V-kO 

k2 

= Jmr2 + imi2  - <j>  (r,  z)  - ^ . 

For  the  steady  motion  we  must  have 


?«_o  ^=o- 

dr  ’ dz  ’ 

the  latter  condition  is  satisfied  by  hypothesis,  and  the  former  gives  k2=ma3d(p/da.  We 
have  therefore 


R = \mr2  + \mz2  — <£  (r,  z)-~  ^ 


Writing 


r=a  + p,  z=b  + £, 

and  neglecting  terms  above  the  second  degree  in  p and  £,  we  have 


R 


= \m'p2 + \m£2 - Ip2  (^>aa  + ? - p( cf)ab  - <f)bb . 


As  no  terms  linear  in  p or  ( occur,  this  is  essentially  the  same  as  a problem  of 
vibrations  about  equilibrium,  and  the  condition  for  stability  is  (§  79)  that 


p2  ( fact  + - tya'j  + 2p(<f>db  + <T2<£&& 
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shall  be  a positive  definite  form,  i.e.  that 

(faa  + -<l>a^<f>bb-4>2ab  and  (f)bb 

shall  both  be  positive.  These  are  the  required  conditions  for  stability  of  the  steady 
motion. 

Corollary.  If  a particle  of  unit  mass  is  describing  a circular  orbit  of  radius  a in  a 
plane  about  a centre  of  force  at  the  centre  of  the  circle,  the  potential  energy  being  cf>  (r) 
where  r is  the  distance  from  the  centre,  the  modified  kinetic  potential  is 


ip2 -ip2  ( Vaa  + j^a) » 


where  r=a+p,  so  the  condition  for  stability  is 

3 

and  the  period  of  a vibration  about  the  circular  motion  is 


27 r 


r 3 

j<Paa  + -<Pof  • 


(ii)  To  find  the  'period  of  the  vibrations  about  steady  circular  motion  of  a 'particle 
moving  under  gravity  on  a surface  of  revolution  whose  axis  is  vertical. 

Let  z=f(r ) be  the  equation  of  the  surface,  where  (z,  r,  6)  are  cylindrical  coordinates 
with  the  axis  of  the  surface  as  axis  of  z.  If  the  particle  is  projected  along  the  horizontal 
tangent  to  the  surface  at  any  point  with  a suitable  velocity,  it  will  describe  a horizontal 
circle  on  the  surface  with  constant  velocity.  Let  a be  the  radius  of  the  circle ; we  shall 
take  the  mass  of  the  particle  to  be  unity,  as  this  involves  no  loss  of  generality. 

The  kinetic  potential  is 

L=^(r2+r262+z2)—gz 

=±r2  {1  +/'2  ( r)}+\r262-gf{r ). 

The  integral  corresponding  to  the  ignorable  coordinate  6 is  r20=k,  and  the  modified 
kinetic  potential  of  the  system  after  ignoration  of  6 is  therefore 

R = \r2  {1  +/'2  (r)}  - gf  (r)  - Jc2^r2. 

The  problem  is  thus  reduced  to  that  of  finding  the  vibrations  about  equilibrium  of  the 
system  with  one  degree  of  freedom  for  which  R is  the  kinetic  potential.  The  condition  for 
equilibrium  is 

( ^)r=a  = °’  or  £2=^3/'(a)> 

and  this  gives 

R = Jr2  {1  +/'2  (r)}  - gf\r)  - ga?f  (a)/2r2. 

Writing  r=a-\-p,  where  p is  small,  and  expanding  in  powers  of  p,  we  have 

R=^{l+r(a)}-W  {/"(«)  + !/»} . 


The  equation  of  motion 


d_ 

dt 


VW  Sp 

P {1  +/'2  («)}  +99  {/"  (<*)+!/'  (a)} =0, 


is  therefore 
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and  the  condition  for  stability  is 

/"(«)+!/»>  o, 

the  period  of  a vibration  being 

2w  ( 1 +/'»(«) 

V#  (/"  (a)  + 3/'(a)/aJ 

Example.  If  the  surface  is  a paraboloid  of  revolution  whose  axis  is  vertical  and 
vertex  downwards,  shew  that  the  vibration-period  is 


where  l is  the  semi-latus  rectum  of  the  paraboloid. 

(iii)  To  determine  the  vibrations  about  steady  motion  of  a top  on  a perfectly  rough 
plane. 

Let  A denote  the  moment  of  inertia  of  the  top  about  a line  through  its  apex  perpen- 
dicular to  its  axis  of  symmetry,  and  let  6 denote  the  angle  made  by  the  axis  with  the 
vertical,  M the  mass  of  the  top,  and  h the  distance  of  its  centre  of  gravity  from  its  apex  : 
then  we  have  seen  (§71)  that  after  ignoring  the  Eulerian  angles  0 and  \Js,  the  angle  6 is 
determined  by  solving  the  dynamical  system  defined  by  the  kinetic  potential 

„ i a Ao  ( a—  b cos  6)2  , , , , 

R = \A62  - - ■ - Mgh  cos  d, 

* 2 A sin2  d ° 

where  a and  b are  constants  depending  on  the  initial  circumstances  of  the  motion. 

Let  a,  n,  be  the  values  of  d and  <£  respectively  in  the  steady  motion,  so  (§  72) 
we  have 

An2  cos  a + Mgh  — bn, 

An  sin2  a = a—  b cos  a. 

To  discuss  the  vibratory  motion  of  the  top  about  this  form  of  steady  motion,  we  write 
6—a+x  where  x is  a small  quantity,  and  expand  R in  ascending  powers  of  x,  neglecting 
powers  of  x above  the  second  and  eliminating  a and  b by  use  of  the  last  two  equations  ; 
we  thus  obtain  for  R the  value 

R=\Ax2  — \Ax2  {n2  sin2  a + (n  cos  a - Mgh/ An)2}. 

The  equation  of  motion  for  x is  therefore 

x+{n2  sin2  a+(n  cos  a — Mgh/ An)2}  x= 0. 

As  the  coefficient  of  x is  positive,  the  state  of  steady  motion  is  stable  ; and  the  period  of 
a vibration  is 

27 r [n2  — %Mgh  cos  a/ A + M2g2h2/A2n2}  ~ K 

(iv)  The  sleeping  top. 

If  we  consider  that  form  of  steady  motion  of  the  top  in  which  a is  zero,  so  that 
the  axis  of  the  top  is  permanently  directed  vertically  upwards,  the  top  rotating  about  this 
axis  with  a given  angular  velocity,  the  method  of  the  preceding  example  must  be  modified, 
since  now  the  form  of  steady  motion  in  which  a is  a small  constant  is  to  be  regarded  as  a 
vibration  about  the  type  of  motion  in  which  a is  zero  : so  that  we  may  now  expect  to  have 
two  independent  periods  of  normal  vibration,  the  analogues  of  which  in  the  previous 
example  are  the  period  of  the  steady  motion  and  the  period  of  vibration  about  it. 
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As  in  § 71,  the  kinetic  and  potential  energies  of  the  top  are 

AG2  -\~^A 02  sin2  6 -J- 0 (0  + 0 cos  0)2, 

V=Mgh  cos  6. 

The  integral  corresponding  to  the  ignorable  coordinate  0 is 

6=  (7(0  + 0 cos  6), 

and  hence  after  ignoration  of  0 we  obtain  for  the  kinetic  potential  of  the  system  the  value 
Ji  = %A02+}A(j)2  sin2  6 + 60  cos  6 - Mgh  cos  6. 

In  the  two  last  terms  we  can  replace  cos  6 by  (cos  6—  1),  since  the  terms  — 60  and  Mgh 
thus  added  disappear  from  the  equations  of  motion. 

As  0 is  not  a small  quantity  throughout  the  motion,  we  take  as  coordinates  in  place  of 
6 and  0 the  quantities  £ and  rj , where 

£ = sindcos  0,  ?7=sindsin0. 

From  these  equations,  neglecting  terms  above  the  second  degree  in  £,  rj,  £,  rj,  we  have 

d2  + 02  sin2d  = |2  + J72, 
sin2  6 = £ij  - tj£, 
l-COS0  = i(f2  + >)2), 

and  so  we  have 

R=^Ai2+iA^-ib(^-rj^)  + iMgh(^+n2). 


(dR\ 

Al-o 

-1 

fdR\ 

\0|/ 

8fi  ’ 

dt 

Kdr,) 

The  equations  of  motion  are 

d_ 
dt 

(A£+brj  — Mgh£=0, 
or 

\Arj  — 6£  — Mght]  = 0. 

If  2tt/X  is  the  period  of  a normal  vibration,  on  substituting  £ = Jetkt,  rj  — Kelkt  in  these 
differential  equations  and  eliminating  J and  K we  obtain  the  equation 

-\2A  — Mgh  ib\  =0, 

— ibX  — X2A  - Mgh 
or  (X2A  + Mgh)2  - b2\2  = 0. 

The  two  roots  of  this  quadratic  in  X2  give  the  values  of  X corresponding  to  the  two 
normal  vibrations : we  have  therefore  to  determine  the  nature  of  these  roots. 


The  solution  of  the  quadratic  is 

X2  =~  (62  - 2 A Mgh  ± b (62  - 4AMgh)\ 

so  ±\  = ^j{b±(b2-4AMghf}. 

The  values  of  X are  therefore  real  or  not  according  as  b2  is  greater  or  less  than  4 A Mgh. 
In  the  former  case  the  steady  spinning  motion  round  the  vertical  is  stable : in  the  latter 
case,  unstable. 

It  must  not  be  supposed,  however,  that  in  the  unstable  case  the  axis  of  the  top 
necessarily  departs  very  far  from  the  vertical : all  that  is  meant  by  the  term  “ unstable  ” 
is  that  when  b2<4AMgh  the  disturbed  motion  does  not,  as  the  disturbance  is  indefinitely 
diminished,  tend  to  a limiting  form  coincident  with  the  undisturbed  motion. 
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As  a matter  of  fact,  if  b2  - 4 A Mgh , though  negative,  is  very  small,  it  is  possible  for  the 
axis  of  the  top  in  its  “unstable”  motion  to  remain  permanently  close  to  the  vertical:  but 
in  this  case  the  maximum  divergence  from  the  vertical  cannot  be  made  indefinitely  small 
(for  a given  value  of  b ) by  making  the  initial  disturbance  indefinitely  small*. 

86.  Vibrations  of  systems  involving  moving  constraints. 

If  a dynamical  system  involves  a constraint  which  varies  with  the  time 
(e.g.  if  one  of  the  particles  of  the  system  is  moveable  on  a smooth  wire  or 
surface  which  is  made  to  rotate  uniformly  about  a given  axis),  the  kinetic 
potential  of  the  system  is  no  longer  necessarily  composed  of  terms  of  degrees 
2 and  0 in  the  velocities ; terms  which  are  linear  in  the  velocities  may  also 
occur.  The  equations  which  determine  the  vibrations  of  such  a system  will 
therefore  in  general  include  gyroscopic  terms,  even  when  the  vibration  is 
about  relative  equilibrium : the  solution  can  be  effected  by  the  methods  above 
developed  for  the  problem  of  vibrations  about  steady  motion.  The  following 
example  will  illustrate  this. 

Example.  To  find  the  periods  of  the  normal  vibrations  of  a heavy  particle  about  its 
position  of  equilibrium  at  the  lowest  point  of  a surface  which  is  rotating  with  constant 
angular  velocity  a>  about  a vertical  axis  through  the  point. 

Let  (x,  y,  z ) be  the  coordinates  of  the  particle,  referred  to  axes  which  revolve  with  the 
surface,  the  axes  of  x and  y being  the  tangents  to  the  lines  of  curvature  at  the  lowest 
point,  and  the  axis  of  z being  vertical.  Let  the  equation  of  the  surface  be 

z = - — h f—  + terms  of  higher  order. 

2/>i  2/>2 

The  kinetic  and  potential  energies  of  the  particle  are 

T=  \m  {{x  - yo)2  + {y  +x<*)2  + z2}, 

V = mgz. 

The  kinetic  potential  of  the  vibration-problem  is  therefore 

L—\m{x2  +y2  + 2co  {xy  - yx)  + o>2  ( x 2 +y2)}  - mg  (^-  + . 

The  equations  of  motion  are 

d (dL\  _ 9A_0  /3A\  _ 9A  _ n 

dt  \0i ) dx  ~ ’ dt  \0y  / dy  ~ ’ 
or  x-2a>y+x^  — u/)  = 0, 

y + 2cox+y  ($-  -afj  = 0. 

If  the  period  of  a normal  vibration  is  2n r/A,  we  have  (substituting  x=Adxt,  y = in 
the  differential  equations,  and  eliminating  A and  B) 


- X2  - to2 + gjp1  - 2 coiX 


=0, 


2 o)i\  — X2  — co2+g/p2 

or  (X2 + 0)2  - g/Pl)  (X2  -f  CO2  - g/p2)  - 4X2cb2  = 0. 

The  roots  of  this  quadratic  in  X2  determine  the  periods  of  the  normal  vibrations. 

* A discussion  of  the  stability  of  the  sleeping  top  is  given  by  Klein,  Bull.  Amer.  Math.  Soc.  in. 
(1897),  pp.  129—182,  292. 
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[ch.  VII 


Miscellaneous  Examples. 

1.  A particle  moves  on  a curve  which  rotates  uniformly  about  a fixed  axis,  the 
potential  energy  V ( s ) of  the  particle  depending  only  on  its  position  as  defined  by  the 
arc  s.  Shew  that  the  period  of  a vibration  about  a position  of  relative  rest  on  the 
curve  is 

_ f dY  d . ( — rdr/ds\)—h 

2*|- * slogUw)}  ’ 

where  r is  the  distance  of  the  particle  from  the  axis. 

2.  Determine  the  vibrations  of  a solid  horizontal  circular  cylinder  rolling  inside  a 
hollow  horizontal  circular  cylinder  whose  axis  is  fixed,  shewing  that  the  length  of  the 
simple  equivalent  pendulum  is  ( b-a ) (3J/"-f  ra)/(2Jf+m) ; where  b is  the  radius  and  M the 
mass,  of  the  outer  cylinder,  and  a is  the  radius  and  m the  mass,  of  the  inner  cylinder. 

(Coll.  Exam.) 

3.  A thin  hemispherical  bowl  of  mass  M and  radius  a is  on  a perfectly  rough 
horizontal  plane,  and  a particle  of  mass  m is  in  contact  with  the  inner  surface  of  the  bowl, 
supposed  smooth.  Shew  that  when  the  system  performs  small  oscillations,  the  motion  of 
the  particle  and  the  centre  of  gravity  of  the  bowl  being  in  one  plane,  the  periods  of  the 
normal  vibrations  are  2tt/'\/X1  and  2n t/a/A2,  where  and  X2  are  the  roots  of  the  equation 

ma\g  -(g-  aX)  {\g  - §<zA)  M=  0.  (Coll.  Exam. ) 

4.  A string  of  length  4 a is  loaded  at  equal  intervals  with  three  weights  wz,  M and  m 
respectively,  and  is  suspended  from  two  points  A and  5 symmetrically.  Shew  that  if  M 
perform  small  vertical  vibrations,  the  length  of  the  simple  equivalent  pendulum  is 

a cos  a cos  ft  sin  (a  - ft)  cos  (a  - ft) 
sin  a cos2  a + sin  ft  cos2  ft  ’ 

where  a and  ft  are  the  inclinations  of  the  parts  of  the  string  to  the  vertical. 

(Coll.  Exam.) 

5.  A uniform  bar  whose  length  is  2 a is  suspended  by  a short  string  whose  length  is  l ; 

prove  that  the  time  of  vibration  is  greater  than  if  the  bar  were  swinging  about  one 
extremity  in  the  ratio  l+9l/32a  : 1 nearly.  (Coll.  Exam.) 

6.  An  elliptic  cylinder  with  plane  ends  at  right  angles  to  its  axis  rests  upon  two  fixed 
smooth  perpendicular  planes  which  are  each  inclined  at  45°  to  the  horizon.  Shew  that 
there  are  two  stable  configurations  and  one  unstable,  and  that  in  the  former  case  the 
length  of  the  equivalent  pendulum  is 

ab  (a2  + b2)/ 2 \/2  (a  - b)2  ( a + b ), 

a and  b being  the  lengths  of  the  semi-axes.  (Coll.  Exam.) 

*7.  A rough  circular  cylinder  of  radius  a and  mass  m is  loaded  so  that  its  centre  of 
gravity  is  at  a distance  h from  the  axis,  and  is  placed  on  a board  of  equal  mass  which 
can  move  on  a smooth  horizontal  plane.  If  the  system  is  disturbed  slightly  when  in  a 
position  of  stable  equilibrium,  shew  that  the  length  of  the  simple  equivalent  pendulum  is 
ic2lk  + \ (a-h)2/h,  where,  mic2  is  the  moment  of  inertia  of  the  cylinder  about  a horizontal 
axis  through  its  centre  of  gravity.  (Coll.  Exam.) 

8.  One  end  of  a uniform  rod  of  length  b and  mass  m is  freely  jointed  to  a point  in  a 
smooth  vertical  wall ; the  other  end  is  freely  jointed  to  a point  in  the  surface  of  a uniform 
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sphere  of  mass  M and  radius  a which  rests  against  the  wall.  Shew  that  the  period  of  the 
vibrations  about  the  position  of  equilibrium  is  2? r/p,  where 

p2  {sin  /3  sin2  (a  - /3)  + § cos  a sin  (a  - / 3)  -|-  f sin  /3  cos2  /3}  = ( a sin  a cos2  a + b sin  /3  cos2  /3), 

a and  /3  being  given  by  the  equations 

a sin  a + b sin  /3  — a = 0, 

(■| m + J/")  tan  /3  — J/tan  a = 0.  (Coll.  Exam.) 

9.  A thin  circular  cylinder  of  mass  M and  radius  b rests  on  a perfectly  rough 
horizontal  plane,  and  inside  it  is  placed  a perfectly  rough  sphere  of  mass  m and  radius  a. 
If  the  system  be  disturbed  in  a plane  perpendicular  to  the  generators  of  the  cylinder,  find 
the  equations  of  finite  motion,  and  deduce  two  first  integrals  of  them ; and  if  the  motion 
be  small,  shew  that  the  length  of  the  simple  equivalent  pendulum  is 

14  M(b  - a)/(10M+  7m). 

(Camb.  Math.  Tripos,  Part  I,  1899.) 

10.  A sphere  of  radius  c is  placed  upon  a horizontal  perfectly  rough  wire  in  the 

form  of  an  ellipse  of  axes  2 a,  2b.  Prove  that  the  time  of  a vibration  under  gravity  about 
the  position  of  stable  equilibrium  is  that  of  a simple  pendulum  of  length  l given  by 
b2dl = (a2  — b2)  {d 2 + &2),  where  h2  = 2c2/5  and  d 2 = c2  - b2.  (Coll.  Exam. ) 

11.  A rhombus  of  four  equal  uniform  rods  of  length  a freely  jointed  together  is  laid 
on  a smooth  horizontal  plane  with  one  angle  equal  to  2 a.  The  opposite  corners  are 
connected  by  similar  elastic  strings  of  natural  lengths  2 a cos  a,  2 a sin  a.  Prove  that  if 
one  string  be  slightly  extended  and  the  rhombus  left  free,  the  periods  during  which 
the  strings  are  extended  in  the  subsequent  motion  are  in  the  ratio 

(cos  a)^  : (sina)^.  (Coll.  Exam.) 

12.  A particle  of  mass  m is  attached  by  n equal  elastic  strings  of  natural  length  a to 

the  fixed  angular  points  of  a regular  polygon  of  n sides,  the  radius  of  whose  circumscribing 
circle  is  c.  Shew  that  if  the  particle  be  slightly  displaced  from  its  equilibrium  position  in 
the  plane  of  the  polygon,  it  will  execute  harmonic  vibrations  in  a straight  line,  the  length 
of  the  simple  equivalent  pendulum  being  2mgac/n\(2c  — a),  and  that  for  vibrations 
perpendicular  to  the  plane  of  the  polygon,  the  corresponding  length  will  be  mgac/n\  (c  — a ), 
X being  the  modulus  of  each  string.  (Camb.  Math.  Tripos,  Part  I,  1900.) 

13.  The  energy-equation  of  a particle  is 

f {%)  x1 = 20  ix)  + constant, 

and  a is  a value  of  x for  which  0'  (x)  is  zero.  If  0(2p)  (x)  is  the  first  derivate  of  0 (x) 
which  does  not  vanish  for  x=a , shew  that  the  period  of  a vibration  about  the  position  a is 

4 r(l/2p)  r T(2p)f{a)ii\l 

kp- 1 r(l/2p  + -^)  \ 4 pcj)(2p)(a)  ) ’ 

where  h is  the  value  of  (x  — a)  corresponding  to  the  extreme  displacement.  (Elliott.) 

14.  A cone  has  its  centre  of  gravity  at  a distance  c from  its  axis,  there  being  in  other 
respects  the  usual  kinetic  symmetry  at  the  vertex.  If  the  cone  oscillates  on  a horizontal 
plane  and  the  plane  be  perfectly  rough,  shew  that  the  length  of  the  simple  equivalent 
pendulum  is 

(cos  a/ Me)  (. A sin2  a + C cos2  a), 
whereas  if  this  plane  be  perfectly  smooth,  the  length  is 

(cos  a/ Me)  (sin2  a/ A + COS2  a/C). 


(Coll.  Exam.) 
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15.  A number  of  equal  uniform  rods  each  of  length  2 a are  freely  jointed  at  a common 
extremity  and  arranged  at  equal  angular  intervals  like  the  ribs  of  an  umbrella.  This  cone 
of  rods  is  put  over  a smooth  fixed  sphere  of  radius  6,  each  rod  being  in  contact  with  the 
sphere,  and  rests  in  equilibrium.  Shew  that,  if  the  system  be  slightly  disturbed  so  that 
the  hinge  performs  vertical  vibrations  about  the  position  of  equilibrium,  their  period  is 


27 r 


/ a l + 3sinl 2a\&  . x 
\3g  1 + 2 sin2  a)  Sm 


where  sec3  a sin  a = a/6.  (Camb.  Math.  Tripos,  Part  I,  1896.) 

16.  A heavy  rectangular  board  is  symmetrically  suspended  in  a horizontal  position 
by  four  light  elastic  strings  attached  to  the  corners  of  the  board  and  to  a fixed  point 
vertically  above  its  centre.  Shew  that  the  period  of  the  vertical  vibrations  is 


2j,  (9  , 4c2\W 
2 + WM)  ’ 


where  c is  the  equilibrium  distance  of  the  board  below  the  fixed  point,  a is  the  length  of 
a semi-diagonal,  k=(a2  + c2)^,  and  X is  the  modulus.  (Coll.  Exam.) 

17.  A heavy  lamina  hangs  in  equilibrium  in  a horizontal  position  suspended  by  three 
vertical  inextensible  strings  of  unequal  lengths.  Shew  that  the  normal  vibrations  are 

(1)  a rotation  about  either  of  two  vertical  lines  in  a plane  through  the  centroid,  and 

(2)  a horizontal  swing  parallel  to  this  plane.  (Coll.  Exam.) 

18.  A uniform  rod  of  length  2a  is  freely  hinged  at  one  end,  at  the  other  end  a string 
of  length  6 is  attached  which  is  fastened  at  its  further  end  to  a point  on  the  surface  of  a 
homogeneous  sphere  of  radius  c.  If  the  masses  of  the  rod  and  sphere  are  equal,  find  the 
motion  of  the  system  when  slightly  disturbed  from  the  vertical,  and  shew  that  the 
equation  to  determine  the  periods  is 


Zabcg?—gn2  (66c  + 19ca  + 5a6)  + <72/x  (35a  + 156  + 21c)  -(^3  = 0. 

1 (Coll.  Exam.) 

19.  A uniform  wire  in  the  shape  of  an  ellipse  of  semi-axes  a,  6,  rests  upon  a rough 
horizontal  plane  with  its  minor  axis  vertical  and  a particle  of  equal  mass  is  suspended  by 
a fine  string  of  length  l attached  to  the  highest  point.  If  vibrations  in  a vertical  plane 
be  performed,  prove  that  their  periods  will  be  those  of  pendulums  whose  lengths  are  the 
values  of  x given  by  the  equation 

{x  (36  — 2a2/6)  + 562  + k2}  (x  — l)  + Ab2l = 0 ; 

where  k is  the  radius  of  gyration  about  the  centre  of  gravity.  (Coll.  Exam.) 

20.  A fine  inextensible  string  has  its  ends  tied  to  two  fixed  pegs  in  a horizontal 
line  whose  distance  apart  is  three-quarters  of  the  length  of  the  string.  The  string 
also  passes  through  two  small  smooth  rings  which  are  fixed  to  the  ends  of  a uniform 
straight  rod  whose  length  is  half  that  of  the  string.  The  rod  hangs  in  equilibrium 
in  a horizontal  position  and  receives  a small  disturbance  in  the  vertical  plane  of  the 
string.  Shew  that  initially  its  normal  coordinates  in  terms  of  the  time  are  L cos  ( pt  + a) 
and  Jfcosh  (qt-\-fi),  where  p2  and  —q2  are  the  roots  of  the  equation 

l x 2 3 2! _ 0.  (Coll.  Exam.) 

4 a 4 a2  v ' 


21.  A heavy  uniform  rod  of  length  2a,  suspended  from  a fixed  point  by  a string 
of  length  6,  is  slightly  disturbed  from  its  vertical  position.  Shew  that  the  periods  of  the 
normal  vibrations  are  271-/^  and  27 r/p2,  where  p^  and  p£  are  the  roots  of  the  equation 

a6p4  - (4a  + 36)  gp 2 + 3 g2 = 0. 
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22.  A circular  disc,  mass  M , is  attached  by  a string  from  its  centre  G to  a fixed 
point  0.  A particle  of  mass  m is  fixed  to  the  disc  at  a point  P on  the  rim.  Find  the 
equations  of  motion  in  a vertical  plane  in  terms  of  the  angles  6 and  (ft  which  OG  and  GP 
make  with  the  vertical,  and  prove  that  if  the  system  vibrates  about  the  position  of 
equilibrium  the  periods  in  these  coordinates  are  given  by  the  equation 

(Jf-j-m)  (jo2a—g)  {(Jf+2m)  cp2  — 2lmg}  = 2m2cap‘i, 
where  a is  the  length  of  the  string  OG  and  c the  radius  of  the  disc.  (Coll.  Exam.) 

23.  A hemispherical  bowl  of  radius  2 b rests  on  a smooth  table  with  the  plane  of  its 
rim  horizontal ; within  it  and  in  equilibrium  lies  a perfectly  rough  sphere  of  radius  b,  and 
mass  one-quarter  of  that  of  the  bowl.  A slight  displacement  in  a vertical  plane  con- 
taining the  centres  of  the  sphere  and  the  bowl  is  given  : prove  that  the  periods  of  the 
consequent  vibrations  are  2 ir/p x and  27r/y>2,  where  p^  and  y>22  are  the  roots  of  the 
equation 

\§Qb2x2  — ZQ0bxg+  75<72  = 0.  (Coll.  Exam.) 

24.  A uniform  circular  disc  of  mass  m and  radius  a is  held  in  equilibrium  on  a 
smooth  horizontal  plane  by  three  equal  elastic  strings  of  modulus  X,  natural  length  lQ  and 
stretched  length  l.  The  strings  are  attached  to  the  disc  at  the  extremities  of  three  radii 
equally  inclined  to  one  another  and  their  other  ends  are  attached  to  points  of  the  plane 
lying  on  the  radii  produced.  Shew  that  the  periods  of  vibration  of  the  disc  are 

27t{/x/(2£-£0)}^  and  27t  {/ua/4  (a  + Z)  (£-£0)}^, 

where  n = 2mll0/3\.  (Camb.  Math.  Tripos,  Part  I,  1898.) 

25.  A particle  is  describing  a circle  under  the  influence  of  a force  to  the  centre 
varying  as  the  nth  power  of  the  distance.  Shew  that  this  state  of  motion  is  unstable  if  n 
be  less  than  —3. 

_ r- 

Shew  that,  if  the  force  vary  as  e «/r2,  the  motion  is  stable  or  unstable  according  as 
the  radius  of  the  circle  is  less  or  greater  than  a.  (Coll.  Exam.) 

26.  A particle  moves  in  free  space  under  the  action  of  a centre  of  force  which  varies 

as  the  inverse  square  of  the  distance  and  a field  of  constant  force  : shew  that  a circle 
described  uniformly  is  a possible  state  of  steady  motion,  but  this  will  be  stable  only 
provided  the  circle  as  viewed  from  the  centre  of  force  appears  to  lie  on  a right  circular 
cone  whose  semi- vertical  angle  is  greater  than  cos-1^.  (Coll.  Exam.) 

27.  A particle  describes  a circle  uniformly  under  the  influence  of  two  centres  of  force 

which  attract  inversely  as  the  square  of  the  distance.  Prove  that  the  motion  is  stable  if 
3 cos  6 cos  cf)  < 1,  where  6 and  <£  are  the  angles  which  a radius  of  the  circle  subtends 
at  the  centres  of  force.  (Camb.  Math.  Tripos,  Part  I,  1889.) 

28.  A heavy  particle  is  projected  horizontally  on  the  interior  of  a smooth  cone  with 

its  axis  vertical  and  apex  downwards  ; the  initial  distance  from  the  apex  is  c and  the 
semi- vertical  angle  of  the  cone  is  a.  Find  the  condition  that  a horizontal  circle  should  be 
described ; and  shew  that  the  time  of  a vibration  about  this  steady  motion  is  that 
of  a simple  pendulum  of  length  \c  sec  a.  (Coll.  Exam.) 

29.  A circular  disc  has  a thin  rod  pushed  through  its  centre  perpendicular  to  its 

plane,  the  length  of  the  rod  being  equal  to  the  radius  of  the  disc ; prove  that  the  system 
cannot  spin  with  the  rod  vertical  unless  the  velocity  of  a point  on  the  circumference 
of  the  disc  is  greater  than  the  velocity  acquired  by  a body  after  falling  from  rest 
vertically  through  ten  times  the  radius  of  the  disc.  (Coll.  Exam.) 
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30.  Prove  that  for  a symmetrical  top  spinning  upright  with  sufficient  angular 
velocity  for  stability,  the  two  types  of  motion,  differing  slightly  from  the  steady  motion 
in  the  upright  position,  which  are  determined  by  simple  harmonic  functions  of  the  time, 
are  the  limits  of  steady  motions  with  the  axis  slightly  inclined  to  the  vertical,  and  that 
the  period  of  the  vibrations  is  the  limiting  value  of  that  which  corresponds  to  steady 
motion  in  an  inclined  position  when  the  inclination  is  indefinitely  diminished. 

(Coll.  Exam.) 

31.  One  end  of  a uniform  rod  of  length  2 a whose  radius  of  gyration  about  one 
end  is  k is  compelled  to  describe  a horizontal  circle  of  radius  c with  uniform  angular 
velocity  &>.  Prove  that  when  the  motion  is  steady  the  rod  lies  in  the  vertical  plane 
through  the  centre  of  the  circle  and  makes  an  angle  a with  the  vertical  given  by 

a2  (k2  + ac  cosec  a)  — ag  sec  a. 

Shew  that  the  periods  of  the  normal  vibrations  are  2^/^,  27r/X2,  where  X1?  X2  are  the 
roots  of 

(FX2  sin  a — (o2ac)  ( FX 2 sin  a — c o2ac  — g>2F  sin3  a)  = 4w2FX2  sin2  a cos2  a. 

(Camb.  Math.  Tripos,  Part  I,  1889.) 

32.  Investigate  the  motion  of  a conical  pendulum  when  disturbed  from  its  state  of 

steady  motion  by  a small  vertical  harmonic  oscillation  of  the  point  of  support.  Can  the 
steady  motion  be  rendered  unstable  by  such  a disturbance  ? (Coll.  Exam.) 

33.  The  middle  point  of  one  side  of  a uniform  rectangle  is  fixed  and  the  line  joining 
it  to  the  middle  point  of  the  opposite  side  is  constrained  to  describe  a circular  cone 
of  semi-angle  a with  uniform  angular  velocity.  The  rectangle  being  otherwise  free, 
find  the  positions  of  steady  motion  and  prove  that  the  time  of  a vibration  about  the 
position  of  stable  steady  motion  is  equal  to  the  period  of  revolution  divided  by  sin  a. 

(Coll.  Exam.) 

34.  A solid  of  revolution,  symmetrical  about  a plane  through  its  centre  of  gravity 
perpendicular  to  its  axis,  is  suspended  from  a fixed  point  by  a string  of  length  b which  is 
attached  to  one  end  of  the  axis  of  the  solid,  this  axis  being  of  length  2a.  The  mass 
of  the  solid  is  M,  and  its  principal  moments  of  inertia  at  its  centre  of  gravity  are 
(A,  A,  C).  If  the  solid  is  slightly  disturbed  from  the  state  of  steady  motion  in  which  the 
string  and  axis  are  vertical,  and  the  body  is  spinning  on  its  axis  with  angular  velocity  n , 
shew  that  the  periods  of  the  normal  vibrations  are  2rr/p1  and  2n /p2i  where  p-f  and  p£  are 
the  roots  of  the  equation 

Ma2gp2  = (g—  bp2)  (. Mag  + Cnp  — Ap2). 

35.  A symmetrical  top  spins  with  its  axis  vertical,  the  tip  of  the  peg  resting  in 
a fixed  socket.  A second  top,  also  spinning,  is  placed  on  the  summit  of  the  first,  the  tip 
of  the  peg  resting  in  a small  socket.  Shew  that  the  arrangement  is  stable  provided  the 
equation 

(Mcgx2  + Ci lx  + A ) {{M'c'  + Mh)  gx2  + C'Q'x + (A'  + Mh2)}  = M2h2c2 

has  all  its  roots  real ; Q,  Q,'  being  the  spins  of  the  upper  and  lower  tops  respectively, 
J{,  M'  their  masses,  (7,  C their  moments  of  inertia  about  the  axis  pf  figure,  A,  A!  about 
perpendiculars  through  the  pegs,  c,  c'  the  distances  of  the  centroids  from  the  pegs,  and  h 
the  distance  between  the  pegs.  (Camb.  Math.  Tripos,  Part  I,  1898.) 

36.  A homogeneous  body  spins  on  a smooth  horizontal  plane  in  stable  steady  motion, 
with  angular  velocity  a>  about  the  vertical  through  the  point  of  contact  and  the  centre  of 
gravity.  The  body  is  symmetrical  about  each  of  two  perpendicular  planes  through  the 
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vertical.  The  principal  radii  of  curvature  at  the  vertex  on  which  it  rests  are  plt  p2  ; the 
moments  of  inertia  about  the  principal  axes  through  the  centre  of  gravity  (parallel  to  the 
lines  of  curvature)  are  respectively  A and  B,  and  that  about  the  vertical  is  C.  The 
height  of  the  centre  of  gravity  above  the  vertex  is  a=a1+p1=a2+p2 ; and  Xco2  is  the 
weight  of  the  body. 

Shew  that  the  following  conditions  must  be  satisfied  : 

(i)  (ka1  + A-C)(\a2+B-C)>  0, 

(ii)  \(a1A  + a2B)  < AB+(A-C)(B—C), 

(iii)  The  value  of  X must  not  lie  between  the  two  values 

(A  + B - C)  [sjB  {axA  +a2(A-  Cf  ± \/A  {a2B+ % (B  - Cffjl^A  - a2B)\ 

if  the  two  radicals  in  the  expression  are  both  real. 

(Camb.  Math.  Tripos,  Part  I,  1897.) 


w.  D. 
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NON-HOLONOMIC  SYSTEMS.  DISSIPATIVE  SYSTEMS. 


87.  Lagrange's  equations  with  undetermined  multipliers. 

We  now  proceed  to  the  consideration  of  non-holonomic  dynamical  systems. 
In  these  systems,  as  was  seen  in  § 25,  the  number  of  independent  coordinates 
(q1}  q2,  ...,  qn)  required  in  order  to  specify  the  configuration  of  the  system  at 
any  time  is  greater  than  the  number  of  degrees  of  freedom  of  the  system, 
owing  to  the  fact  that  the  system  is  subject  to  constraints  which  will  be 
supposed  to  do  no  work,  and  which  are  expressed  by  a number  of  non- 
integrable*  kinematical  relations  of  the  form 

A^dq^  + A2kdq2  + ...  + Ankdqn  + Tkdt  = 0 ( k = 1,  2, ...,  m), 

where  Au,  A12,  ...,  Anm,  Tlt  Ta,  ...,  Tm,  are  given  functions  of  qu  q2} ...,  qn,t. 
The  most  familiar  example  of  such  a system  is  that  of  a body  which  is 
constrained  to  roll  without  sliding  on  a given  fixed  surface : the  condition 
that  no  sliding  takes  place  is  expressed  by  two  relations  of  the  type  given 
above. 

The  number  of  kinematical  relations  being  m,  the  system  will  have 
(n  — m)  degrees  of  freedom ; it  is  not  possible  to  apply  Lagrange’s  equations 
directly  to  such  a system,  but  an  extension  of  the  Lagrangian  equations  will 
now  be  given  which  will  enable  us  to  discuss  the  motion  of  non-holonomic 
systems  in  a way  analogous  to  that  previously  developed  for  holonomic 
systems. 

Consider  then  a non-holonomic  system,  whose  configuration  at  any  instant 
is  completely  specified  by  n coordinates  qlt  q2,  ...,  qn\  let  the  kinetic  energy 
be  T,  and  let  the  kinematical  conditions  due  to  the  non-holonomic  constraints 
be  expressed  by  the  relations 

Alkdq1  + A2kdq2+  ...  + Ankdqn  + Tkdt  = 0 (k  = 1,  2,  ...,  m). 

Now  it  is  open  to  us  either  simply  to  regard  the  system  as  subject  to 
these  kinematical  conditions,  or  in  place  of  these  to  regard  the  system  as 
acted  on  by  certain  additional  external  forces,  namely  the  forces  which  have 
to  be  exerted  by  the  constraints  in  order  to  compel  the  system  to  fulfil  the 

* If  these  relations  were  integrable,  it  would  be  possible  to  express  some  of  the  coordinates 
(qx,  ?2>  •••  > <7i»)  terms  of  the  others,  and  the  n coordinates  would  therefore  not  be  independent : 
which  is  contrary  to  our  assumption. 
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kinematical  conditions ; we  shall  for  the  present  take  the  latter  point  of 
view.  Let 

Qi&q  i + Qa&fc  + ...  + Qn&qn 

he  the  work  done  on  the  system  by  these  additional  forces  in  an  arbitrary 
displacement  (Eqx,  &q2,  ...,  8qn)  (which  is  now  not  restricted  to  satisfy  the 
kinematical  conditions),  and  let 

Qifyi  + Qa&fa  + . . . + Qn&qn 


be  the  work  done  on  the  system  by  the  original  external  forces  in  this  dis- 
placement. Since  the  substitution  of  additional  forces  for  the  kinematical 
relations  has  made  the  system  holonomic,  we  can  apply  the  Lagrangian 
equations ; we  have  therefore 


d (dT\ 
dt  \dqr) 


0T 

dqr 


Qr  + Qr 


as  the  equations  of  motion  of  the  system. 


(r  = 1 2,  , n) 


The  forces  Qx,  Q2,  ...,  Qn'  are  unknown : but  they  are  such  that,  in  any 
displacement  consistent  with  the  instantaneous  constraints,  they  do  no  work. 
It  follows  that  the  quantity 


Qi  dqx  + Q2  dq2  + . . . + Qn  dqn 


is  zero  for  all  values  of  the  ratios  dqx  : dq2 : ...  : dqn  which  satisfy  the 
equations 

Axkdqx  + A2kdq2  + . . . + Ankdqn  = 0 ; 
hence  we  must  have 

Qr  = Xj-dy!  + X2-dr2  + • • • + ^-mArm  (r  — 1,  2,  ...  , Tl), 

where  the  quantities  Xx,  X2,  ...,  Xm,  are  independent  of  r.  We  thus  have 
altogether  the  (n  + m)  equations 


d f'dT\  dT 

gj.  J flq  ~ Qr  X2.dr2  + . . . + \rnAmi  (r  = 1,  2,  . . . , Tl), 

Axkqx  4-  A2kq2  + . ..  4-  Ankqn  + Tk  = 0 (k  = 1,  2,  ... , m), 

and  these  are  sufficient  to  determine  the  ( n + m ) unknown  quantities 
^i,  ...,  qn,  X1}  X2,  ...,  Xm.  The  problem  is  thus  reduced  to  the  solution 

of  this  set  of  equations. 

88.  Equations  of  motion  referred  to  axes  moving  in  any  manner. 

The  method  given  in  the  preceding  article  depends  essentially  on  the 
reduction  of  the  non-holonomic  system  to  a holonomic  system  by  introducing 
the  forces  due  to  the  non-holonomic  constraints.  In  practice,  this  is  often 
most  conveniently  done  by  forming  separately  the  equations  of  motion  of 
each  of  the  bodies  of  the  system.  It  is  moreover  frequently  advantageous 

14—2 
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to  use  axes  of  reference  which  are  not  fixed  either  in  space  or  in  the  body, 
and  we  shall  now  find  the  equations  of  motion  of  a rigid  body  referred  to 
axes  which  have  their  origin  at  the  centre  of  gravity  of  the  body,  and  are 
turning  about  it  in  any  manner*. 

Let  G be  the  centre  of  gravity  of  the  body,  and  let  Gxyz  be  the  moving 
axes.  Let  ( u , v,  w)  be  the  components  of  velocity  of  the  centre  of  gravity 
resolved  parallel  to  these  axes,  and  let  (01,  02,  0Z)  be  the  components  of 
angular  velocity  of  the  system  of  axes  Gxyz  resolved  along  the  axes  them- 
selves; further  let  (o)1,  w2,  coz)  be  the  components  of  angular  velocity  of  the 
body,  resolved  along  the  same  axes.  Then  (§  64)  the  motion  of  G is  the  same 
as  that  of  a particle  of  mass  M,  equal  to  that  of  the  body,  acted  on  by 
forces  equal  to  the  external  forces  which  act  on  the  body  (including  all 
forces  of  constraint,  except  the  molecular  reactions  between  the  constituent 
particles  of  the  body)  ; let  ( X , Y,  Z)  be  the  components  parallel  to  the  axes 
Gxyz  of  these  external  forces. 

The  component  of  velocity  of  G parallel  to  Gx  is  u,  and  consequently 
(§  17)  the  component  of  its  acceleration  in  this  direction  is  u — v6s  + w02 ; we 
have  therefore  the  equation 

M (u  — v0s  + w02)  — X, 


which  can  be  written 


±fdT\ 

dt  l 0m  ) 


„dT  W 

dsTv  + d*fa 


X, 


where  T denotes  the  kinetic  energy  of  the  body,  expressed  in  terms  of 
( u , v,  w,  ©!,  (o2 , fc)3)  ; and  similar  equations  can  be  obtained  for  the  motion  of 
G parallel  to  the  axes  Gy  and  Gz. 


Consider  next  the  motion  of  the  body  relative  to  G,  which  (§  64)  is  inde- 
pendent of  the  motion  of  G ; from  §§  62,  63,  we  see  that  the  angular  momentum 
of  the  body  about  the  axis  Gx  is  dT/dcOi,  so  that  the  rate  of  increase  of 
angular  momentum  about  an  axis  fixed  in  space  and  instantaneously  coin- 
ciding with  Gx  is 


d_ 

dt 


0T 

deo3  ' 


If  Ly  M,  N denote  the  moments  of  the  external  forces  about  the  axes 
Gxyz,  we  have  therefore  (§  40) 

dAdcoJ  'da,  20«s  ’ 

and  two  similar  equations. 

* In  the  applications  of  this  method,  the  axes  are  usually  chosen  subject  to  the  condition 
that  the  moments  and  products  of  inertia  of  the  body  with  respect  to  them  do  not  vary  ; but  this 
condition  is  not  essential. 
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Hence  finally  the  motion  of  the  body  is  determined  hy  the  six  equations 


©- 


03  + 02  5- ■ = X, 


d /0T\ 

dt 


dT 

dv 

dT 

dw 

dT 


dT 

dw 

a t 

du 

dT 


i(B)-e™+e™L, 

i/  OCO2 


dt  Kdco^J  dco 
dT 


dt  \d(oJ  1 


m A d-±-7 

\dw)  02  du  +$1  dv 


+ e3^T  = M, 

dco^  dco  1 


*(ML\_0  w a d_T_ 
dt\dcoj  ’a®,1  do>,~ 


It  will  be  observed  that  these  are  really  Lagrangian  equations  of  motion 
in  terms  of  quasi-coordinates,  and  could  have  been  derived  by  use  of  the 
theorem  of  § 30. 

Example.  If  the  origin  of  the  moving  axes  is  not  fixed  in  the  body,  let  (%,  'u2,  u3) 
be  the  components  of  velocity  of  the  origin  of  coordinates,  resolved  parallel  to  the 
instantaneous  position  of  the  axes;  let  (0V  02,  03)  be  the  components  of  angular  velocity 
of  the  system  of  axes,  resolved  along  themselves;  let  (vlf  v2,  v3)  be  the  components  of 
velocity  of  that  point  of  the  body  which  is  instantaneously  situated  at  the  origin  of 
coordinates;  and  let  (&>13  <o2,  o>3)  be  the  components  of  angular  velocity  of  the  body,  also 
referred  to  the  moving  axes.  Shew  that  the  equations  of  motion  can  be  written  in 
the  form 

/ 


< 


dt  \0GOjy 
d /dt 


dt  \0<B 

d fd 


' dt  V06) 


d 

dt 

© 

s dT 
03  dv, 

+e™: 
2 3% 

d 

(dT\ 

. dT 

dT 

dt 

w 

01  dv3 

d 

dt 

© 

dT 

~d2wl 

*0% 

dT 

dT 

dT 

. ay 

-«sa~+l 

dv2 

Ho  5 " 

2dvs 

~ °3  da>2 

+e^3 

dT 

ay 

A dT 

. ay 

~6ld*  3 

+e^1 

oT 

dT 

AdT 

A dT 

~°2d^ 

+ $i  o — : 

0g>2 

where  (X,  T , Z,  L , M,  N)  are  the  components  and  moments  of  the  external  forces  with 
reference  to  the  moving  axes. 


89.  Application  to  special  non-holonomic  problems. 

We  shall  now,  consider  some  examples  illustrative  of  the  theory  of  non- 
holonomic  systems. 

Example  1.  Sphere  rolling  on  a fixed  sphere. 

Let  it  be  required  to  determine  the  motion  of  a perfectly  rough  sphere  of  radius  a and 
mass  m which  rolls  on  a fixed  sphere  of  radius  6,  the  only  external  force  being  gravity. 

Let  0,  0)  be  the  polar  coordinates  of  the  point  of  contact,  referred  to  the  centre  of 
the  fixed  sphere,  the  polar  axis  being  vertical.  We  take  moving  axes  GABG , where  G is 


3 v 


/ 
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the  centre  of  the  moving  sphere,  GC  is  the  prolongation  of  the  line  joining  the  centres  of 
the  spheres,  GA  is  horizontal  and  perpendicular  to  GC,  and  GB  is  perpendicular  to 
GA  and  GC,  in  the  direction  of  0 increasing. 

With  these  axes  we  have,  in  the  notation  of  the  last  article, 

81=  —8,  0%=  — $sin0,  03=<j>  cos  8, 

u—  — {a  + b)  (p  sin  8,  v—(a+b)8 , w= 0, 

T=  | m |^2  + v2  + w2  + — (coj2  + <o22  + co32)|  , 

and  if  F,  F'  denote  the  components  of  the  force  at  the  point  of  contact  parallel  to 
GA  and  GB  respectively,  we  have 

X—F,  Y=mg  sin  8+F', 

L = F’a,  M=  — Fa,  N—0. 

The  equations  of  motion  of  the  last  article  become  therefore 

m ( u — v8 3)  — F = - | am  (o>2  — 8 jto 3 + 83 coj), 

m + u83 ) — mg  sin  8 =F'=  f am  (a>1  — 83  a>2  + 82(o3), 

co3  — 82  Wi  + 81(o2  = 0. 

Moreover,  the  components  parallel  to  the  axes  GA,  GB  of  the  velocity  of  the  point  of 
contact  are  u-aa>2  and  v + aco1}  and  consequently  the  kinematical  equations  which  express 
the  condition  of  no  sliding  at  the  point  of  contact  are 

u — aco2=0,  v + aco1  = 0. 

Eliminating  F,  F',  ®1}  a>2,  we  have 

(u  — v83-%a81G>3—0, 
v+u83-%a82G>3-  \g  sin ,0  = 0, 

<»3  = 0. 

The  last  equation  gives  a >3=n,  where  n is  a constant ; while  substituting  for  u,  v , 8X,  8 2, 
in  the  first  two  equations  their  values  in  terms  of  8,  8,  <j>,  we  have 

(a  + b)  ^ (0sin  8)  + (a  + b)  8<p  cos  6 -%an8  = Q, 

(a  + b)  8 — (a+b)  <j>2  cos  8 sin  0 + f an<p  sin  8 — fg  sin  0=0. 

The  former  of  these  equations  can  be  integrated  at  once  after  multiplying  throughout 
by  sin  0,  and  gives 

(a+b)<j>  sin20  + f-cm  cos  8 = k, 

where  h is  a constant.  Moreover,  multiplying  the  second  equation  throughout  by  0 and 
the  first  equation  by  0 sin  0,  and  adding,  we  obtain  an  equation  which  can  be  at  once 
integrated,  giving 

02  + d>2  sin2  0 + cos  8—Ji, 

^ 7 a + b 

where  h is  a constant ; this  is  really  the  equation  of  energy  of  the  system. 
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Eliminating  between  these  two  integral  equations,  we  have 

(a  + b )2  sin2  0 . 6 2 = - (k  — f an  cos  0)2  - If-g  (a  + b)  sin2  0 cos  0 + h (a + b)2  sin2  0 ; 
and  on  writing  cos0=x,  this  equation  becomes 

(a  + b )2  x2 = h {a  + b)2  (1  — x2)  — (Jc  — f anx )2  — ^g  (a+b)  x { 1 - #2). 

The  cubic  polynomial  in  x on  the  right-hand  side  of  this  equation  is  positive  when 
x—  +oo , negative  when  # = 1,  positive  for  some  real  values  of  0,  i.e.  for  some  values  of  x 
between  —1  and  1,  and  negative  when  #=  — 1;  it  has  therefore  one  root  greater  than 
unity,  and  two  roots  between  1 and  — 1 ; we  shall  denote  these  roots  by 

cosh  y,  cos  /3,  cos  a, 
where  cos  /3  > cos  a ; and  we  then  have 

a+})f  (* + e) = J cosk  y)  ~ cos  & (x  ~ cos  a)}-^ 

where  e is  a constant  of  integration. 


Writing 


14  a + & , , 14  a + b Vi(a  + b)2  + ±a2n2 

*=T  — ,+* (oosh  1'+cos  '3+cos  «)-T  — * + 30g(ffi+^  , 


the  equation  becomes 

t+e=J{4(z-e1)(z- e2)  (z - e3)}_i dz , 

or  *=P(*  + e), 

where  the  function  is  formed  with  the  roots 

^1=14  (a  + b)  |UUBil7“ 

Vi  (a  + b)2  + ^a2n2\ 
30 g(a+b)  J’ 

Ih  (a  + b)2  + f a2n2\ 
30 g(a  + b)  J 5 

these  quantities  e1}  e2,  e3,  are  all  real,  and  satisfy  the  relations 

61  + ^2+63—0,  e1>e2>e3. 


c-  59 

[cosh  y — 

1 14  (a + 6)  1 

, _ 5.?  1 

|cos/3  - 

2 14  (a  + b)  1 

c-  59  1 

COS  a — 

63  14(a+6)| 

Now  x is  real  for  real  values  of  t and  (since  x is  real)  lies  between  cos  a and  cos/3; 
so  z is  real  and  lies  between  e2  and  e3 ; hence  the  imaginary  part  of  the  constant  e in  the 
argument  of  the  ^-function  is  the  half-period  corresponding  to  the  root  e3,  which  we  shall 
denote  by  co ; the  real  part  of  e may  be  taken  to  be  zero  by  suitably  choosing  the  origin 
of  time : and  therefore  we  have  finally 


cos  0 = 


14  a + b 


p (<+»)  + 


7 h (a  + b)2+%a2n2 
30 g(a  + b) 


This  equation  gives  the  variable  0 in  terms  of  the  time : the  other  coordinate  <p  of  the 
centre  of  the  moving  sphere  is  then  obtained  by  integrating  the  equation 


• _k  — f aw  cos  0 
***  (a  + b)  sin2  0 ’ 


this  integration  can  be  effected  by  a procedure  similar  to  that  used  (§  72)  to  obtain  the 
Eulerian  angles  which  define  the  position  of  a top  spinning  on  a perfectly  rough  plane. 
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Example  2.  Sphere  rolling  on  a moving  sphere. 

Consider  now  the  motion  of  a rough  sphere  of  radius  a and  mass  m which  rolls  under 
gravity  on  another  sphere,  of  radius  b and  mass  M,  the  latter  sphere  being  free  to  turn 
about  its  centre  0,  which  is  fixed. 

Let  (0,  <fi)  be  the  polar  coordinates  of  the  point  of  contact  referred  to  axes  fixed  in 
space  with  the  fixed  centre  as  origin,  the  axis  from  which  6 is  measured  being  vertical. 

To  obtain  the  equations  of  motion  of  the  sphere  m,  we  take  (as  in  the  last  example) 
moving  axes  GABC  of  which  GG  is  the  prolongation  of  the  line  OG  joining  the  centres  of 
the  spheres,  and  GA  is  horizontal.  Let  (dl5  02,  03)  denote  the  components  of  angular 
velocity  of  the  coordinate-system  resolved  along  its  own  axes,  and  let  (etq,  a>2,  <o3)  denote  the 
components  of  angular  velocity  of  the  sphere  m along  the  same  axes.  Then,  as  in  the  last 
example,  we  have 

0X=  —6,  02=-(j)  sin  0,  03=<j>cos0, 

u=—(a  + b)<j)  sin  0,  v = (a  + b)0 , w = 0, 

r-Jm  |b»+«*+»«+ 22+<»32)}, 

and  if  F,  F'  be  the  components  of  the  force  acting  on  the  sphere  m at  the  point  of  contact 


parallel  to  GA  and  GB  respectively,  we  have 

X=F,  Y=mg  sin  0 + F\ 

L=F'a , M=—Fa , N—  0, 

so  the  equations  of  motion  become 

Im(u-v03)  = F = - ^am(a>2-~01a>3+03a)1) (1 ), 

m ( v + u03)  — mg  sin  0=F'=  § am  (a^  — 03a>2  4-  02^) (2), 

co3-02(o1+01  co2— 0 ...(3). 


To  determine  the  motion  of  the  sphere  M , we  take  moving  axes  parallel  to  the  axes 
GABC,  but  with  their  origin  at  0 ; let  (G1}  fl2,  Q3)  denote  the  components  of  angular 
velocity  of  the  sphere  resolved  along  these  axes.  Then  for  the  sphere  M we  have 


T=\M.  |62  (V + a2  + a32), 
and  its  equations  of  motion  are 

( — ^bM{Q2-01Q.3-\-03Q,^)—F (4), 

l %bM  (il1  — 03Cl2  + d2S23)  = F ' (5), 

l +dj02  =0  (6). 

The  conditions  of  no  sliding  at  the  point  of  contact  are 

u-a(o2  = bO,2 , 'y+a<B1=  — (7). 


In  order  to  solve  this  set  of  equations  we  multiply  equations  (3)  and  (6)  by  a and  6 
respectively,  and  add  ; thus,  using  (7),  we  have 

aoa3  + btl3  + u0-jL  + v02 = 0, 

or  ad>3  + btl3  = 0. 


Integrating,  we  have 


aoo3  + 6Q3  = cm, 


where  n is  a constant. 
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Moreover,  from  equations  (4)  and  (7)  we  have 

— § M(u  — alo2  - b0l£l3  — 03v  - 03ao)^)  = F. 

Eliminating  F and  d>2  + 03(01  between  this  and  equations  (1),  we  have 


7M+hm 

2 W~ 


(it,-  03v)  = an01, 


or 


d . ; . „ i ; „ ZManO  _ 

-7-  (<f>sm  0)+0d>  cos  d — m"S7T~5 — w — rTr=0 

oft  / (7i/+5m)  (a+b) 

Similarly  from  equations  (5)  and  (7),  we  have 

§ M (-v  — aoq  — %d3  + ad3(o2  + b02&3)  = F'. 

Eliminating  F'  and  d)1-d36)2  between  this  and  equations  (2),  we  have 


5m +7  M 
2M~ 


(v+u03)  = an02  + 


5 ( M+m ) 
2if 


^ sin 


.(A). 


or 


6 — <p2  sin  0 cos  0 — 


5 (M+m)  g sin  0 
(bm  + lM)(a  + b) 


an  2 M 

a + b ' 5m+7M 


. (p  sin  0 


■(B). 


Now  the  equations  (A)  and  (B),  from  which  0 and  <£  are  to  be  determined  in  terms  of  t, 
are  of  essentially  the  same  character  as  the  equations  found  for  the  determination  of  0 
and  (f)  in  the  previous  example  : the  former  equations  being  in  fact  derivable  from  the 
present  ones  by  making  M very  large  compared  with  m.  The  integration  therefore 
proceeds  exactly  as  in  the  former  case. 


Example  3.  A uniform  sphere  rolls  on  a perfectly  rough  horizontal  plane,  under 
forces  whose  resultant  passes  through  its  centre.  Shew  that  the  motion  of  its  centre 
is  the  same  as  that  of  a particle  acted  on  by  the  same  forces  reduced  in  the  ratio  5 : 7. 


Example  4.  Form  the  equations  of  motion  of  a perfectly  rough  sphere  rolling  under 
gravity  inside  a fixed  right  circular  cylinder,  the  axis  of  which  is  inclined  to  the  vertical  at 
an  angle  a ; and  shew  that,  if  the  sphere  be  such  that  k2 — ^a2,  a being  its  radius  and  k 
the  radius  of  gyration  about  any  diameter,  and  if  it  be  placed  at  rest  with  the  axial  plane 
through  its  centre  making  an  angle  /3  with  the  vertical  axial  plane,  the  velocity  of 
the  centre  parallel  to  the  axis,  when  this  angle  is  0,  is 

J ( ^—.CQ"-- V {sin  ^0  cosh “ 1 (cos  \ 0 sec  -^3)  + cos  \0  cos ~ 1 (sin \0  cosec ^j3)}, 

\ sin  a J 

where  b + a is  the  radius  of  the  cylinder.  (Camb.  Math.  Tripos,  Part  I,  1895.) 


90.  Vibrations  of  non-holonomic  systems. 

We  shall  next  consider  the  small  vibratory  motions  of  a non-holonomic 
system : it  will  appear  that  so  far  as  vibrations  about  equilibrium  are  con- 
cerned, the  difference  between  holonomic  and  non-holonomic  systems  is 
unimportant. 

For  consider  the  vibrations  about  equilibrium  of  a non-holonomic  system 
with  n independent  coordinates  and  (n  — m)  degrees  of  freedom,  in  which 
the  constraints  are  independent  of  the  time.  Let  T be  the  kinetic  and  V the 
potential  energy,  so  that  for  the  vibrational  problem  T will  be  supposed  to  be 
a homogeneous  quadratic  function  of  (<jl5  q2, ...,  qn),  and  V to  be  a homogeneous 
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quadratic  function  of  (q1}  q2,  qn),  the  coefficients  in  both  cases  being 
constants.  There  are  m equations  of  the  type 


A\kq\ *h  A2kq2  d-  •••  + Ankqn  — 0 (k  — 1,  2,  . . . , wi), 

which  express  the  non-holonomic  constraints  ; and  the  equations  of  motion 
are  (§  87) 


d_(dT 
dt  \jdq. 


dv 

dqr 


+ ^1-d.ri  + ^A^A-  ...  + \mArm  (r  = 1,  2,  ...,  n). 


From  these  equations  it  is  evident  that  \l}  \2,  •••>  are  in  general  small 
quantities  of  the  order  of  the  coordinates  ; and  therefore  for  the  vibrational 
problem  only  the  constant  parts  of  A m A12,  ... , Anm  need  be  considered.  The 
vibrational  motion  is  therefore  the  same  as  if  the  coefficients  An,  A12, ...,  Anm 
were  constants  independent  of  the  coordinates;  but  in  this  case  the  equations 

Alkqx  + A2kq2  + •••  + Ankqn  = 0 (k  = 1,  2,  ... , m) 

can  be  integrated ; in  fact,  they  give 

Aikqi  + A2kq2  + ...  + Ankqn  — 0 {k—  1,  2,  ...,  m), 

the  constants  of  integration  being  zero  since  the  values 

qj  = 0,  q2  = 0,  ...,  0, 


represent  a possible  position  of  the  system. 


It  follows  that  the  vibratory  motion  of  the  given  non-holonomic  system  is 
the  same  as  that  of  the  holonomic  system  for  which  the  equations  of  con- 
straint are  expressible  in  the  integrated  form 

AJkq1  + A2kq2+  ...  + Ankqn  = 0 (k=  1,  2,  ...,  m)  ; 

we  can  therefore  determine  the  vibrations  by  using  these  equations  to  elimi- 
nate m of  the  coordinates  (qu  q2,  ...,  qn)  from  T and  V ; we  shall  then  have 
a holonomic  system  with  (: n — m)  degrees  of  freedom,  the  kinetic  and  potential 
energies  being  expressed  in  terms  of  ( n — m)  coordinates  and  the  corre- 
sponding velocities : the  vibrations  of  this  system  can  be  determined  by  the 
usual  method  described  in  the  last  chapter. 


As  an  example,  we  shall  consider  the  following  problem*. 

A heavy  homogeneous  hemisphere  is  resting  in  equilibrium  on  a perfectly  rough  horizontal 
plane  with  its  spherical  surface  downwards.  A second  heavy  homogeneous  hemisphere  is 
resting  in  the  same  way  on  the  perfectly  rough  plane  face  of  the  first , the  point  of  contact 
being  in  the  centre  of  the  face.  The  equilibrium  being  slightly  disturbed , it  is  required 
to  find  the  vibrations  of  the  system. 


Take  as  axes  of  reference 

(1)  A rectangular  set  of  axes  Z2xyz  fixed  in  the  upper  hemisphere,  the  origin  being 
its  centre  of  gravity  Z2. 

* Due  to  Madame  Kerklioven-Wythoff,  Nieuw  Archief  voor  Wiskunde,  Deel  iv.  (1899). 


90]  Non-holonomic  Systems . Dissipative  Systems  219 

(2)  A rectangular  set  of  axes  Z1  fixed  in  the  lower  hemisphere,  the  origin  being 
its  centre  of  gravity  Zv 

(3)  A rectangular  set  of  axes  Rlmn  fixed  in  space,  the  origin  R being  the  equi- 
librium position  of  the  point  of  contact  of  the  lower  hemisphere  and  the  plane. 

We  further  define  these  axes  by  supposing  that  in  the  equilibrium  position  the  axes 
Z2z^  Z£)  and  Rn  are  vertical  and  therefore  coincident,  while  the  axes  Z2x,  Zx£,  Rl, 
are  parallel,  the  axes  Z2y,  Z^,  and  Rm  being  therefore  also  parallel. 

Suppose  that  at  time  t the  coordinates  of  a point  referred  to  these  different  sets 
of  axes  are  connected  by  the  equations 

| —a  + axX  +a^y  + a3z, 
rj  = ft+ftxX  + ft2y  + (33Z, 

£ =7+71^+72^  + 73^ 

l =a  + a^+a2ri+a3C, 

m = b + b -J;  + b2rj  + b3(, 
n=c  +c +c2rj  +c3{. 

The  24  coefficients  in  these  transformation-formulae  completely  specify  the  position  of 
the  system  at  any  instant.  As  however  the  system  has  only  six  degrees  of  freedom,  there 
must  be  18  equations  connecting  these  coefficients  or  their  differentials.  Of  these,  12  are 
the  ordinary  conditions  of  the  types 

al2  + a22  +a32  = L alftl  + a2$2  + a3^3  = 0) 

cq2 + a22  + a2  = 1 , axbx  +a2b2+ a3b3  = 0, 

which  express  the  orthogonal  character  of  the  axes  ; the  remaining  6 are  the  conditions  of 
contact  and  rolling,  which  we  shall  now  find. 


Let  Rx,  R2  be  the  radii  of  the  lower  and  upper  hemispheres  respectively,  and  lx,  l2 
the  distances  of  the  centres  .of  gravity  from  their  plane  faces,  so  lx  — \RX , l2  = § A2 . The 
coordinates  of  the  point  of  contact  of  the  upper  hemisphere  with  the  lower  are 

20 2 ~ ~ R‘271 5 Vl  = -^*272?  02  = ^2  — -^273  ’ 

the  conditions  that  this  point  shall  be  at  rest  relative  to  the  lower  hemisphere  are 

a + axX2  + b2y2  -\-a3z2  =0, 

ft  + fti%2 +/32y2+/33^2  = 0, 

7 + 71^2  + 72^2  + 7$Z2  = °- 

The  last  of  these  equations  gives  y+l2%=0,  which  is  the  differentiated  form  of  the 
equation 

h~  7~  73^2=  — ^2, 

an  equation  which  expresses  the  Condition  of  contact  of  the  two  hemispheres  : while 
the  first  two  of  the  equations  give 

d - ax  R2  yx  - a2  R2y2  + d3  (l2  - R2y3)  = 0, 
ft~ftl  R2yi  — ft2  -^272  + fts  (^2  — ^273)  = ^5 

and  these  express  the  condition  of  rolling  of  the  upper  on  the  lower  hemisphere.  These 
equations  give  as  a first  approximation 

“ = ®3  (-^2  “ ^2)5 


ft  — ftz  (-^2  ” h)f 
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and  therefore  on  integration 

a = °3  (^2  — ^2))  /3==^3  (-^2 — ^2)* 

Similarly  the  condition  of  contact  of  the  lower  hemisphere  and  the  horizontal  plane  is 

C "H  ^3^1 ==  R\  j 

and  the  conditions  of  rolling  are 

f a==a3  ^ = ^3  (-^l  ^l)* 

We  have  thus  now  obtained  the  18  equations  connecting  the  24  coefficients  : taking 
a2,  /33,  y1,  a2,  b3 , <?1}  as  the  6 independent  coordinates  of  the  system,  and  solving  for 
the  other  18  coefficients  in  terms  of  these,  we  find  with  the  necessary  approximation 

a ~7i  (^2  — -^2)5 
- = W+yi2), 

a3=  ~7l- 

=&3  ^2)1 

j^l=—a2» 

l^2=l-i(a22  + /332). 

| y = {i  - i (n2 + 032)}> 

j 72—  —P31 

ly3=1-i(7i2+/332)' 

The  potential  energy  of  the  system  is 

V = Mxgc  + M2g  (c  + cxa + c2/3  + c3y), 
or,  retaining  only  small  quantities  of  the  second  order, 

V!g  — ^3  — T5^-^2^4)  “ f ^2^2^3^3  + 136 /^32^2^2  + G\  “ \ Q^2^2) 

- 1-^2  ^2Cl7l  +T3S-^2^27l2* 

If  now  we  express  the  coordinates  l , m,  n of  any  particle  of  the  upper  or  lower 
hemisphere  in  terms  of  its  coordinates  relative  to  the  axes  Z2xyz  and  Z^rjg  respectively, 
and  form  the  sum  -|2m  (l2  + m2  + n2)  for  each  hemisphere,  neglecting  terms  above  the  second 
order  of  small  quantities,  and  remembering  that  the  principal  moments  of  inertia  of 
a hemisphere  of  mass  M and  radius  R at  its  centre  of  gravity  are  fi/jR2,  MR2, 
^qMR2,  we  find  for  the  kinetic  energy  of  the  system  the  value  T,  where 

2 T=  | d22  {M,R2 + M2R2)  + f d2l i2  M2R2  + 1 d22  M2R2 

+h2  mR^+M,  (^w+iRA+m+ 2M3«  (m^2+i^i)+^32^22 

+<h2  {\%R2M1+M2  {^Rf+iR^+R^+^M^  (|  i2^W- 

The  equations  of  motion  evidently  separate  into  three  distinct  sets,  consisting  of 

(i)  Equations  for  the  coordinates  a2  and  a2 : these  coordinates  give  rise  to  no  terms 
in  F,  and  do  not  correspond  to  vibrations  in  the  stricter  sense  ; in  fact,  the  equilibrium 
is  not  disturbed  if  either  of  the  hemispheres  is  turned  through  any  angle  about  its  axis  of 
revolution.  We  can  therefore  neglect  these  equations. 

(ii)  Equations  involving  the  coordinates  b3  and  /33. 

(iii)  Equations  for  the  coordinates  cx  and  yx ; these  are  exactly  the  same  as  the 
equations  for  b3  and  /33,  so  we  only  need  consider  the  latter. 


(a  — Cj  (£x  — i^), 

ja^l-!  («22  + ci2)) 

la3=  — ct. 
b =b3  (Rx  — lj)f 
■ bL  = — a2, 
tb2  = l-%(a22  + b32). 
fc  = R1  — lx  {1  — \ {c2  + &32)}, 

•\  c2  = ~ K 

lc3  = 1 — 2 (Cl2  + ^32)* 
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The  equations  for  b3  and  /33  are,  in  extenso , 

W+i ^2  + JW)}  bs  + MAaXi+tttUtk 

+9  (f  ^1-^1  “ 1 -^2^2)  ^3  *"  2-^2^3  = ^5 

(°^1  + Jo  ^2)  ^3  + Jo  -®2#3  ~ 8 #^3  + 1^3  = 


The  corresponding  determinantal  equation  for  X,  where  is  a period,  is 


{^M1+M2 (R1*+iR1R2+±$R2*)}\-g  M2R2  (| R^Rf)  X+  %gM2R2 

(f  ^1+20^2)  ^+1^  JW-f<7 

This  is  a quadratic  equation  in  X : it  is  easily  found  that  its  roots  are  positive  if 

9 R1M1  > 4QR2M2, 

and  this  is  the  condition  for  stability  of  the  equilibrium. 


= 0. 


The  vibrations  of  non-holonomic  systems  about  a state  of  steady  motion 
are  most  conveniently  discussed  by  use  of  the  equations  of  motion  given 
in  § 88.  The  method  will  be  illustrated  by  the  following  example. 

Example.  A solid  of  revolution  has  an  equatorial  plane  of  symmetry , and  is  rolling 
with  angular  velocity  n round  its  axis  in  steady  motion  on  a perfectly  rough  horizontal 
plane , the  equatorial  plane  of  the  solid  being  vertical.  This  motion  being  slightly  disturbed , 
to  find  the  period  of  a vibration. 

Let  G be  the  centre  of  gravity  of  the  solid,  and  let  ((7,  A)  be  its  moments  of  inertia 
about  the  axis  and  about  a line  through  G perpendicular  to  the  axis.  Take  as  moving 
axes  of  reference  Gxyz , where  Gz  is  the  axis  of  the  solid,  Gy  is  perpendicular  to  the  plane 
through  Gz  and  the  point  of  contact  (so  Gy  is  horizontal),  and  Gx  is  normal  to  the  plane 
Gyz.  Let  F,  F',  R be  the  components  of  the  force  acting  on  the  solid  at  the  point 
of  contact,  F being  in  the  plane  Gxz,  F'  being  parallel  to  Gy,  and  R being  normal  to  the 
plane.  Let  (#1?  #2,  Of)  and  (oq,  o>2 , o>3)  denote  as  usual  the  components  of  angular 
velocity  of  the  axes  and  of  the  body  respectively,  and  let  (u,  v,  w ) be  the  components  of 
the  velocity  of  G,  parallel  to  the  moving  axes.  Further,  let  p be  the  radius  of  curvature 
of  the  meridian  of  the  solid  at  the  equator,  a the  radius  of  its  equatorial  circle,  0 the 
angle  made  by  Gz  with  the  vertical,  and  0 the  angle  between  Gy  and  its  undisturbed 
direction.  Then  we  have 

#1  = 6)1=  - 0 sin  0,  #2  = 6>2  = 0,  #3  = 0 cos#, 

and  the  kinetic  energy  is 

T=\M(y?  + *2  + vP)  +LA  (»!* +o>22) +i<7o)32. 

The  equations  of  § 88  therefore  give,  if  P is  the  point  of  contact,  PK  the  perpendicular 
from  this  point  on  the  axis,  and  GN  the  perpendicular  from  G on  the  horizontal  plane, 

M{u  — v03+ w02)  =Fcos6-(R-Mg)  sin  #, 

M{v  — w6x  + u6f)  —F\ 

M(w—  u02  + v6f)  = (R  — Mg)  cos  # + i^sin  #, 
dcti  — Aco203  + (7o)3#2=  —F'.  GK, 

Ad>2  - (76)3#!  + Acofis  =-F.  GN-  R . NP, 

>(7©s  —F' . PK. 

In  these  equations,  GK  and  NP  are  measured  positively  parallel  to  the  positive  direction 
of  the  axis  of  z and  the  horizontal  projection  of  this  direction  respectively. 
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The  conditions  of  no  sliding  at  P are 

(wcos$  + wsin0-  GK.  <b2=0, 


(v + PK . o)3  — GK . (ol 

and  the  condition  of  contact  of  the  body  and  plane  is 


=0, 


w cos  6 - u sin  <9  = ^ ( - GK  cos  6 + PK  sin  6). 

These  equations  determine  the  motion  in  the  general  case,  when  the  disturbance  from 
steady  motion  is  not  supposed  to  be  small.  When  this  latter  assumption  is  made, 
we  have 


«=I+* 


-4 -or,  v=—an+Tj, 


where 


where  y,  or,  rj  are  small ; and  F,  F',  u , w,  o^,  a>2,  0X,  d2,  03  are  small,  while  R is  nearly 
equal  to  Mg.  Moreover  we  have  JVP={p  — a)  y.  The  equations  therefore  become 

'M  (u  + and3)  = — R+Mg, 

Mr,  =F’, 

M (w  - and)) = F, 

.doq  + Cnd2  — 0, 

Aco2  — CnS1  = — Fa  — Mg  (p  - a)  y, 

Cvs  — F'a , 

w — aoo2  =0, 

<r,  + a-ui  — 0, 

co1  = 01=  - <p,  o)2  = 02  — x,  03=O. 

Eliminating  F,  F',  R,  and  replacing  0lt  02,  <93,  oq,  a>2  by  their  values,  the  equations 
become 

rA(f)  — Cnx  = 0, 

Ax  + (C+Ma*)  n<j>+Mg  (p  — a)x+Maw=0, 

Cw  = Mai], 

w =ay, 

\t)  — — am. 

From  the  third  and  fifth  of  these  equations  we  see  that  dr  and  j ) are  zero,  and  therefore 
or  and  77  are  constants.  The  other  three  equations  give,  on  eliminating  w, 

{ Acf>  — Cnx=0, 

\(Ma2  + J.)y  + ((7+  Ma2)  n<j>  + Mg  (p-a)  y=0, 
and  therefore  the  equation  for  the  determination  of  y is 

A (A  +Ma‘ 2)  y + {Mg A (p  - a)  + Cn2(C+ Ma 2)}  y = 0 ; 
this  equation  shews  that  the  period  of  a vibration  is 


2 7T 


[Mg A ( p-a)  + Ch 2 ( C+  Ma2) 


A (A+Ma2) 


}‘ 


91.  Dissipative  systems ; frictional  forces. 

We  now  proceed  to  the  consideration  of  systems  for  which  the  principle  of 
conservation  of  dynamical  energy  is  not  valid,  the  energy  of  the  system  being 
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continually  changed  into  some  other  form  (e.g.  heat)  which  is  not  recognised 
in  dynamics.  We  shall  first  consider  frictional  systems. 

If  two  rigid  bodies  which  are  not  perfectly  smooth  are  in  contact,  the 
reaction  between  them  at  the  point  of  contact  may  be  resolved  into  a com- 
ponent along  the  common  normal  to  their  surfaces  at  the  point,  which  is 
called  the  normal  pressure , and  a component  in  the  common  tangent-plane, 
which  is  called  the  frictional  force.  The  frictional  force  is  determined  by 
the  following  law,  which  has  been  established  experimentally : The  bodies 
will  not  slide  on  each  other , provided  the  frictional  force  required  for  the 
prevention  of  sliding  does  not  exceed  y times  the  normal  pressure,  where  y 
is  a constant  called  the  “ limiting  coefficient  of  friction,”  which  depends  only 
on  the  material  of  which  the  surfaces  in  contact  are  composed.  If  on  the 
other  hand  the  frictional  force  required  to  prevent  sliding  is  greater  than  y 
times  the  normal  pressure,  there  will  he  sliding  at  the  point  of  contact , and 
the  frictional  force  called  into  play  will  he  y times  the  normal  pressure. 

The  following  examples  illustrate  the  motion  of  systems  involving 
frictional  forces. 


Example  1.  Motion  of  a particle  on  a rough  fixed  plane  curve. 

Consider  the  motion  of  a particle  which  is  constrained  to  move  on  a rough  fixed  tube 
of  small  bore,  in  the  form  of  a plane  curve,  under  forces  which  depend  solely  on  its 
position  in  the  tube.  Let  f {s)  and  g (s)  denote  the  components  of  force  per  unit  mass 
acting  on  the  particle  in  direction  of  the  tangent  and  normal  to  the  tube,  where  s is  the 
distance  of  the  particle  from  some  fixed  point  of  the  tube,  measured  along  the  arc  in  the 
direction  in  which  the  particle  is  moving ; and  let  R be  the  normal  reaction  per  unit  mass, 
and  p the  coefficient  of  friction. 

Since  the  components  of  acceleration  of  the  particle  along  the  tangent  and  normal  are 
vdv/ds  and  y2/p,  where  v is  the  velocity  of  the  particle  and  p the  radius  of  curvature  of  the 
tube,  we  have 


Eliminating  R,  we  have 

Integrating,  we  have 


"-=g{s)  + R. 


^+3e®*=2/«+2 «,(*).■ 


v*=ce- w +2e- ^ {f(t)+rg  (*)}  ds, 
fds 

where  <£ = J — > and  c is  a constant  depending  on  the  initial  circumstances  of  the  motion. 

The  right-hand  side  of  this  equation  is  a known  function  of  s,  say  —F(s).  Then 
we  have 
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so  the  relation  between  s and  t is 

t-U 


This  equation  represents  the  solution  of  the  problem. 


Example  2.  A circular  hoop  of  mass  M stands  on  rough  ground , and  a particle  of 
mass  m is  attached  to  the  end  of  the  horizontal  diameter.  To  hnd  whether  the  hoop  will  roll 
or  slide. 

Let  us  investigate  the  rolling  motion,  assumed  possible,  and  so  determine  whether  the 
friction  required  to  produce  this  motion  is,  or  is  not,  greater  than  the  maximum  friction 
actually  available,  i.e.  g times  the  corresponding  normal  pressure.  Let  d be  the  angle 
turned  through  by  the  hoop  from  the  commencement  of  the  motion,  and  let  x and  y be 
the  coordinates  of  the  centre  of  gravity  of  the  system,  referred  to  horizontal  and  vertical 
(downward)  axes  through  its  own  initial  position,  so  that 


x—ad  — 


(1  - cos  6), 


y= 


M+m 


sin  d, 


M+m 

where  a is  the  radius  of  the  hoop. 

The  kinetic  and  potential  energies  are 

T—  MaZd 2 + ma2d  2 (1  — sin  d), 

V—  — mg  a sin  d. 

The  Lagrangian  equation  of  motion  is  therefore 

[2a2d  {M+m  (1  — sin  d)}]  + ma2d2  cos  d = mg  a cos  d. 
ctt 

For  the  initial  motion,  this  equation  gives 

2 a6  (. M+  m)  — mg, 

so  initially  we  have 

mg  ..  m 


x=ad- 


2 {M+  m)  ’ ^ M+m'"''  2 {M+  m)2  * 

But  if  F be  the  frictional  force  and  R the  normal  pressure,  we  have 
F=(M+m)x,  R=(M+m)  (-y+g), 

so  initially  we  have 


ad  — 


m2g 


F 
R : 


m {M+  m) 


■ y +g  2 Jf 2 + 4:Mm+m2  * 

The  hoop  will  therefore  roll  or  slide  according  as  the  coefficient  of  friction  is  greater  or 
less  than 

m (M+m) 

2 M2  + 4Mm + m2  ’ 

Example  3.  A particle  moves  under  gravity  on  a rough  cycloid  whose  plane  is 
vertical  and  whose  base  is  horizontal : if  0 be  the  inclination  of  the  tangent  at  any  point 
to  the  horizontal,  so  that  the  equation  of  the  cycloid  can  be  written 

s=4a  sin  0, 

and  if  tan  e be  the  coefficient  of  friction,  shew  that  the  motion  is  given  by  the  equation 

t 


ce  ^ tan  e sin  (0  + e)  = cos 


(\/ a 2 cos  e)  5 


where  c is  a constant. 
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92.  Resisting  forces  depending  on  the  velocity. 

A different  type  of  dissipative  system  is  illustrated  by  the  motion  of 
a projectile  in  the  air,  as  the  resistance  of  the  air  depends  on  the  velocity  of 
the  projectile.  No  general  rule  can  be  formulated  for  the  solution  of  prob- 
lems involving  forces  of  this  kind  : a case  of  great  practical  interest,  however, 
namely  the  motion  of  a projectile  under  the  influence  of  gravity  and  of  a 
resistance  varying  as  some  power  of  the  projectile’s  velocity,  can  be  integrated 
in  the  following  manner. 

At  time  t let  v be  the  velocity  of  the  projectile,  kvn  the  resistance  per 
unit  mass,  6 the  inclination  of  the  path  to  the  horizontal,  and  p the  radius  of 
curvature  of  the  path.  The  components  of  acceleration  of  the  projectile 
along  the  tangent  and  normal  to  its  path  are  vdv/ds  and  v2/p ; and  hence  the 
equations  of  motion  are 

j y — = — sin  0 — kvn, 

v 2 Q 

— = q cos  0. 

P ^ 

Dividing  the  first  equation  by  the  second,  we  obtain 

1 dv  tan  0 k 
vn+1  d0  vn  g cos  0 5 

d ( 1 \ 1 d . nk  A 

01  de{v0  + Vndd{nlogsece)  = - Jsecd- 

Integrating,  we  have 


secn  0 + Constant 


nk  f 


secn+1  0 d0. 


This  equation  gives  v in  terms  of  0.  To  obtain  t,  the  equation  v 2 = pg  cos  0 
gives 


gt  = -jv 


sec  0d0t 


and  as  v is  a known  function  of  0,  this  equation  gives  t as  a function  of  0. 
The  rectangular  coordinates  (oc,  y)  of  the  particle  can  now  be  found  from  the 
equations 

& = Jv  cos  0 dt,  y=Jv  sin  0dt. 

The  solution  of  the  problem  is  thus  reduced  to  quadratures. 

The  motion  of  a particle  in  a resisting  medium,  when  the  resistance  depends  on 
the  velocity  only,  can  be  solved  in  many  other  cases  in  addition  to  that  discussed  above. 

15 


W.  D. 
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D’Alembert*  shewed  that  if  gu  denotes  the  ratio  of  the  resistance  to  the  mass  of  the 
projectile,  the  integration  can  be  effected  in  the  four  cases 

u=a  + bvn, 
u=a  + b log  v, 
u = avn+R  + bv~n , 
u = a (log  v)n+  R log  y-f-6, 

where  a , b,  n,  are  arbitrary  constants  and  R is  another  constant  depending  on  them. 

Siaccit  obtained  many  more  integrable  cases,  of  which  the  following  may  be  mentioned : 

log  fa-*j1+a%_iy-ioj1+b*+1y  + 0, 

where  a , b,  c,  C are  arbitrary  constants  : this  equation  defines  v in  terms  of  u,  the 
number  of  terms  involved  being  finite  when  c is  rational. 


Example  1.  A heavy  particle  falls  vertically  from  rest  at  the  origin  in  a medium 
whose  resistance  varies  directly  as  the  velocity.  Shew  that  the  distance  traversed 
in  time  t is 


9i 


where  p.v  is  the  resistance  per  unit  mass. 

i 

Example  2.  A heavy  particle  falls  vertically  from  rest  at  the  origin  in  a medium 
whose  resistance  varies  as  the  square  of  the  velocity  : shew  that  the  distance  traversed  in 
time  t is 


1 


log  cosh  (\fggt), 


where  pv2  denotes  the  resistance  per  unit  mass. 


93.  Rayleigh's  dissipation-function . 

When  a system  is  subject  to  external  resisting  forces  which  are  directly 
proportional  to  the  velocities  of  their  points  of  application,  it  is  possible  to 
express  the  equations  of  motion  of  the  system  in  general  coordinates  in  terms 
of  the  kinetic  and  potential  energies  and  of  a single  new  function. 

For  let  the  energy  lost  to  the  system  by  the  action  of  the  resisting  force 
which  is  applied  to  a particle  m of  the  system,  whose  coordinates  are  {x,  y , z ), 
in  an  arbitrary  displacement  (8x,  By,  Sz)  be 

kxx8x  + kyijBy  + kzz8z, 

where  kx,  ky,  kz  are  functions  of  x,  y,  z only.  The  equations  of  motion  of  the 
typical  particle  m will  therefore  be 

Imx  = — kxx  + X, 
mV  — — kyy  + Yt 

mz  = — kzz  + Z, 

where  X,  Y,  Z are  the  components  of  the  total  force  (external  and  molecular) 
on  the  particle,  except  the  force  of  resistance. 

* Traite  de  Vequilibre  at  du  mouvement  des  Jluides,  Paris,  1744. 
f Comptes  Rendus,  cxxxii.  (1901),  p.  1175. 
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Now  let  a function  F be  defined  by  the  equations 
F = £2  (kxx*  + kyif  + kzz% 


where  the  summation  is  extended  over  all  the  particles  of  the  system  ; so 
that  F,  which  is  called  the  dissipation-function , represents  half  the  rate  at 
which  energy  is  being  lost  to  the  system  by  the  action  of  the  resisting  forces ; 
and  let  (q1}  q2,  qn)  be  coordinates  specifying  the  configuration  of  the 
system. 

Multiplying  the  equations  of  motion  of  the  particle  m by  dx/dqr , dyldqr, 
dz/dqr,  respectively,  and  summing  for  all  the  particles  of  the  system,  we  have 


x 


dx  dy  ..  dz\  v / 7 . dx  7 . dy  7 . dz\ 
+ y 4r  + ' &)  = ^ % r + ^Sq,  + KZ  dqj 


+ 2(X^-+F 


dqr  ' ‘ dq, 


dqr  + dqj  * 


As  in  § 26,  we  have 

Xm 


..  dx  ..  ..  0£\  _ d /dT\  _ dT 

X dqr  ^ dqr  2 dqj  dt  [dqj  dqr 


where  T is  the  kinetic  energy ; and 


y 


(xpL+rpL 

V dqr  dqr 


where  Qj&ft  + Q2&?2+  •••  + Qn&qn  denotes  the  work  done  by  the  external 
forces  (excluding  the  resistances)  in  an  arbitrary  infinitesimal  displacement; 
while  we  have 


- 2 d^+h*ydir+h%) = - 2 


. dz 
z 


_dF_ 

“ dqr  * 

It  follows  that  the  equations  of  motion  of  the  system  in  terms  of  the  co- 
ordinates (qx,  q2)  ...,  qn)  can  be  written  in  the  form 


d_/0T\_ ar  djf_n 

dt  \dqj  dqr  dqr  ^ r 


(r  = 1,2,  n). 


Example.  If  the  resisting  forces  depend  on  the  relative  (as  opposed  to  the  absolute) 
velocity  of  their  points  of  application,  so  that  the  forces  acting  on  two  particles  (xx,  yl3  i Zj) 
and  (x2,  y2j  zi)  have  the  components 


and 


kx  {x^  x^),  ky  (t/j  y2)j  (z^  z2) 

— kx  (x2  — i^),  — ky  (y2 — yd,  — kz  (z2  — %) 


respectively,  shew  that  the  equations  in  general  coordinates  can  be  formed  with  the 
expression 

^2  {kx  (x1  — x^f  + ky  (yx — y2)2  + ke  (ij  — £2)2}> 
as  a dissipation-function. 


15—2 
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94.  Vibrations  of  dissipative  systems. 

If  a dynamical  system  is  specified  by  its  kinetic  energy  function,  potential 
energy  function,  and  dissipation  function,  methods  similar  to  those  of 
Chapter  VII.  can  be  applied  in  order  to  determine  the  nature  of  the  small 
vibrations  of  the  system  about  an  equilibrium-configuration. 

For  simplicity  we  shall  consider  a system  with  two  degrees  of  freedom. 
As  in  § 76,  we  find  that  for  the  vibrational  problem  the  kinetic  energy  and 
dissipation  function  can  be  taken  as  homogeneous  quadratic  functions  of  the 
velocities,  and  the  potential  energy  as  a homogeneous  quadratic  function  of 
the  coordinates,  the  coefficients  in  these  functions  being  constants.  Taking 
as  coordinates  those  variables  which  would  be  normal  coordinates  if  there 
were  no  dissipation  function,  we  can  write  these  three  functions  in  the  form 

j F = 2 + 2 hqx  q2  + bq22), 

where  \ and  X2  will  be  supposed  positive,  so  that  the  equilibrium  would  be 
stable  if  there  were  no  dissipative  forces. 

The  equations  of  motion  are 

d (dT\  dT  dF  dV 

dt\dqr)  dqr+  dqr  dqr  (r—  » )> 

or  g'i  + acp  -f  hq2  4-  X1q1  = 0, 

q2  + hq L + bq2  + \2q2  = 0. 

If  we  attempt  to  find  a particular  solution  of  these  equations  in  the  form 

qj  = Aept,  q2  = Bept, 

on  substituting  these  values  in  the  differential  equations  we  have 

A ( p2  + ap  + Aj)  + Bhp  = 0, 

Ahp  + B (p2  + bp  + \2)  = 0, 

from  which  it  follows  that  p must  be  a root  of  the  equation 
(p2  + ap- \-  \i)  (p2  + bp  + X2)  — h2p2  = 0. 

We  shall  suppose  the  dissipative  forces  to  be  comparatively  small,  so  that 
squares  of  the  quantities  a , h,  b can  be  neglected ; on  this  supposition,  the 
roots  of  the  last  equation  are  readily  found  to  be 

p1  = if\1  — ±a,  p2  = i\/\2—  \b. 

Corresponding  to  the  root  p1  we  have,  from  the  second  of  the  equations 
connecting  A and  B, 

B _ ih  VXx 
A Xj  — X2 
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A particular  solution  of  the  differential  equations  is  therefore  given  by 

q1  = (X2  - X2)  e~*at  (cos  t + i sin  V \t), 

q2  = h \l\xe~%at  ( i cos  */\t  — sin  Vx^), 

and  a second  particular  solution  is  obtained  by  changing  i to  — i in  these 
expressions.  It  follows  that  two  independent  real  particular  solutions  of  the 
differential  equations  are 

( qx  = (Xx  - X2)  e~%at  cos  fql  = (\1  — X2)  e~iat  sin  V Xxt, 

\ q2  = — h VXj sin  V\t  \^2  = h Vxx cos  V Xx t, 

and  therefore  the  most  general  real  solution  involving  ePlt  is 
qx  = (Xj  — X2)  Ae~%at  sin  (hJxlt  + e), 

q2  = hW \Ae~iat  sin  [ V X^  + ^ + , 

where  A and  e are  real  arbitrary  constants.  This  represents  one  of  the  normal 
modes  of  vibration  of  the  system.  Adding  to  this  the  corresponding  solution 
in  ePit,  we  have  finally  the  general  solution  of  the  vibrational  problem,  namely 

t .+  e)  + h \Z\2Be~ibt  sin  (Vx2£  + 

- 

q2  = h VXj  Ae~iat  sin  ^Vx^  + ^ + (X2  — Xj)  Be~^ht  sin  (Vx2^  + 7), 

where  A,  B,  e,  7 are  four  constants  which  must  be  determined  from  the 
initial  circumstances  of  the  motion. 

Now  we  suppose  the  dissipative  forces  such  that  energy  is  being  con- 
tinually lost  to  the  system,  so  that  F is  a positive  definite  form,  and  therefore 
a and  b are  positive.  The  last  equations  therefore  shew  that  the  vibration 
gradually  dies  away,  on  account  of  the  presence  of  the  factors  e~?at  and  e~*bt : 
the  periods  of  the  normal  vibrations  are  (neglecting  squares  of  a,  h,  b ) the 
same  as  if  the  dissipative  forces  were  absent ; and  in  a normal  vibration,  the 
amplitude  of  oscillation  of  one  of  the  coordinates  is  small  compared  with  the 
amplitude  of  oscillation  of  the  other  coordinate,  while  the  phases  of  the 
vibration  in  the  two  coordinates  at  any  instant  differ  by  a quarter-period. 

A similar  analysis  leads  to  corresponding  results  for  systems  with  more 
than  two  degrees  of  freedom ; supposing  that  the  dissipative  forces  are  small 
and  that  the  dissipation  function  and  potential  energy  are  positive  definite 
forms,  we  find  that  the  periods  of  the  normal  vibrations  are  (neglecting 
squares  of  the  coefficients  in  the  dissipation  function)  unaltered  by  the 
presence  of  the  dissipative  forces,  but  that  the  vibration  gradually  dies  away : 
and  if  (q1}  q2,  ...,  qn)  are  the  normal  coordinates  of  the  system  when  the 
dissipative  forces  are  absent,  there  is  a normal  vibration  of  the  system  when 
the  dissipative  forces  are  present,  in  which  the  amplitude  of  the  vibrations  in 


<h  = (Xj  — X2)  Ae~?at  sin  (Vxx 
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q2,  q3,  ...,  qn  is  small  compared  with  the  amplitude  of  the  vibrations  in  qu 
and  the  phase  of  the  vibrations  in  q2,  q3,  ...,qn  differs  by  a quarter-period 
from  the  phase  of  the  vibration  in  qx. 

Example.  Discuss  the  vibrations  of  a system  which  is  acted  on  by  periodic  external 
forces  which  have  the  same  period  as  one  of  the  normal  modes  of  free  vibration  of  the 
system  ; shewing  the  importance  of  dissipative  forces  (even  where  small)  in  this  case. 

95.  Impact. 

Another  mode  in  which  energy  may  be  lost*  to  a dynamical  system  is  by 
the  collision  of  bodies  which  belong  to  the  system ; a collision  generally 
results  in  a decrease  of  dynamical  energy. 

The  analytical  discussion  of  collisions  is  based  on  the  following  experi- 
mental law : When  two  bodies  collide,  the  values  of  the  relative  velocity  of  the 
surfaces  in  contact  ( estimated  normally  to  the  surfaces)  at  instants  immediately 
before  mid  immediately  after  the  impact  bear  a definite  ratio  to  each  other : 
this  ratio  depends  only  on  the  material  of  which  the  bodies  are  composed. 

This  ratio  will  in  general  be  denoted  by  — e.  When  e is  zero,  the  bodies 
are  said  to  be  inelastic. 

The  general  problem  of  impact  reduces  therefore  to  a problem  in  impulsive 
motion  in  which  the  unknown  impulsive  force  at  the  point  of  contact  of  the 
bodies  is  to  be  determined  by  the  condition  that  the  change  in  relative 
normal  velocity  of  the  bodies  satisfies  the  above  law. 

96.  Loss  of  kinetic  energy  in  impact. 

We  shall  now  find  the  loss  of  kinetic  energy  when  two  perfectly  smooth 
bodies  impinge  on  each  other. 

Let  m typify  the  mass  of  a particle  of  either  body,  and  let  ( u0 , v0,  w0)  and 
(u,  v,  w)  denote  its  components  of  velocity  before  and  after  the  impact,  and 
let  ( U,  V,  W)  be  the  components  of  the  total  impulsive  force  (external  and 
molecular)  on  this  particle.  The  equations  of  impulsive  motion  (§  35)  give 
m(u  — u0)  = JJ,  m(v  — v0)  — V,  m(w  — w0)  — W. 

Multiplying  these  equations  by  (a  + eu0),  (v  + ev0),  (w  + ew0)  respectively, 
adding,  and  summing  for  all  the  particles  of  both  bodies,  we  have 

2m  {(' u - u0)  {u  + eu0)  + (v  - v0)  ( v + ev0)  + (w  — w0)  (w  + ew0)} 

= %{U(u  + eu0)  +V(v  + ev0)  4-  W (w  + ew0)}. 

Now  so  far  as  molecular  impulses  are  concerned,  we  have 

2 ( Uu  + Vv  + Ww)  — 0,  and  2 ( Uu0  + Ffl0  + Ww0)  = 0, 

since  the  impulsive  forces  which  correspond  to  each  other  in  virtue  of  the  law 
of  Action  and  Reaction  will  give  contributions  to  these  sums  which  mutually 
destroy  each  other. 

* I.e.  lost  to  the  system  considered  as  a dynamical  system  : the  energy  is  not  annihilated,  but  j 
appears  in  some  other  manifestation,  e.g.  heat. 
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Also,  since  the  part  of  (u  + eu0 ) due  to  the  normal  component  of  velocity 
has  the  same  value  for  each  of  the  particles  in  contact  at  the  point  where  the 
impact  takes  place  (in  virtue  of  the  law  of  impact)  it  follows  that  the  impul- 
sive force  between  the  bodies  does  not  contribute  to  the  sum  XU (u  + eu0), 
and  similarly  does  not  contribute  to  the  sums  XV  (v  + ev0 ) and  X W (w  + ew0). 

We  have  therefore 

X { U (u  + eu0)  + V (v  + ev0)  4-  W (w  + ew0)}  = 0, 
and  consequently 

Xm  {{u  — u0)  ( u + eu0)  + (v  — v0)  ( v + ev0)  + (w  — w0)  ( w + ew0)}  = 0, 

or 

Xm  ( u 2 + v2  + w 2)  — Xm  ( u0 2 + v02  + w02) 

J Q 

= - . , Xm  [(u  - u0)2  + (v-  v0 )2  + (w  - w0)2}. 

This  equation  can  be  expressed  by  the  statement  that  the  kinetic  energy 
lost  in  the  impact  is  (1  — e)j{  1 + e)  times  the  kinetic  energy  of  that  motion 
which  would  have  to  be  compounded  with  the  motion  at  the  instant  before  the 
impact  in  order  to  produce  the  motion  at  the  instant  after  the  impact. 

97.  Examples  of  impact. 

The  impulsive  change  of  motion  consequent  on  the  collision  of  two  free 
rigid  bodies  in  space  can  be  most  simply  determined  by  the  following  con- 
siderations. 

The  motion  of  each  body  before  or  after  impact  is  specified  by  six 
quantities  (e.g.  the  three  components  of  velocity  of  its  centre  of  gravity  and 
the  three  components  of  angular  velocity  of  the  body  about  axes  through  its 
centre  of  gravity).  The  total  number  of  equations  required  to  determine  the 
impulsive  change  of  motion  is  therefore  twelve.  Of  these,  six  are  immediately 
furnished  by  the  condition  that  the  angular  momentum  of  each  body  about 
any  axis  through  the  point  of  contact  is  unchanged  (since  the  impulsive  forces 
act  at  this  point) ; another  equation  is  obtained  from  the  condition  that  the 
momentum  of  the  system  in  the  direction  normal  to  the  surfaces  in  contact 
is  unchanged  (since  the  normal  impulsive  forces  on  the  two  bodies  at  the 
point  of  contact  are  equal  and  opposite),  and  another  by  the  experimental 
law  of  impact.  If  the  bodies  are  perfectly  smooth,  the  remaining  four  equa- 
tions can  be  derived  from  the  condition  that  the  linear  momentum  of  each 
body  in  any  direction  tangential  to  the  surfaces  in  contact  is  unchanged 
(since  there  is  no  tangential  impulse  if  the  bodies  are  smooth):  if  on  the 
other  hand  the  bodies  are  perfectly  or  imperfectly  rough,  the  condition  that 
the  linear  momentum  of  the  system  in  any  direction  tangential  to  the  surfaces 
in  contact  is  unchanged  gives  two  equations;  if  the  bodies  are  perfectly  rough, 
the  condition  that  the  relative  velocity  of  the  bodies  in  any  tangential  direc- 
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tion  after  the  impact  is  zero  gives  the  other  two:  while  if  the  bodies  are 
imperfectly  rough,  the  coefficient  of  friction  between  the  surfaces  in  contact 
being  /x,  the  remaining  two  equations  are  given  by  the  conditions  that 

(a)  the  relative  velocity  in  any  tangential  direction  is  zero  after  the 
impact,  provided  the  tangential  component  of  the  impulse  required  for  this 
does  not  exceed  /x  times  the  normal  component  of  the  impulse ; 

(ft)  if  the  last  condition  is  not  satisfied,  there  is  a tangential  impulse 
equal  to  /x  times  the  normal  impulse  between  the  bodies. 


In  all  cases,  therefore,  the  required  twelve  equations  can  be  found. 


If  the  motion  takes  place  in  a plane,  or  if  one  of  the  bodies  is  fixed,  this 
procedure  is  still  valid  after  making  some  obvious  modifications. 


The  following  examples  illustrate  these  principles : 

Example  1.  An  inelastic  sphere  of  mass  m falls  with  velocity  V on  a perfectly  rough 
inelastic  inclined  plane  of  mass  M and  angle  a,  vdvich  rests  on  a smooth  horizontal  plane. 
Shew  that  the  vertical  velocity  of  the  centre  of  the  sphere  immediately  after  the  impact  is 


5 ( if + m)  V sin2  « 

7 M+  2m  + 5 m sin2  a * 


(Coll.  Exam.) 


Let  U be  the  velocity  of  the  plane  after  impact,  u the  velocity  of  the  sphere  parallel  to 
and  relative  to  the  plane,  o>  the  angular  velocity  of  the  sphere,  and  a its  radius. 


The  equation  of  horizontal  momentum  gives 

m (u  cos  a — U)  = MU. 


The  kinematical  condition  at  the  point  of  contact  is  aco=u. 

The  condition  that  the  angular  momentum  of  the  sphere  about  the  point  of  contact 
shall  be  the  same  before  and  after  impact  is 

m Va  sin  a — § m2w  + ma  {u—U  cos  a). 

These  three  equations  give,  on  eliminating  a>  and  U , 


_ 5 (M+  m)  V sin2  a 
u sin  a — 2m  _j_  5m  sjn2  a ' 

which  is  the  result  stated. 


Example  2.  A sphere  of  radius  a rotating  with  angular  velocity  Q,  about  an  axis 
inclined  at  an  angle  a to  the  vertical  and  moving , in  the  vertical  plane  containing  that  axis , 
with  velocity  V in  a direction  making  an  angle  a with  the  horizon , strikes  a perfectly  rough 
horizontal  plane.  If  the  plane  be  tangentially  inelastic , find  the  angle  which  the  vertical 
plane  containing  the  new  direction  of  motion  makes  with  the  old. 

Take  rectangular  axes  Oxyz , where  0 is  the  point  of  contact,  Oz  is  vertical,  and  yOz  is 
the  initial  plane  of  motion  ; and  let  cox  and  o>2  be  the  components  of  angular  velocity 
about  Ox  and  Oy  respectively  after  the  impact,  and  M the  mass  of  the  sphere. 

Equating  the  initial  and  final  angular  momenta  about  Ox , we  have 

Ma  V cos  a = l Ma2(ox . 

Equating  the  initial  and  final  angular  momenta  about  Oy , we  have 

| Ma2Q,  sin  a = f Ma2 a>2 . 
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The  tangent  of  the  inclination  of  the  new  plane  of  motion  to  the  plane  yOz  is  (on 
account  of  the  perfect  roughness  of  the  plane)  wg/wj , and  this  is  therefore  equal  to 

f Ma2€l  sin  a 
Ma  V cos  a 

or  fay  tan  a. 

Example  3.  A perfectly  rough  circular  disc  of  mass  M and  radius  c impinges  upon  a 
rod  of  mass  m and  length  2 a capable  of  turning  freely  about  a pivot  at  its  centre.  If 
the  point  of  impact  is  distant  b from  the  centre  of  the  rod , and  the  direction  of  motion  of  the 
centre  of  the  disc  makes  angles  a,  13  with  the  rod  before  and  after  collision , shew  that 

2 ( 3Mb 2 + ma2)  tan  /3  = 3 [ema2  — 3 Mb2)  tan  a.  (Coll.  Exam.) 

Let  V denote  the  initial  velocity  of  the  disc,  and  let  v denote  its  final  velocity  and  Q, 
its  final  angular  velocity. 

Since  there  is  no  sliding  at  the  point  of  contact,  we  have 

v cos  /3  + cQ  = 0. 

Denoting  by  co  the  final  angular  velocity  of  the  rod,  and  by  I the  normal  impulse 
between  the  rod  and  disc,  the  equation  of  motion  of  the  rod  is 

lb  — \ma2(a. 

The  equation  of  impulsive  motion  of  the  disc  in  the  direction  normal  to  the  rod  is 

M (?;  sin  /3  + V sin  a)  = 7, 
and  the  law  of  impact  gives  the  relation 

v sin  /3  + bco  = e V sin  a. 

Equating  the  initial  and  final  angular  momenta  of  the  disc  about  the  point  of  contact, 
we  have 

F cos  a = v cos  (3  — jfCQ. 

Eliminating  v,  i2,  I,  co  from  these  equations,  we  have 

2 tan  /3  (3Mb2  + ma2)  = 3 tan  a (mea2  - 3 Mb2), 
which  is  the  result  stated. 

Example  4.  A circular  hoop , in  motion  without  rotation  in  its  own  plane , impinges  on  a 
rough  fixed  straight-edged  obstacle  in  the  plane.  The  velocity  of  the  centre  of  the  hoop 
before  impact  is  V,  in  a direction  making  an  angle  a with  the  edge , and  the  coefficient 
of  friction  is  g.  To  find  the  impulsive  change  of  motion. 

Let  u and  v denote  the  components  of  velocity  of  the  centre  of  the  hoop  after  the 
impact,  parallel  and  perpendicular  to  the  edge,  and  let  co  be  the  angular  velocity,  M the 
mass  and  a the  radius  of  the  hoop. 

Equating  the  angular  momenta  about  the  point  of  contact  before  and  after  the  impact, 
we  have 

— Ma2a>  + Mau — M Va  cos  a. 

The  law  of  impact  gives  the  equation 

v=eV sin  a. 

Since  the  plane  is  rough,  u+aco  is  zero  after  the  impact,  provided  the  frictional 
impulse  required  for  this  does  not  exceed  g times  the  normal  impulse  : but  if  this 
condition  is  not  satisfied,  the  frictional  impulse  is  g times  the  normal  impulse. 
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Let  F be  the  frictional  and  R the  normal  impulse  : then  we  have 

M(u—  Fcos  a)=  — F,  M(v+  Fsin  a)  — R,  Ma2a>  = — aF. 

We  have  therefore  R=M(l  + e)  V sin  a, 

and  if  u + aco  is  zero,  we  shall  have 

F—  \M  V cos  a. 

The  quantity  u+aio  will  therefore  be  zero  after  the  impact,  provided 

/x  ^ cot  a/2  (1  +e)  ; 

and  if  fx  does  not  satisfy  this  inequality,  we  shall  have 

F—fiM(l+e)  I7 sin  a. 

Thus  finally,  if  /x  ^ cot  a/2  (1  + e),  the  motion  is  determined  by  the  equations 
u = F cos  a + aa,  v = eVsin  a,  u+aa  = 0, 
while  if  ix  < cot  a/2  (1  + e),  the  motion  is  determined  by  the  equations 

u = Fcos  a + aa,  ■y  = eFsina,  aa  — — /x(l+e)  Fsin  a. 


Miscellaneous  Examples. 


1.  A perfectly  rough  sphere  of  radius  a is  made  to  rotate  about  a vertical  diameter, 
which  is  fixed,  with  a constant  angular  velocity  n.  A uniform  sphere  of  radius  b is 
placed  on  it  at  a point  distant  aa  from  the  highest  point : investigate  the  motion 
and  determine  in  any  position  the  angular  velocity  of  the  sphere.  Shew  that  the  sphere 
will  leave  the  rotating  sphere  when  the  point  of  contact  is  at  an  angular  distance  0 from 
the  vertex,  where 

.10  4 a2n2  sin2  a 

COS  0=  — COS  a + — r ; 5T — . 

17  119  ( a+b)  g 

(Camb.  Math.  Tripos,  Part  I,  1889.) 

2.  A rough  sphere  of  radius  a rolls  under  gravity  on  the  surface  of  a cone  of  revolution 
which  is  compelled  to  turn  about  its  vertical  axis  with  uniform  angular  velocity  n, 
its  vertex  being  uppermost ; if  a be  the  semi-vertical  angle  of  the  cone,  r sin  a be  the 
distance  of  the  centre  of  the  sphere  from  the  axis  of  the  cone,  \)s  be  the  angle  turned 
through,  relatively  to  the  cone,  by  the  vertical  plane  containing  the  centre  of  the  sphere, 
and  oo3  be  the  rate  of  rotation  of  the  sphere  about  the  common  normal,  prove  that 


7r2  + 


2 + 5 sin2  a (A 

[j+nr  + B 


49 


a(w3  — n sin  a)  = 


A 

— A nr 
r 


10 gr  cos  a = C, 


(2  + 5 sin2  a)  B 
14  cos  a ’ 


(7  js-6n)r2  = A, 

where  A,  £,  C are  determinate  constants.  (Camb.  Math.  Tripos,  Part  I,  1897.) 

3.  A homogeneous  solid  of  revolution  of  mass  M with  a plane  circular  base  of 
radius  c rolls  without  slipping  with  its  edge  in  contact  with  a rough  horizontal  plane. 
Shew  that  0,  co,  12  are  determined  by  the  equations 

Mac  4 (12  cos2  0)  - Mc2£l  cos2  0 = ( <7+ Me2)  cos  0 ^ , 
at)  a0 


d 


{A  (C+  Me2)  — M2a2c2}  ^ (12  cos2  0)  + G ( C+ Me2)  <a  cos  0 - Mac  Co,  cos2  0 = 0, 

(A  + Me2)  02  + Ai 22  cos2  0 - 2 Mac a>12  cos  0 + ( C + Me2)  o>2  + 2 Mg  (a  sin  0 + c cos  0)  = Constant, 
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where  6 is  the  inclination  of  the  axis  of  the  body  to  the  horizon,  {2  the  angular  velocity  of 
the  vertical  plane  containing  its  axis,  co  the  angular  velocity  of  the  body  about  its  axis, 
A the  moment  of  inertia  of  the  body  about  a diameter  of  its  base,  C the  moment  of 
inertia  of  the  body  about  its  axis  and  a the  distance  of  the  centre  of  gravity  from  the 
base.  (Camb.  Math.  Tripos  Part  I,  1898.) 


4.  A wheel  with  4 n spokes  arranged  symmetrically  rolls  with  its  axis  horizontal  on  a 
perfectly  rough  horizontal  plane.  If  the  wheel  and  spokes  be  made  of  a fine  heavy  wire, 
prove  that  the  condition  for  stability  is 


3 2 n + 

>4^!' 


where  a is  the  radius  of  the  wheel  and  V its  velocity. 


(Coll.  Exam.) 


5.  A body  rolls  under  gravity  on  a fixed  horizontal  plane.  If  this  plane  be  taken  as 
plane  of  yz , shew  that 

2m  {(; y -yA)z-(z-  zA)  y} = Constant, 

where  (#,  y,  z)  are  the  coordinates  of  a particle  m and  (xA,  yA , zA ) of  the  point  of  contact, 
and  the  summation  is  extended  over  all  the  particles  of  the  body.  (Neumann.) 

6.  One  portion  of  a horizontal  plane  is  perfectly  smooth  and  the  other  portion 
is  perfectly  rough.  A uniform  heavy  ellipsoid  of  semi-axes  ( a , 6,  c)  has  its  6-axis  vertical 
and  moves  with  velocity  v in  the  direction  of  its  <x-axis  along  the  smooth  portion 
of  the  plane  towards  the  rough.  Shew  that,  if 

the  ellipsoid  will  return  to  the  smooth  portion,  k being  the  radius  of  gyration  about 
the  c-axis,  and  that  the  motion  will  then  consist  of  an  oscillation  about  a steady  state  of 
motion, 

In  the  special  case  a =26,  shew  that  after  the  return  of  the  ellipsoid  to  the  smooth 
portion,  the  6-axis  can  never  make  an  angle  with  the  vertical  which  is  greater  than 
tan-1  a/|-  (Coll.  Exam.) 


7.  A shell  in  the  form  of  a prolate  spheroid  whose  centre  of  gravity  is  at  its  centre 
contains  a symmetrical  gyrostat,  which  rotates  with  angular  velocity  a about  its  axis  and 
whose  centre  and  axis  coincide  with  those  of  the  spheroid.  Shew  that  in  the  steady 
motion  of  the  spheroid  on  a perfectly  rough  horizontal  plane,  when  its  centre  describes  a 
circle  of  radius  c with  angular  velocity  12,  the  inclination  a of  the  axis  to  the  vertical  is 
given  by 

[Mbc  ( a cot  a + 6)  — Ab  cos  a+  0 ( a sin  a Ac)}  Q,2  + C'bcoQ,  — Mgb  ( a — b cot  a)  = 0, 

where  M is  the  mass  of  the  shell  and  gyrostat,  A the  moment  of  inertia  of  the  shell  and 
gyrostat  together  about  a line  through  their  centre  perpendicular  to  their  axis,  C,  C' 
those  of  the  shell  and  gyrostat  respectively  about  the  axis,  a the  distance  measured 
parallel  to  the  axis  of  the  point  of  contact  of  the  shell  and  plane  from  the  centre  and  6 its 
distance  from  the  axis.  (Camb.  Math.  Tripos,  Part  I,  1899.) 

8.  A uniform  perfectly  rough  sphere  of  radius  a starting  from  rest  rolls  down  under 
gravity  between  two  non-intersecting  straight  rods  at  right  angles  to  each  other  whose 
shortest  distance  apart  is  2c  and  which  are  equally  inclined  at  an  angle  a to  the  vertical. 
If  p0,  Pq  are  the  original  distances  of  the  points  of  contact  from  the  points  where  the 
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shortest  distance  intersects  the  rods  and  p,  p their  distances  at  a subsequent  time  when 
the  velocity  is  V,  shew  that 

F2=16c2<pV !z^£!±£M 

16c4 -WV  pp” 

and  that 

F2  “ 10£  {o>  - Po + P - Po‘)  cos  a + ± (p*  - p02  - p’l + ft,'2)  V — cos  2aj- . 

(Camb.  Math.  Tripos,  Part  I,  1889.) 


9.  A particle  moves  under  gravity  on  a rough  helix  whose  axis  is  vertical.  If  a be 
the  radius  and  y the  angle  of  the  helix,  shew  that  the  velocity  v and  arc  described  s 
can  be  expressed  in  terms  of  a parameter  6 by  the  equations 

’--cos  s=  [ (1+d2)  d6 

a y ’ ~ J 6 {p  cos  y + B (ji  cos  y + 2 sin  y)}  ’ 

2 cosy  V Q) 

10.  A particle  is  projected  horizontally  with  velocity  u so  as  to  slide  on  a rough 
inclined  plane.  Investigate  the  motion. 

Prove  that  if 

2 ^2ju.  cot  a > 1, 

the  particle  approaches  asymptotically  a line  of  greatest  slope  at  distance 

u 2 2 p cos  a 

g ’ 4 p?  cos2  a - sin2  a ’ 

where  p is  the  coefficient  of  friction,  and  a is  the  inclination  of  the  plane. 

(Coll.  Exam.) 

11.  A rough  cycloidal  tube  has  its  axis  vertical  and  vertex  uppermost.  If  a be  the 
radius  of  the  generating  circle  and  a particle  be  projected  from  the  vertex  with  velocity 
V 4 ag  sin  a,  shew  that  it  will  reach  the  cusp  with  velocity  equal  to 

[400-  cos2  a {1  - 2 sin  ae-®*-  a)tan  “}]J, 

where  a is  the  angle  of  friction.  (Coll.  Exam.) 

12.  A heavy  rod  of  length  2 a is  moving  in  a vertical  plane  so  that  one  end  is  in 
contact  with  a rough  vertical  wall  and  the  other  end  moves  along  the  ground  supposed  to 
be  equally  rough  ; and  the  coefficient  of  friction  for  each  of  the  rough  surfaces  is  tan  e. 
Shew  that  the  inclination  of  the  rod  to  the  vertical  at  any  time  is  given  by 

6 (k2  -f-  a 2 cos  2c)  — a262  sin  2 e = ag  sin  (0  — 2c).  (Coll.  Exam. ) 

13.  A thin  spherical  shell  rests  upon  a horizontal  plane  and  contains  a particle 

of  finite  mass  which  is  initially  at  its  lowest  point.  The  coefficient  of  friction  between  the 
particle  and  the  shell  is  given,  that  between  the  shell  and  the  plane  being  practically 
infinite.  Motion  in  two  dimensions  is  set  up  by  applying  to  the  shell  an  impulse  which 
gives  it  an  angular  velocity  Q,.  Obtain  an  equation  for  the  angle  through  which  the  shell 
has  rolled  when  the  particle  begins  to  slip.  (Coll.  Exam.) 

14.  A circular  disc  of  radius  a is  placed  in  a vertical  plane  touching  a uniform  rough 
(p)  board  which  can  turn  freely  about  a horizontal  axis  in  the  upper  surface  of  the  board 
through  its  centre  of  gravity,  the  point  of  contact  of  the  disc  being  at  a distance  b from 
this  axis.  A string,  parallel  to  the  surface  of  the  board,  is  attached  to  the  point  of 
the  disc  furthest  from  the  board  and  to  an  arm  perpendicular  to  the  board  at  the  axis, 
and  rigidly  connected  to  the  board.  The  centre  of  gravity  of  the  board  and  arm  lies 
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in  the  axis.  The  system  starts  from  rest  in  that  position  in  which  the  centre  of  the  disc 
lies  in  the  horizontal  plane  through  the  axis.  Shew  that  slipping  will  take  place  between 
the  disc  and  the  bpard,  when  the  board  makes  an  angle  6 with  the  vertical  given  by 

a A -\-<jl2-\-  3b2 

2pA  + 7[j.a2+%ab  ’ 

where  A is  the  moment  of  inertia  of  the  board  about  the  axis  divided  by  the  mass  of  the 
disc.  (Coll.  Exam.) 

15.  A hoop  is  projected  with  velocity  V down  a plane  of  inclination  a,  the  coefficient 
of  friction  being  g (>  tana).  It  has  initially  such  a backward  spin  Q that  after  a time  tx 
it  starts  moving  uphill  and  continues  to  do  so  for  a time  t2 , after  which  it  once  more 
descends.  Shew  that,  if  the  motion  take  place  in  a vertical  plane  at  right  angles  to  the 
given  inclined  plane,  then 

{tx  + £2)  9 sin  « = a£l  — V.  (Coll.  Exam. ) 

16.  A ring  of  radius  a is  fixed  on  a smooth  horizontal  table  ; a second  ring  is  placed 
on  the  table  inside  the  first  and  in  contact  with  it,  and  is  projected  with  velocity  V, 
but  without  rotation,  in  a direction  parallel  to  the  tangent  at  the  point  of  contact.  Find 
the  time  that  elapses  before  slipping  ceases  between  the  rings  if  the  coefficient  of  friction 
between  them  is  g,  and  prove  that  the  point  of  contact  will  in  this  time  describe  an  arc  of 
length  ( a log  2)/g. 

Discuss  the  motion  that  will  ensue  if  at  the  moment  slipping  ceases  the  fixed  ring  be 
released  and  left  free  to  move,  and  prove  that  during  the  time  that  the  inner  ring  rolls 
half  round  the  outer  one  the  centre  of  the  latter  will  be  displaced  a distance 


m 

M+m 


(a-b)  (tt2  + 4)% 


where  m , M are  the  masses  of  the  inner  and  outer  rings  and  b is  the  radius  of  the  inner 
ring.  (Camb.  Math.  Tripos,  Part  I,  1900.) 


17.  In  the  vertical  motion  of  a heavy  particle  descending  in  a medium  whose 
resistance  varies  as  the  square  of  the  velocity,  shew  that  the  quantity 

e~ka+ekfi, 

where  kv 2 is  the  resistance,  and  a and  /3  are  the  distances  described  in  two  successive 
equal  intervals  r of  time,  depends  only  on  r and  is  independent  of  the  initial  velocity. 

(Coll.  Exam.) 


18.  Prove  that  a heavy  particle,  let  fall  from  rest  in  a medium  in  which  the  resistance 
varies  as  the  square  of  the  velocity,  will  acquire  a velocity  U tanh  (gtj  U),  and  describe  a 
space  U2  log  cosh  {gtjU)jg  in  a time  t,  where  U denotes  the  terminal  velocity  in  the 

medium. 


Shew  also  that,  for  the  complete  trajectory  of  a projectile  in  such  a medium,  the  angle 
6 between  the  asymptotes  is  given  by 

U2/  V 2 = sinh  “ 1 cot  6 4-  cot  6 cosec  0, 

where  V is  the  velocity  when  the  projectile  moves  horizontally.  (Coll.  Exam.) 

19.  Shew  that  the  horizontal  and  vertical  coordinates  (x,  y)  of  a particle  mov' 
under  gravity  in  a medium  of  which  the  resistance  is  R satisfy  the  equation 

^ | Sg-ft  Q ,e 

dx 3 y4cos 3 9 ’ 

v being  the  velocity  and  0 the  inclination  of  the-  tangent  to  the  horizontal.  the 

(Coll.  E^) 
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20.  A particle  is  moving,  under  gravity,  in  a medium  in  which  the  resistance  varies  as 
the  velocity.  Shew  that  the  equation  of  the  trajectory  referred  to  the  vertical  asymptote 
and  a line  parallel  to  the  direction  of  motion  when  the  velocity  was  infinite,  can  be 
written  in  the  form 

y = b log  (x/a).  (Coll.  Exam. ) 

21.  Prove  that  in  the  motion  of  a projectile  through  a resisting  medium  which  causes 
a retardation  kv3,  where  k is  very  small  and  the  particle  is  projected  horizontally  with 
velocity  V,  the  approximate  equation  of  the  path  is  (neglecting  k2) 

gx2  kgtf  f g*x*\ 

'”3F!  3F  \ +10F‘j’ 

the  axis  of  x being  in  the  direction  of  projection  and  the  axis  of  y vertically  downwards. 

(Coll.  Exam.) 

22.  A particle  moves  in  a straight  line  under  no  forces  in  a medium  whose  resistance 
is  (y2  — v3  logs)/s,  where  v is  the  velocity  and  s the  distance  from  a given  point  in  the  line. 
Shew  that  the  connexion  between  s and  t is  given  by  an  equation  of  the  form 

t = a+%cs2+s  log  s, 

where  a and  c are  constants. 

23.  A particle  is  moving  in  a resisting  medium  under  a central  attraction  ; shew  that, 
if  R be  the  retardation  due  to  the  resistance  of  the  medium,  and  v the  velocity,  the  rate  of 
description  of  areas  by  the  radius  vector  to  the  fixed  centre  of  force  varies  as 

<r/f  dt.  (Coll.  Exam.) 

24.  Prove  that  in  a resisting  medium,  a particle  can  describe  a parabola  under  the 

action  of  a force  to  the  focus  which  varies  as  the  distance,  provided  the  resistance  at 
a point,  where  the  velocity  is  v,  be  k {v  (v  — y0)}^ ; where  v0  is  the  velocity  at  the 
vertex.  Determine  Jc.  (Coll.  Exam.) 

25.  A particle  moves  in  a resisting  medium  under  a force  P tending  to  a fixed  centre. 
If  R be  the  resistance,  shew  that 

^{Pp2$}="2%?’ 

r being  the  radius  vector  and  p the  perpendicular  on  the  tangent. 

If  u = \\r,  P—fxu2,  and  R = kv2,  and  we  neglect  k2  and  higher  powers,  shew  that 
the  differential  equation  to  the  path  is 

d2p  ^ /dp\2  _ 2fj.k  u2 
Vd^~'  \du)  (1  -p2u2f' 

h being  a certain  constant.  (Coll.  Exam.) 

26.  A particle  is  moving  under  a central  force  0 (r)  repelling  it  from  the  origin,  in  a 
resisting  medium  which  imposes  a retarding  force  equal  to  k times  the  velocity.  Prove 

hat  the  orbit  is  given  by  the  equations 

r20  = he~kt,  r + kr— h2r~3  e~2kt=(f>  (r), 

ere  A is  a constant  quantity.  (Coll.  Exam.) 

^j7.  A particle  is  moving  in  a circle  under  a force  of  attraction  to  an  interior  point 
thr<P§  as  distance  ; the  resistance  of  the  medium  is  equal  to  its  density  multiplied 
this  S(luare  of  the  velocity.  Shew  that  the  density  at  any  point  is  proportional  to  the 
the  cfc  angle  between  the  lines  joining  it  to  the  centre  of  force  and  the  centre 

and  ri^rc^e-  (Coll.  Exam.) 
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28.  A rod  of  length  a is  rotating  about  one  extremity,  which  is  fixed,  under  the 
action  of  no  forces  except  the  resistance  of  the  atmosphere.  Supposing  the  retarding 
effect  of  the  resistance  on  a small  element  of  length  dx  to  be  A dx . (velocity)2,  shew  that 
the  angular  velocity  at  the  time  t is  given  by 

1 1 Aa4 

a a 4 Mk2 

where  Mk2  is  the  moment  of  inertia  about  the  fixed  extremity,  and  Q is  a constant. 

(Coll.  Exam.) 

29.  A smooth  oval  disc  of  mass  M,  turning  on  a smooth  horizontal  table  with 
angular  velocity  a but  without  any  translational  velocity,  strikes  a smooth  horizontal  rod 
of  mass  m at  its  middle  point.  Prove  that  the  angular  velocity  is  diminished  in 
the  ratio 

(if  4-  m)  k2  — mex2  : k2  4-  mx2, 

where  e is  the  coefficient  of  elasticity,  x the  distance  of  the  centre  of  gravity  from  the 
normal  at  the  point  of  impact  and  k the  radius  of  gyration  about  a vertical  axis  through 
the  centre  of  gravity.  (Coll.  Exam.) 

30.  Two  rods,  each  of  length  a and  mass  m,  are  jointed  together  at  their  upper  ends 
and  the  system  falls  symmetrically,  with  its  plane  vertical,  on  to  a smooth  inelastic 
plane.  Just  before  impact  the  joint  has  a velocity  V and  each  rod  has  an  angular 
velocity  Q,  tending  to  increase  its  inclination  a to  the  horizon.  Shew  that  the  impulse 
between  each  rod  and  the  plane  is 

m (k2  + c2 sin2  a)  ( V+  aQ,  cos  a) j{k2  + c2-\-a(a-  2c)  cos2  a}, 

where  c is  the  distance  of  the  centre  of  gravity  of  each  rod  from  the  joint  and  mk2  is  the 
moment  of  inertia  of  each  rod  about  its  centre  of  gravity.  (Coll.  Exam.) 

31.  Three  equal  uniform  rods  AB , BC,  CD , each  of  length  2 a,  and  hinged  at  B and  C, 
are  in  one  straight  line  and  moving  with  a given  velocity  in  a horizontal  plane  at 
right  angles  to  their  lengths.  The  ends  A and  D meet  simultaneously  two  fixed  inelastic 
obstacles,  reducing  A and  D to  rest.  Determine  when  they  will  form  an  equilateral 
triangle,  and  shew  that  ^ of  the  original  momentum  is  destroyed  by  the  impacts. 

(Coll.  Exam.) 

32.  A smooth  uniform  cube  is  free  to  turn  about  a horizontal  axis  passing  through 
the  centres  of  two  opposite  faces  and  is  at  rest  with  two  faces  horizontal ; an  equal  and 
similar  cube  is  dropped  with  velocity  u and  without  rotation  so  as  to  strike  the  former 
along  a line  parallel  to  the  fixed  axis  and  at  a distance  c from  the  vertical  plane  containing 
it,  prove  that  the  angular  velocity  imparted  to  the  lower  cube  is 

(1+e)  cu 

c2+k2-\-a2  (1  - sin  2 a)  ’ 

where  a is  the  inclination  to  the  horizon  of  the  lower  face  of  the  falling  cube,  2 a is 
the  length  of  an  edge,  k the  radius  of  gyration  and  e the  coefficient  of  restitution. 

Find  also  the  motion  of  the  upper  cube  immediately  after  the  impact. 

(Coll.  Exam.) 

33.  A perfectly  elastic  circular  disc  of  mass  M and  radius  c impinges  without  rotation 

upon  a rod  of  mass  m and  length  2 a which  is  free  to  turn  about  a pivot  at  its  centre,  the 
point  of  impact  being  at  a distance  b from  the  pivot.  Prove  that  if  the  component  of  the 
velocity  of  the  centre  of  the  disc  normal  to  the  rod  be  halved  by  the  impact,  Mb2=ma 2,  the 
friction  being  sufficient  to  prevent  sliding.  (Coll.  Exam.) 
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34.  A perfectly  rough  sphere  of  radius  a is  projected  horizontally  with  a velocity  V 
from  a point  at  a height  h above  a horizontal  plane.  The  sphere  has  also  initially 
an  angular  velocity  SI  about  its  horizontal  diameter  perpendicular  to  the  plane  of  its 
motion.  Shew  that  before  it  ceases  to  bound  on  the  plane  it  passes  over  a horizontal 
distance 


■Jl  i 


- . - (5  F+2 aSl), 

9 1-e' 

where  e is  the  coefficient  of  elasticity,  and  the  distance  is  reckoned  from  the  first  point  of 
contact. 


Compare  the  final  with  the  initial  kinetic  energy. 


(Coll.  Exam.) 


35.  A homogeneous  elastic  sphere  (coefficient  of  elasticity  e)  is  projected  against 
a perfectly  rough  vertical  wall  so  that  its  centre  moves  in  a vertical  plane  at  right  angles 
to  the  wall.  If  the  initial  components  of  the  velocity  of  its  centre  are  u and  v,  and 
its  initial  angular  velocity  (SI)  is  about  an  axis  perpendicular  to  the  vertical  plane,  find 
the  subsequent  motion  after  impinging  on  the  wall,  and  shew  that  if  its  centre  returns 
to  its  original  position  the  coordinates  of  the  point  of  impact  referred  to  this  point  are 

2 eu  ( y7e  + 5)v  + 2aSl 
g * 7 + 10e  + 7e2 


-f-a, 


and 


2e  {(*7e  + 5)v  + 2aSl}{v(f7  + 5e) 
~g'  (7  + 10e  + 7e2)2 


2aeSl} 


where  a is  the  radius  of  the  sphere. 


(Coll.  Exam.) 


CHAPTER  IX. 


THE  PRINCIPLES  OF  HAMILTON  AND  GAUSS. 

98.  The  trajectories  of  a dynamical  system. 

The  chief  object  of  investigation  in  Dynamics  is  the  gradual  change  in 
time  of  the  coordinates  (q1}  q2,  ...,  qn)  which  specify  the  configuration  of  a 
dynamical  system.  When  the  system  has  three  (or  less  than  three)  degrees 
of  freedom,  there  is  often  a gain  in  clearness  when  we  avail  ourselves  of  a 
geometrical  representation  of  the  problem  : if  a point  be  taken  whose  rect- 
angular coordinates  referred  to  fixed  axes  are  the  coordinates  (gl3  q2,  q3)  of 
the  given  dynamical  system,  the  path  of  this  point  in  space  can  be  regarded 
as  illustrating  the  successive  states  of  the  system.  In  the  same  way  when 
n > 3 we  can  still  regard  the  motion  of  the  system  as  represented  by  the  path 
of  a point  whose  coordinates  are  (qu  q2,  ...,  qn ) in  space  of  n dimensions;  this 
path  is  called  the  trajectory  of  the  system,  and  its  introduction  makes  it 
natural  to  use  geometrical  terms  such  as  “intersection,”  “adjacent,”  etc., 
when  speaking  of  the  relations  of  different  states  or  types  of  motion  in  the 
system. 

99.  Hamilton  s principle,  for  conservative  holonomic  systems. 

Consider  any  conservative  holonomic  dynamical  system  whose  configur- 
ation at  any  instant  is  specified  by  n independent  coordinates  {q1,  q2,  ...,  qn), 
and  let  L be  the  kinetic  potential  which  characterises  its  motion.  Let  a 
given  arc  AB  in  space  of  n dimensions  represent  part  of  a trajectory  of  the 
system,  and  let  CD  be  part  of  an  adjacent  arc  which  is  not  necessarily  a 
trajectory : it  would  however  of  course  be  possible  to  make  CD  a trajectory 
by  subjecting  the  system  to  additional  constraints.  Let  t be  the  time  at 
which  the  representative  point  (q1}  q2,  ...,  qn)  occupies  any  position  P on  AB  : 
we  shall  suppose  each  point  on  CD  correlated  to  some  value  of  the  time,  so 
that  there  will  be  a point  Q on  CD  (or  on  the  arc  of  which  CD  is  a portion) 
which  corresponds  to  the  same  value  t as  P does.  As  the  arc  CD  is 
described,  the  correlated  value  of  t will  be  supposed  to  vary  continuously 
in  the  same  sense.  A moving  point  which  describes  the  arc  CD  will 
therefore  pass  through  positions  corresponding  to  a continuous  sequence  of 
values  of  qlf  q2 , ...,  qn,  t,  and  consequently  to  each  point  on  CD  there  will 
correspond  a set  of  values  of  qu  q2,  ...,  qn. 


w.  D. 
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We  shall  denote  by  h the  variation  by  which  we  pass  from  a point  of  AB 
to  that  point  of  CD  which  is  correlated  to  the  same  value  of  the  time,  and 
shall  denote  by  t0,  t1)  t0  + A£0,  tx  + A tx  the  values  of  t which  correspond  to  the 
terminal  points  A,  B,  C,  D respectively,  and  by  LR  the  value  of  the  function 
L at  any  point  R of  either  arc. 

If  now  we  form  the  difference  of  the  values  of  the  integral 


p 


qn,  qi,  q% , qn,  t)  dt, 

taken  along  the  arcs  AB  and  CD  respectively,  we  have 

[ Ldt  — f Ldt  = LBkt1  — La  A£0  + f 

J CD  J ab  J t 


La  A£0  + | SLdt 

U 


= lb  At,  - lam0  + r 1 jgs?  ^ - PA 

J to  r=l  [Cqr 


dq, 

d 

dt  \dqt 


dt 


r + 31  ( 47-  ) j dt, 

by  Lagrange’s  equations, 


*'d  f *dL 


LB^-LaM0+  I -^t—^qr)dt 


Lb At  ~ La  At0  + ( f g Sqr)  - ( 2 g Sqr)  . 

\r=l  Oqr  J B \r=l  °qr  / A 


■=1  dq.r  J B \r=l  dqr  /A 

But  if  (Aqr)s  denote  the  increment  of  qr  in  passing  from  B to  D , we  have 
(A qr)B  = (hr)B  + (qr)B  M1} 


and  similarly  if  (A qr)A  denote  the  increment  of  qr  in  passing  from  A to  C,  j 
we  have 

(A qr)A  = (Hr) A + (4r)A  M. 

and  consequently 

f Ldt  — f Ldt=  [~2  P &qr  + (L-  S §5 

JcD  Jab  Lr=l  V r=l  / 


Suppose  now  that  C coincides  with  A,  and  D coincides  with  B,  and  that 
the  times  correlated  to  C and  D are  t0  and  tx  respectively,  so  that  A q1} 
Aq2,  A qn,  A t,  are  zero  at  A and  B:  then  the  last  equation  becomes 


[ Ldt  — [ Ldt  = 0, 

J CD  jab 

which  shews  that  the  integral  jLdt  has  a stationary  value  for  any  part  of  an 


actual  trajectory  AB,  as  compared  with  neighbouring  paths  CD  which  have 
the  same  terminal  points  as  the  actual  trajectory  and  for  which  the  time  has 
the  same  terminal  values.  This  result  is  called  Hamilton’s  principle . 
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If  the  kinetic  potential  L does  not  contain  the  time  explicitly,  we  can 
evidently  replace  the  condition  that  the  time  is  to  have  the  same  terminal 
values  by  the  condition  that  the  total  time  of  description  is  to  be  the  same 

n 0JT 

for  AB  as  for  CD,  since  2 qr^  — L,  which  represents  the  total  energy  of 

r= i eqr 

the  system,  is  in  this  case  constant. 

100.  The  'principle  of  Least  Action  for  conservative  holonomic  systems. 

Suppose  now  that  the  dynamical  system  considered  is  such  that  the 
kinetic  potential  does  not  involve  the  time  explicitly,  so  that  the  integral  of 
energy 

A . dL  T i 
Z qr^  - L — h 
r= 1 oqr 

exists.  Taking  as  before  AB  to  be  part  of  a trajectory  and  CD  to  be  part  of 
any  adjacent  arc,  to  the  successive  points  of  which  values  of  the*  time  are  so 
correlated  as  to  satisfy  an  equation  of  the  form 

$ . dL  T 
Z qr^~  L = h + Ah, 

r= 1 oqr 

where  Ah  is  a small  constant,  we  have 

I (i (Up)* 

JCD\r=s  i OqrJ  J AB\r=l  oqj 

= [ (h  + Ah)  dt—\  hdt  + f Ldt  — [ 

J cd  Jab  J cd  D 


Ldt 


AB 


= (h  + Ah)  (tx  + Atx  -t0-  At0)  — h(tx  — 10) 

B 
A 


n 7)  L 

2 Aqr—hAt 
r=l  cqr 


JZdL  . 7 

Z Aqr  + tAh 

_r=l  oqr 


If  therefore  we  suppose  that  C coincides  with  A and  D coincides  with  B, 
and  that  Ah  is  zero,  we  shall  have 


I (Up)* If  (lip)*, 

JcD\r= i dqrJ  JAB\r=i  bqj 


f/  n dL\ 

which  shews  that  the  integral  2 ^ as  a stationary  value  for  any 

part  of  an  actual  trajectory,  as  compared  with  neighbouring  paths  between  the 
same  termini  for  which  the  time  is  correlated  to  the  coordinates  in  such  a way 
as  to  satisfy  the  same  equation  of  energy.  This  is  called  the  principle  of 
Least  Action,  the  integral 


/( 


being  called  the  Action. 


v • dL\ 
r=i  dqj 


16—2 
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In  natural  problems,  for  which  L is  the  difference  of  a kinetic  energy  T , 
homogeneous  of  the  second  degree  in  the  velocities,  and  a potential  energy 
V,  independent  of  the  velocities,  we  have  (§  41) 


i = 

r- 1 oqr 


and  the  stationary  integral  can  therefore  in  this  case  be  written  J Tdt. 


Example  1.  Shew  that  the  principle  of  Least  Action  can  be  extended  to  systems  for 
which  the  integral  of  energy  does  not  exist,  in  the  following  form.  Let  the  expression 

n 

2 qr  ~-r  - L be  denoted  by  h ; then  the  integral 


Hr 


f ( * . dL  dh\  7 


has  a stationary  value  for  any  part  of  an  actual  trajectory,  as  compared  with  other  paths 
between  the  same  terminal  points  for  which  h has  the  same  terminal  values. 

Example  2.  If  a dynamical  system  which  possesses  an  integral  of  energy  is  reduced  to 
a system  of  lower  order  as  in  § 42,  shew  that  the  principle  of  Least  Action  for  the 
original  system  is  identical  with  Hamilton’s  principle  for  the  reduced  system. 


101.  Extension  of  Hamilton s principle  to  non-conservative  dynamical 
systems. 

We  shall  now  extend  Hamilton’s  principle  to  holonomic  dynamical 
systems  in  which  the  forces  are  no  longer  supposed  to  be  conservative. 

n 

Let  T denote  the  kinetic  energy  of  such  a system,  and  let  2 Qr$qr 

r=l 

denote  the  work  done  on  the  system  by  the  external  forces  in  an  arbitrary 
displacement  (S<?i,  Sq2,  ...,  the  equations  of  motion  of  the  system  are 

therefore 


(r  = l,  2,  n). 


dt  \dqr)  dqr 

Let  a denote  a part  of  a trajectory  of  the  system,  and  let  ft  be  an  adjacent 
arc  having  the  same  terminals,  the  times  correlated  to  the  path  j3  at  the 
terminals  being  the  same  as  the  values  t0  and  tx  of  the  time  at  the  terminals 
in  the  trajectory  a ; then  if  8 denotes  the  variation  by  which  we  pass  from  a 
position  on  a to  the  contemporaneous  position  on  /3 , we  have 


£(**  I,  •“  -II (1 +I  »')  * 


C-  d ( » dT  \ 
Jt0dt\r=1dqr  ?7 


n 

2 ~8qr\dt 


■ n 

r=l  hr  _R 


= 0. 
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J ^ST  + 2 QrSqJj  dt  — 0 


is  (like  the  theorem  of  § 99,  which  is  really  a particular  case  of  it)  known  as 
Hamilton1  s principle. 

102.  Extension  of  Hamilton  s principle  and  the  principle  of  Least  Action 
to  non-holonomic  systems. 

We  shall  now  shew  that  Hamilton’s  principle,  when  suitably  formulated, 
is  true  even  for  dynamical  systems  which  are  not  holonomic. 

Consider  a non-holonomic  conservative  system,  in  which  the  variations 
of  the  n coordinates  (qlt  q2,  ...,  qn)  are  connected  by  m non-integrable 
kinematical  equations 

Alkdq1  + A2kdq2  + . . . + Ankdqn  + Tkdt  = 0 (k  = 1,  2,  . . m) 

where  A11}  A12,  ...,  Anm,  T1,  ...,  Tm,  are  given  functions  of  qlf  q2,  ...,  qn:  so 
that  if  L denotes  the  kinetic  potential,  the  motion  is  determined  (§  87)  by 
the  n equations 


d fdL\  d L . . _ . 

dt  \dfr)  ~dqr  = XlArl  + X*Ar2  + ' ' ‘ + XmA* 


(r  = l,2,...,n), 


together  with  the  above  kinematical  equations ; the  unknown  quantities 
being 

qi>  q%>  •••;  qn>  ^2?  • ••>  h,m. 

Let  AB  be  part  of  a trajectory  of  the  system,  and  let  CD  be  a path 
derived  from  AB  by  displacements  consistent  with  the  instantaneous  kine- 
matical equations,  i.e.  the  above  kinematical  equations  with  the  terms  Tkdt 
omitted;  this  path  CD  will  not  in  general  be  itself  a path  whose  continuous 
description  would  satisfy  the  kinematical  conditions,  so  CD  is  really  a kine- . 
matically  impossible  path. 

It  may  naturally  be  asked  why  we  do  not  take  CD  to  be  a kinematically  possible  path : 
the  answer  to  which  is,  that  in  that  case  the  displacements  from  AD  to  CD  would  not  be 
displacements  consistent  with  the  kinematical  equations  : for  in  non-holonomic  systems, 
if  two  adjacent  possible  configurations  are  given,  the  displacement  from  one  to  the  other 
is  not  in  general  a possible  displacement ; there  are  infinitely  more  possible  adjacent 
positions  than  there  are  possible  displacements  from  the  given  position. 

Proceeding  as  in  the  proof  of  Hamilton’s  principle  given  in  § 99,  $ denoting 
as  usual  a displacement  from  a point  of  AB  to  the  contemporaneous  point  on 
CD,  we  have 

f Zdt-f  Ldt  = Lb At,  - LaM0  + f ‘ 2 (dA  hqr  + dA  Sqr)  dt 
J cd  Jab  Jt0r=i\oqr  oqr  J 

= Lb  Atfj  — La  A t0  + J ^ 2^  j—  Sqr  + ^ (0^)  fyr  ~ + • • • + h.mArm)  Sgrj  dt. 
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Since  the  displacements  obey  the  relations 

^■1*^1  + A2khq2  + ...  + AnkBqn  = 0, 

it  follows  that  the  terms  of  the  type  \sArs8qr  in  the  integral  annul  each 
other,  so  we  have 

From  this  point  the  proof  proceeds  as  in  § 99.  We  thus  obtain  the  result 
that  Hamilton's  principle  applies  to  every  dynamical  system , whether  holonomic 
or  not.  In  every  case  the  varied  path  considered  is  to  be  derived  from  the 
actual  orbit  by  displacements  which  do  not  violate  the  kinematical  equations 
representing  the  constraints ; but  it  is  only  for  holonomic  systems  that  the 
varied  motion  is  a possible  motion ; so  that  if  we  compare  the  actual  motion 
with  adjacent  motions  which  obey  the  kinematical  equations  of  constraint , 
Hamilton's  principle  is  true  only  for  holonomic  systems. 

The  same  remarks  obviously  apply  to  the  principle  of  Least  Action,  and 
to  Hamilton’s  principle  as  applied  to  non-conservative  systems. 

103.  Are  the  stationary  integrals  actual  minima  ? Kinetic  foci. 

So  far  we  have  only  shewn  that  the  integrals  which  occur  in  Hamilton’s 
principle  and  the  principle  of  Least  Action  are  stationary  for  the  trajectories 
as  compared  with  adjacent  paths.  The  question  now  arises,  whether  they 
are  actually  maxima  or  minima. 

We  shall  select  for  consideration  the  principle  of  Least  Action,  and  for 
convenience  of  exposition  shall  suppose  the  number  of  degrees  of  freedom 
in  the  dynamical  system  to  be  two,  the  motion  being  defined  by  a kinetic 
energy 

T = ban  (qlf  q2)  qf  + a12  ( qu  q2)  qxq2  + \a22  (g1}  q2)  ql, 
and  a potential  energy 

V='f(q1,q2). 

The  discussion  can  be  extended  without  difficulty  to  Hamilton’s  principle, 
and  to  systems  with  any  number  of  degrees  of  freedom.  The  principle  of 
Least  Action,  as  applied  to  the  above  system,  is  (§  100)  that  the  integral 

J iPnq.1  + 2<x12g1 q2  + a22qf)  dt 

has  a stationary  value  for  an  actual  trajectory  as  compared  with  other  paths 
between  the  same  termini  for  which  dt  is  connected  with  the  differentials  of 
the  coordinates  by  the  same  equation  of  energy 

T+  V=h. 

This  latter  equation  gives 

an^i2  + 2a12gri5,2  a22^22  = 2 (h  — yjr)f 

dt  — {2  (h  - (an dqi*  + 2a12dq1dq2  + a22dq2^} 


or 
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so  the  stationary  integral  can  be  taken  to  be 

I = (an  + 2 a12q2  + a22q22f  dqu 

where  q2  stands  for  dq2/dq1 ; this  integral  is  to  be  taken  between  terminals, 
at  each  of  which  the  values  of  qx  and  q2  are  given. 


Writing  this  equation 


— ffitfi’  q 2)  dqi 


we  shall  discuss  the  discrimination  of  its  maxima  and  minima  (which  was 
first  effected  by  Jacobi)  by  a method  suggested  by  Culverwell*. 

Consider  any  number  of  paths  adjacent  to  the  actual  trajectory.  These 
paths  will  be  supposed  to  have  the  same  terminals,  and  to  be  continuous, 
but  their  directions  may  have  abrupt  changes  at  any  finite  number  of 
points.  For  such  a path  let  (qx,  q2  + 8q 2)  be  a point  corresponding  to  a 
point  (q1}  q 2)  on  the  actual  trajectory;  we  shall  frequently  write  o«j)  for  8q2, 
where  a is  a small  constant  the  order  of  which  determines  the  order  of 
magnitude  of  the  quantities  we  are  dealing  with,  and  </>  is  zero  at  the  terminal 
points. 

Let  the  expansion  of  the  function 

f(qu  q*  + <*</>,  qi  + «<£') 

in  ascending  powers  of  a be 

f (qi>  q% } q%)  + a (Po<£  + Ux<f>)  + Ja2  (U0  0</>2  + 2£701c£<£/  + Pn<£/2)  + •••> 
let  81  denote  the  terms  involving  a in  the  first  degree  in 


jf(qi>  q*  + a<£>  q*  + *</>')  <ki> 


and  let  82I  denote  the  terms 


in  or. 


When  the  range  of  integration  is  small,  and  its  terminals  are  fixed,  the 
value  of  ft  at  any  point  is  large  compared  with  the  value  of  <£.  For  since  </> 
is  zero  at  the  terminals,  we  have 


r?i 

<f>  = J <f>'dqlf 


where  P and  P denote  the  terminals.  If  therefore  ft  be  the  numerically 
greatest  value  of  <//  between  P and  R,  it  follows  that  <£  can  never  exceed 
(quB)  —qi(P))/3,  and  consequently  by  taking  the  range  sufficiently  small  the 
ratio  of  cf>  to  <f>'  can  be  diminished  indefinitely. 


Proc.  Lond.  Math.  Soc.  xxiii.  (1892),  p.  241. 
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Thus  if  the  range  is  very  small,  the  most  important  term  in  $2I  is 

2 J Un^dqi)  and  as  the  sign  of  this  is  always  the  same  as  that  of  Un  (the  sign 

of  dq1  is  taken  to  be  positive),  we  see  that  for  small  ranges,  I is  a maximum 
or  minimum  according  as  Un  is  negative  or  positive.  Now 

^11  0^  '2  ty)*  (^11  "h  i%q 2 -f*  0^22^2  2)  ^ (^11^22  Uj2“), 

and  this  is  positive,  since  the  kinetic  energy  is  a positive  definite  form  and 
therefore  ana22-a122  is  positive.  We  thus  have  the  result  that  for  small 
‘ranges  the  Action  is  a minimum  for  the  actual  trajectory. 

Now  consider  any  point  A on  an  actual  trajectory,  and  let  another  actual 
trajectory  be  drawn  through  A making  a very  small  angle  with  the  first.  If 
this  intersects  the  first  trajectory  again,  say  at  a point  B,  then  the  limiting 
position  of  the  point  B when  the  angle  between  the  trajectories  diminishes 
indefinitely  is  called  the  kinetic  focus  of  A on  the  first  trajectory,  or  the 
point  conjugate  to  A. 

We  shall  now  shew  that  for  finite  ranges  the  Action  is  a minimum, 
provided  the  final  point  is  not  beyond  the  kinetic  focus  of  the  initial  point. 

For  let  P and  Q be  the  terminals;  we  have  seen  that  if  Q is  very  near 
to  P,  the  quantity  h2I  is  always  positive  and  of  order  a?  compared  with  the 
value  of  / for  the  limits  P and  Q.  It  is  therefore  evident  that  as  we  remove 
Q further  from  P,  the  quantity  S2/  cannot  become  capable  of  a negative 
value  until  after  Q has  passed  through  the  point  for  which  S2I  can  vanish 
for  a suitably  chosen  value  of  a(f>. 

Suppose  then  that  PBQ  is  an  arc  of  an  actual  trajectory,  Q being  the  first 
point  for  which  it  is  possible  to  draw  a varied  curve  PHQ  for  which  S2/  is  zero; 
we  shall  shew  that  the  varied  curve  PHQ  must  itself  be  a trajectory.  For  if 
it  is  not  a trajectory  between  two  of  its  own  points  A and  C (supposed  near 
each  other),  let  a trajectory  ADC  be  drawn  between  these  points.  Then  the 
integral  taken  along  ADC  is  less  than  that  taken  along  AHC,  so  the  integral 
taken  along  PADCQ  is  less  than  that  along  PHQ,  which  by  hypothesis  is 
equal  to  that  along  PBQ.  Hence  B2I  along  PADCQ  is  negative,  and  there- 
fore Q cannot.be  the  first  point  for  which,  as  we  proceed  from  P,  the  variation 
ceases  to  be  positive ; which  is  contrary  to  what  has  been  proved.  It  follows 
that  PAHCQ  is  a trajectory,  and  Q is  the  kinetic  focus  of  P.  Hence  the 
Action  is  a true  minimum,  provided  that  in  passing  along  the  trajectory  the 
final  point  is  reached  before  the  kinetic  focus  of  the  initial  point. 

Lastly  we  shall  consider  the  case  in  which  the  kinetic  focus  of  the  initial 
point  is  reached  before  we  arrive  at  the  final  point.  Suppose,  with  the  notation 
just  used,  that  the  initial  and  final  points  are  P and  R ; and  let  two  points  E 
and  F be  taken,  the  former  on  the  curve  PHQ  and  the  latter  on  the  arc  QR; 
or  points  being  taken  so  close  together  that  the  trajectory  EGF  joining 
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them  gives  a true  minimum.  Since  the  integral  taken  along  EGF  is  less 
than  that  along  EQF,  it  follows  that  the  integral  taken  along  PEGFR  is  less 
than  that  along  PEQR ; but  the  latter  is  equal  to  that  along  PRQR,  since 
both  integrals  are  equal  from  P to  Q ; and  therefore  the  integral  along  PBQR 
is  not  a minimum ; but  it  is  not  a maximum,  since  the  integral  taken  along 
any  small  part  of  it  is  a minimum.  Hence  when  the  kinetic  focus  of  the  initial 
point  is  reached  before  we  arrive  at  the  final  point,  the  Action  is  neither  a 
maximum  nor  a minimum. 

A simple  example  illustrative  of  the  results  obtained  in  this  article  is  furnished  by  the 
motion  of  a particle  under  no  forces  on  a smooth  sphere.  The  trajectories  are  great- 
circles  on  the  sphere,  and  the  Action  taken  along  any  path  (whether  a trajectory  or  not) 
is  proportional  to  the  length  of  the  path.  The  kinetic  focus  of  any  point  A is  the 
diametrically  opposite  point  A'  on  the  sphere,  since  any  two  great-circles  through  A 
intersect  again  at  A'.  The  theorems  of  this  article  amount  therefore  in  this  case  to  the 
statement  that  an  arc  of  a great-circle  joining  any  two  points  A and  B on  the  sphere  is 
the  shortest  distance  from  A to  B when  (and  only  when)  the  point  A!  diametrically 
opposite  to  A does  not  lie  on  the  arc,  i.e.  when  the  arc  in  question  is  less  than  half 
a great-circle. 

104.  Representation  of  the  motion  of  dynamical  systems  by  means  of 
geodesics. 

The  principle  of  Least  Action  leads  to  an  interesting  transformation  of 
the  motion  of  natural  dynamical  systems  with  two  degrees  of  freedom. 

Let  the  kinetic  energy  of  such  a system  be 

i fill  (qi>  q 2)  qi  + 2a12  (qx , q2)  qxq2  + a22  (qx,  q2 ) qfi, 

and  let  its  potential  energy  be  ^ r(qx , q2).  By  § 100,  the  orbits  corresponding 
to  that  family  of  solutions  for  which  the  total  energy  is  h are  given  by  the 
condition  that 

J fiifii  + Zaififiz  + a22q2)  dt 

is  stationary  for  any  part  of  an  actual  orbit,  as  compared  with  any  other  arc 
between  the  same  terminals  for  which  dt  is  connected  with  the  differentials 
of  the  coordinates  by  the  relation 

i fiifii  + 2a12^2  + a22q2*)  + f (qx,  q2)  = h. 

The  inte'gral 

J (fi  - yjrfi  ( axxdqx 2 + 2ax2dqxdq2  + a22dqffi 

is  therefore  stationary.  But  this  integral  expresses  the  principle  of  Least 
Action  for  the  motion  of  a particle  under  no  forces  on  any  surface  whose 
linear  element  is  given  by  the  equation 

ds 2 = {h  - ( axldqx 2 -}-  2 a12dqxdq2  + a22dq22), 
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and  is  therefore  the  defining  condition  of  the  geodesics  on  this  surface. 
Consequently  the  equations  of  the  orbits  in  the  given  dynamical  system  are  the 
same  as  the  equations  of  the  geodesics  on  this  surface. 

Example  1.  Shew  that  the  parabolic  orbits  of  a free  heavy  projectile  correspond 
to  the  geodesics  on  a certain  surface  of  revolution. 

Example  2.  Shew  that  the  orbits  described  under  a central  attractive  force  <£'  (r)  in  a 
plane  correspond  to  geodesics  on  a surface  of  revolution,  the  equation  of  whose  meridian- 
curve  is  z=f  (p),  where 

/'  (p)  = {(pdr/rdp)2-  1}* 

and  where  r and  p are  connected  by  the  relation  p2=r2  { - <£  (r)  + h). 


105.  The  least-curvature  principle  of  Gauss  and  Hertz. 

We  shall  now  discuss  a principle  which,  like  Hamilton’s  principle,  can  'be 
used  to  define  the  orbits  of  a dynamical  system,  but  which  does  not  involve 
the  sign  of  integration. 

In  any  dynamical  system  (whether  holonomic  or  non-holonomic)  let 
(xr,  yr , zr)  be  the  coordinates"  of  a typical  particle  mr  at  time  t,  and 
(Xr,  Yr , Zr)  the  components  of  the  external  force  which  acts  on  the  particle. 
Consider  the  function 


<mv 


Xr 


m. 


+ [Vr 


-) 

mrJ 


2 

I + 


m. 


where  the  summation  is  extended  over  all  the  particles  of  the  system,  and 
where  ( xr , yr,  zr)  refer  to  any  kinematically  possible  path  for  which  the 
coordinates  and  velocities  at  the  instant  considered  are  the  same  as  in  some 
actual  trajectory.  This  function  substantially  represents  what  was  called  by 
Gauss  the  constraint  and  by  Hertz  (who  however  considered  primarily  the 
case  in  which  the  external  forces  are  zero)  the  curvature * of  the  kinematically 
possible  path  considered.  In  what  follows  Hertz’s  terminology  will  be  used. 

We  shall  shew  that  of  all  paths  consistent  with  the  constraints  ( which  are 
supposed  to  do  no  work),  the  actual  trajectory  is  that  which  has  the  least  curvature. 

In  the  simple  case  of  a single  particle  moving  on  a smooth  surface  under  no  external 
forces,  this  result  clearly  reduces  to  the  statement  that  the  curvature  in  space  (in  the 
ordinary  sense  of  the  term)  of  the  orbit  is  the  least  which  is  consistent  with  the  condition 
that  the  particle  is  to  remain  on  the  surface. 

To  establish  this  result,  let  the  equations  which  express  the  constraints 
(using  xr  to  typify  any  one  of  the  three  coordinates  of  any  particle)  be 

Hxkrdxr  = 0 (k  = 1,  2, ... , m), 


where  the  coefficients  xkr  are  given  functions  of  the  coordinates.  Differ- 
entiating these  relations,  we  have 


dxkr 


%Xkr  Xr  + % S -r — - XrXs  = 0 

r r s OXs 


(k  = 1,  2,  . ..,  m). 


* Strictly  speaking,  the  square  root  of  this  function,  and  not  the  function  itself,  was  called 
the  curvature  by  Hertz. 
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Let  xr  be  a typical  component  of  acceleration  in  the  path  considered 
(which  is  supposed  to  be  kinematically  possible,  but  is  not  necessarily  the 
actual  trajectory),  and  let  xr0  be  the  corresponding  component  of  acceleration 
in  the  actual  trajectory.  Subtracting 'the  preceding  equation,  considered  as 
relating  to  the  actual  trajectory  j from  the  same  equation,  considered  as 
relating  to  the  kinematically  possible  path,  we  have  (since  the  velocities  are 
the  same  in  the  two  paths) 


Sir jgr  (xr  $7*0)  — 6 


(&=  1,  2,  ...,  m). 


This  equation  shews  that  a small  displacement  of  the  system,  in  which 
the  displacement  Sxr  of  the  coordinate  xr  is  proportional  to  ( xr  — xr0 ),  is  con- 
sistent with  the  equations  of  constraint,  i.e.  is  a possible  displacement. 

The  components  of  the  forces  exercised  by.  the  constraints  are  typified  by 
(mrxr0  — Xr):  and  in  any  possible  displacement  the  forces  of  constraint  do  no 
work.  We  have  therefore 

2 (ftThyX  y Q X. y)  (tZ/J*  ^ZVo)  0, 

&jV'  r 

an  equation  which  can  be  written  in  the  form 


Xry 


zmr  \xr- 

r \ mrJ 


= Xmr  ( xr0 J + (xr  — xr0)2, 

r \ mrJ  r 


or  (reverting  to  the  use  of  y s and  ^’s) 

v Lm 

Zmr  x 

• / (V 


= tmr  ^ ( ic. 


xry  l.  Yry  zry } 

+ Vn  m)  + \Zr°  mj  j 


rru 


+ 2mr  {{xr  - xro)2  + (yr  - yrf  + ( zr  - zr 0)2}. 


Since  the  terms  in  the  last  summation  on  the  right-hand  side  are  all 
positive,  it  follows  that 


(/..  xry  (. 

. Fry  J 

(■■  ZA2\ 

](xr J + ( i 

Jr  ~ — + 1 

[*r \ 

(V  mrJ  v 

mrJ 

\ J 

>2 


mv 


which  establishes  the  result  stated. 

106.  Expression  of  the  curvature  of  a path  in  terms  of  generalised 
Coordinates. 

/ Lipschitz  has  shewn*  that  the  curvature  of  a kinematically  possible  path 
j in  a holonomic  dynamical  system  with  n degrees  of  freedom  can  be  expressed 
j in  terms  of  the  derivates  of  the  n independent  coordinates  which  define  the 
( position  of  the  system. 

* Journal  fur  Math,  lxxxii.  p.  323. 


/ 


252  The  Principles  of  Hamilton  and  Gams  [CH.  a 

{.)  W .ho <**». 

«...  5. « b.  tTIZZ.  T«  t,  r?  ’•*  r*  <** 

r of  *— •■* *!-ES  S'4  f^£ , „D”f  J “ W 

the  corresponding  component  of  force  th*  n * ir  r’  d Xr  * 

is  Sn^fa-  xLf  Id  hlr  i,  Gauss-Hertz  curvature  of  the  path 
a *rlmr)  , and  it  has  been  shewn  m the  last  article  that  this  can 
be  written  in  the  form 

2mr  (xn  - Xr/mry  + 'Xm,r  fa  _ 

zzs&tssz  % t.  ? jr-Hr  “ - rs 

^ *«•>  the  curvature  of  the  path. 

Let  the  kinetic  energy  be 

T=^aklqkqt, 

where  the  quantities  akl  are  given  functions  of  («,  Q,  „ w n , 
the  determinant  formed  of  the  Quantities  n a\’  c a"’,’  et  ^ denote 

au  in  this  determinant.  q “d  kt  A*  denote  the  ™nor  of 


From  the  equation 


we  have 
Now 


X \mrocr- 2 _ X Xaiciq^ 

s?  ‘dxr  ()xr 
am  = Xmr  -J:  —X  . 
r oqk  dqi 


d2oc„ 


* * * dqkdqi 


mi, 


wrhave6  C°°rdinateS  and  Velooities  a«  same  for  all  the 

Tl  -r  3^  <*-&)• 

But  if  we  write  k ^ k 


d f?T 


dt  \dqk 


- 


dT 

% 


vdxr 


since  this  expression  is  zero  for  the  actual  trajectory,  we  have 


(&  — 1,  2 , ...}  n), 


yn 


8jc  — the  difference  of  the  values  of  — , ,, 

thp  a of  if-  dt  f°r  the  path  considei’ed  andi 

tne  actual  trajectory,  1 


0r  ^ ~ (ft  ~ qio) 

whence  we  have 


$ko  ~ jj  %AkiSi 


(*-1,2, 

(*  = 1)  2,  . n); 
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and  consequently 


xr  xn-  D$$d^AuSi- 


The  curvature,  Xmr  (xr  — &ro)2,  is  therefore 

r 

^222  22™,.^^'  AttAqStS, , 

U r k i i i oqk  dq( 


or  ni'21,2,tauAklAijS,Sj. 

k l i j 

But  by  a well-known  property  of  determinants,  we  have 


2 '£cL]eiA.jci*A-ij  — DA-ij, 
i k 


and  therefore  finally  the  curvature  can  be  expressed  in  terms  of  the  coordinates 
(q1}  q2)  ...,  qn)  and  their  derivates  in  the  form 


1 

D 


tXAySjSi. 

I j 


107.  AppelVs  equations. 

The  Gauss-Hertz  law  of  Least  Curvature  is  the  basis  of  a form  in  which 
Appell  has  proposed*  to  write  the  general  differential  equations  of  dynamics. 
This  form,  as  will  be  seen,  is  equally  applicable  to  holonomic  and  non- 
holonomic  systems. 


Consider  any  dynamical  system  ; let 


Alkdq1  + A2kdq2  + . . . + Ankdqn  + Tkdt  = 0 (k  = 1,  2,  . . . , m) 

be  the  non-integrable  equations  connecting  the  variations  of  the  generalised 
coordinates  qx,  q2,  ...,  qn  \ in  holonomic  systems  these  equations  will  of  course 
be  non-existent. 

Let  S denote  the  function  ^Xmk  (xk*  + yk 2 + zf),  where  mk  typifies  the  mass 

k 

of  a particle  of  the  system,  whose  rectangular  coordinates  at  time  t are 
(xk,  yk,  zk)-  By  means  of  the  equations  which  define  the  position  of  the 
particles  at  any  time  in  terms  of  the  coordinates  (qx,  q2i  ...,  qn),  it  is  possible 
to  express  S in  terms  of  (qx,  q2,  ...,  qn)  and  the  first  and  second  derivates  of 
these  variables  with  respect  to  the  time.  Moreover,  by  use  of  the  equations 
of  constraint  we  can  express  m of  the  velocities  {qx,  q2,  ...,  qn)  in  terms  of  the 
others : let  the  coordinates  corresponding  to  these  latter  be  denoted  by  (px , 
Pz,  •••>  Pn-m )•  By  differentiating  these  relations  we  can  express  q1}  q2)  ..., 
qn,  in  terms  of  the  quantities  p1}  p2,  ... , pn_m,  p1}  p2,  ...,pn_m,  qu  q2,  ...,  qn, 
and  hence  S can  be  expressed  in  terms  of  this  last  set  of  variables. 


* Journal  fur  Math.  cxxi.  (1900). 
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Now  any  small  displacement  which  is  consistent  with  the  constraints 
can  be  defined  by  the  changes  (Bpu  Bp2,  ...,  Bpn_m)  in  the  quantities 

n-m 

(Pi,Pz>  Pn-m)',  let  2 PrBpr  denote  the  work  done  by  the  external  forces 

r= 1 

in  such  a displacement.  As  in  § 26,  we  have 

f (**  y + 9k  lr* + h If) = Pr- 

Let  the  equation  which  expresses  the  change  in  xk  in  terms  of  the  changes 
in  (p1,p2,  ...,pn-m)  he 

n—m 

Bxk  = 2 7 rrBpr) 

r= l 

where  (7^,  7 r2,  7 Tn-m)  are  known  functions  of  the  coordinates:  the 

equations  of  this  type  are  of  course  non-integrable.  From  this  we  have 
dxjjdpr  = 7 Tr , and  so  the  equation  which  expresses  xk  in  terms  of 

(jPij  Pn—rrt) 

will  be  of  the  form 

n—m 

Xk  = 2 7 Trpr  + a, 

r= 1 

where  a denotes  some  function  of  the  coordinates.  Differentiating  this 
equation,  we  have 


dirv 

rZ\  dt 


Xk=  X 1 Trpr+  X -J Tpr+~n, 


da 

dt 


whence 

It  follows  that 


r—1 

dxk  _ _ dxk 

dpr  71  r dpr  ‘ 


Pr  = Zmk  I xk  + yk  +zk 


dpr  dpr 


dpr 

dzk 


^ dxk  ..  dyk 

= 2m*  xk  + y-kf^  + zii 
k \ dpr  dpr  dp 

= ds 

~dpr’ 

and  therefore  the  equations  of  a dynamical  system , whether  holonomic  or  not, 
can  be  expressed  in  the  form 

^■  = Pr  {r  = 1,  2,  ....  n-m), 

where  S denotes  the  function  -£-2 mk(xk2  + yk2  + z^),  and  (p1)p2i  ctre 

coordinates  equal  in  number  to  the  degrees  of  freedom  of  the  system. 

It  is  evident  that  the  result  is  valid  even  if  the  quantities  p1}  ...,pn-m 
are  not  true  coordinates,  but  are  quasi-coordinates. 


255 


107,  108]  The  Principles  of  Hamilton  and  Gauss 

Example.  Obtain  from  Appell’s  equations  the  equations 

l Ad)!  — (B  — C)  a)2C03  = X, 
j Bo2-(C-A)  0)3a >X  = M, 

\Cd)Z  — (A  — B)  £t>1to2= A, 

for  tbe  motion  of  a rigid  body  one  of  whose  points  is  fixed  ; where  ((ox,  co2,  <o3)  are 
the  components  of  angular  velocity  of  the  body  resolved  along  its  own  principal  axes 
of  inertia  at  the  fixed  point,  (A,  B,  G)  are  the  principal  moments  of  inertia,  and  (L,  M,  N) 
are  the  moments  of  the  external  forces  about  the  principal  axes. 

108.  Bertrand’s  theorem. 

A theorem  in  impulsive  motion,  which  belongs  to  the  same  group  of 
results  as  the  least-curvature  principle  of  Gauss  and  Hertz,  is  due  to 
Bertrand*  and  may  be  stated  thus  : If  a given  set  of  impulses  are  applied  to 
different  points  of  a system  {whether  holonomic  or  non-holonomic ) in  motion , 
the  kinetic  energy  of  the  resulting  motion  is  greater  than  the  kinetic  energy 
of  the  motion  which  the  system  would  acquire  under  the  action  of  the  same 
impulses  and  constraints  and  of  any  additional  constraints  due  to  the  reactions 
of  perfectly  smooth  or  perfectly  rough  fixed  surfaces,  or  rigid  connexions 
between  particles  of  the  system. 

For  let  m be  the  mass  of  a typical  particle  of  the  system,  and  let  (u,  v,  w), 
(u,  v',  w),  {u1}  v1}  Wj)  denote  the  components  of  velocity  of  this  particle  before 
the  application  of  the  impulses,  after  the  application  of  the  impulses,  and  in 
the  comparison  motion,  respectively. 

Let  (X,  T,  Z ) denote  the  components  of  the  external  impulse  acting  on 
the  particle : {X',  Y',  Z')  the  components  of  the  impulse  due  to  the  con- 
straints pf  the  system:  and  (X' + Xlf  F'+Fj,  Z' + Zx)  the  components  of 
the  impulse  due  to  the  constraints  in  the  comparison  motion. 

The  equations  of  impulsive  motion  are 
m (u  — u)  = X + X',  m(v  - v)  = Y + Y',  m(w'  — w)  = Z + Z', 

m (ux  — u)  = X + X'  + X1}  m(v1  — v)=  Y + F'  + Ylf  m (wx  — w)  = Z + Z'  + Zx. 

Subtracting,  we  have 

m (ux  — u')  = X1}  m (vx  — v')=Y1,  m {wx  — w)  — Z1. 

Multiply  these  last  equations  by  ux,  v1}  w1}  respectively,  add,  and  sum  for 
all  the  particles  of  the  system  ; we  thus  have 

2m  {(yq  — u')  ux  + (vx  — v')  vx  + (wx  — w)  w i}  = 2 (Xxux  + Yxvx  + Zxwx). 

Now  from  the  nature  of  the  constraints,  it  follows  that  finite  forces 
acting  on  all  the  particles  of  the  system  and  proportional  to  the  impulsive 
forces  (Xx,  Yx,  Zx ),  would  on  the  whole  do  no  work  in  a displacement  whose 
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components  are  proportional  to  the  quantities  (ux,  v1}  and  therefore-we 
have 

2 (^1m1  + Y'1vl  + Zxwf)  = 0, 

or  2m  {(wj  — u)  ux  + (vx  — v)  vx  + (wx  — w')  = 0 ; 

this  equation  can  be  written  in  the  form 

2 m (V2  + v' 2 + w '2)  — 2m  (u2  + v2  + wx2)  =2  m{(u'  — uf  + (v  — vx)2  + (w'  — wf], 
which  shews  that 

^2m  (u'2  + v'2  + w'2)  > J2m  (ux2  + vx2  + wx2), 
and  so  establishes  Bertrand’s  theorem. 

The  following  result,  due  to  Lord  Kelvin  and  generally  known  as  Thomson's  theorem , 
can  easily  be  established  by  a proof  of  the  same  character  as  the  above  : If  any  number  of 
points  of  a dynamical  system  are  suddenly  set  in  motion  with  prescribed  velocities , the 
kinetic  energy  of  the  resulting  motion  is  less  than  that  of  any  other  kinematically  possible 
motion  which  the  system  can  take  with  the  prescribed  velocities , the  excess  being  the  energy  of 
the  motion  which  must  be  compounded  with  either  to  produce  the  other. 

Example.  A framework  of  (n  — 1)  equal  rhombuses,  each  with  one  diagonal  in  the 
same  continuous  straight  line,  and  two  open  ends,  each  of  which  is  half  of  a rhombus,  is 
formed  by  2 n equal  rods  which  are  freely  jointed  in  pairs  at  the  corners  of  all  the 
rhombuses.  Impulses  P perpendicular  to  and  towards  the  line  of  the  diagonals  are 
applied  to  the  two  free  extremities  of  one  open  end  ; shew  that  the  initial  velocity, 
parallel  to  the  diagonal,  of  the  extremities  of  the  other  open  end  is 

3 P sin  a COS  a 

m cos2  a + n2  sin2  a ’ 

where  m is  the  mass  of  each  rod,  and  2 a is  the  angle  between  each  pair  of  rods  at 
the  points  of  crossing.  (Camb.  Math.  Tripos,  Part  I,  1896.) 


Miscellaneous  Examples. 

1.  If  the  problem  of  determining  the  motion  of  a particle  on  a surface  whose  linear 
element  is  given  by  the  equation 

ds2 = Edu 2 + 2 Fdu  dv  + Gdv2, 

under  the  action  of  forces  such  that  the  potential  energy  is  V (u,  v),  can  be  solved,  shew 
that  the  problem  of  determining  the  motion  of  a particle  on  a surface  whose  linear 
element  is  given  by 

ds 2 = V (u,  v)  ( Edu2  + 2 Fdu  dv  -f  Gdv2), 

under  forces  derivable  from  a potential  energy  1 /V(u,  v),  can  also  be  solved. 

(Darboux.) 

2.  If  in  two  dynamical  systems  in  which  the  kinetic  energies  are  respectively 
^aikpqk  and  2bikqiqk,  and  the  potential  energies  are  respectively  U and  F,  the  trajectories 
are  the  same  curves,  though  described  with  different  velocities, , so  that  the  relations 
between  the  coordinates  (ft,  q2,  qn)  are  the  same  in  the  two  problems,  shew  that 

y_°U 

yU+V 

where  a,  /3,  y,  8,  are  constants,  and  that 

2bikdqidqk  = (yU  +8)  1aikdqidqk. 


(Painleve.) 
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3.  If  all  the  trajectories  of  a particle  in  a plane,  described  under  forces  such  that  tho 
potential  energy  of  the  particle  is  V (x,  y),  with  a value  h of  the  constant  of  energy,  are: 
subjected  to  a transformation 

*=<KX,  n Y), 


where  (ft  and  \J/  are  conjugate  functions  of  (pc,  y\  shew  that  the  new  curves  so  obtained  are 
the  trajectories  of  a particle  acted  on  by  forces  derivable  from  the  potential  energy 


[ 7 {<#,  (X,  Y),  Y)}  - *]  {(H)*  + (f£)2} , 

with  a zero  value  of  the  constant  of  energy. 


(Goursat.) 


4.  If  T and  V denote  respectively  the  kinetic  and  potential  energies  of  a dynamical 
system,  shew  that 


differs  from 


2- 

m 


cPV 

2 


by  a quantity  which  does  not  involve  the  accelerations  ; and  hence  that 

(x2+f  + Z2) 

is  a maximum  when  the  accelerations  have  the  values  corresponding  to  the  actual  motion, 
as  compared  with  all  motions  which  are  consistent  with  the  constraints  and  satisfy 
the  same  integral  of  energy,  and  which  have  the  same  values  of  the  coordinates  and 
velocities  at  the  instant  considered.  (Forster.) 


w.  D. 
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CHAPTER  X. 


HAMILTONIAN  SYSTEMS  AND  THEIR  INTEGRAL-INVARIANTS. 


109.  Hamilton  s form  of  the  equations  of  motion. 

We  shall  now  obtain  for  the  differential  equations  of  motion  of  a con- 
servative holonomic.  dynamical  system  a form  which  was  introduced  by 
Hamilton*  in  1835,  and  which  constitutes  the  basis  of  most  of  the  advanced 
theory  of  Dynamics. 

Let  (q1}  q2,  ...,  qn)  be  the  coordinates  and  L(qu  q2,  ...,  qn , q1}  q2 , ...,  qn)  t ) 
the  kinetic  potential  of  the  system,  so  that  the  equations  of  motion  in  the 
Lagrangian  form  are 

d fdL\  dL  „ . 

dt\^J~dqr  = ° (r  = 1,  2,  n). 

dL 

i wrp* 


Write 
so  that 


Pr  = 


d L 


dqr 


(r  = l,  2,  ...,  n), 
(r  = 1,  2,  n). 


From  the  former  of  these  sets  of  equations  we  can  regard  either  of  the 
sets  of  quantities  (qx,q2, ...,  qn)  or  (p1}  p2,  ...,  pn)  as  functions  of  the  other  set. 

If  8 denote  the  increment  in  any  function  of  the  variables 

(?i,  $2,  •>  qn,Pi>P2,  ,Pn ) or  (qlf  q2 , ...,  qn,  qu  q2,  ...,  qn) 

due  to  small  changes  in  these  arguments,  we  have 


8L  = X 

r=i\dqr  * dqr 


or 


76 

= 2,(pr8qr+pr8qr) 

r= 1 

n ri' 

— 8 X prqr  + X (pr8qr  — qfpr), 

r—1  r= 1 

( n ] n 

8 1 X prqr-L\  = X (qr$pr  - Pr&qr)- 

lr=l  ] r= 1 


Phil.  Trans.  1835,  p.  95. 
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n 

Thus  if  the  quantity  2 prqr  — L,  when  expressed  in  terms  of 

r = 1 

{^1}  52’  "•>  Qn}  Pll  P2)  • • • J Pn)  t), 

be  denoted  by  2?,  we  have 

022  = 2 (qr&Pr—Pr&qr)> 

r= 1 


or 


dqr  _ 022  dpr  _ 022 

dt  dpr  ’ dt  dqr 


(r  = 1,  2,  ... , w). 


The  motion  of  the  dynamical  system  may  he  regarded  as  defined  by  these 
equations,  which  are  said  to  be  in  the  Hamiltonian  or  canonical  form ; the 
dependent  variables  are  (qu  q2,  ...,  qn,  plf  p2,  £>«),  and  the  system  consists 

of  2n  equations,  each  of  the  first  order ; whereas  the  Lagrangian  system 
consists  of  n equations,  each  of  the  second  order. 

When  the  kinetic  potential  L does  not  involve  t explicitly,  the  Hamiltonian 
function  H will  evidently  likewise  not  involve  t explicitly,  and  the  system 
will  possess  (§  41)  an  integral  of  energy,  namely 


n 

2 qr 


r= 1 


dL_ 

dqr 


L 


where  h is  a constant.  This  equation  can  be  written 

H (q1}  q2,  ...,  qn,Pi,  p-2,  ...,Pn)  = h, 


and  this  is  the  integral  of  energy , which  is  possessed  by  the  dynamical  system 
when  the  function  H does  not  involve  the  time  explicitly.  F or  natural  problems, 
it  follows  at  once  from  § 41  that  22  is  the  sum  of  the  kinetic  and  potential 
energies  of  the  system. 


Example.  Shew  that  the  equations  of  motion  of  the  simple  pendulum  are 

dq  _ dH  dp  _ dH 
dt  dp  1 dt  dq  ’ 

where 

H=%p2-gl~1  cos  q, 

and  where  q denotes  the  angle  made  by  the  pendulum  with  the  vertical  at  time  t,  l is  the 
length  of  the  pendulum,  and  the  mass  of  the  bob'  is  taken  as  unity. 


110.  Jacobis  theorem  on  equations  arising  from  the  Calculus  of  Varia- 
tions. 

From  the  preceding  chapter  it  appears  that  the  whole  science  of  Dynamics 
can  be  based  on  the  stationary  character  of  certain  integrals,  namely  those 
which  occur  in  Hamilton’s  principle  and  the  principle  of  Least  Action : 
similarly  the  differential  equations  of  most  physical  problems  can  be  regarded 
as  arising  in  problems  of  the  Calculus  of  Variations. 

Thus,  the  problem  of  finding  the  state  of  thermal  equilibrium  in  an  isotropic 
conducting  body,  when  the  points  of  its  surface  are  kept  at  given  temperatures,  can  be 
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formulated  as  follows : to  find,  among  all  functions  V having  given  values  at  the  surface, 
that  one  which  makes  the  value  of  the  integral 

integrated  throughout  the  surface,  a minimum. 

Jacobi  has  shewn  that  all . the  differential  equations  which  arise  from 
problems  in  the  Calculus  of  Variations , with  one  independent  variable,  can  be 
expressed  in  the  Hamiltonian  form. 

Suppose,  for  clearness,  that  there  are  two  dependent  variables ; the  proof 
is  equally  applicable  to  any  number  of  variables. 

(m)  (n) 

Let  L (t,  y,  y,  y,  . . . , y,  z,  i,  z,  . . . , z)  be  a function  of  the  independent 
variable  t , the  dependent  variables  y,  z,  and  their  derivates  up  to  orders  m,  n, 
respectively. 

The  conditions  that  the  integral 

r (m)  (n) 

L(t,y,  y,  ...,  y,  z,  i,  z)dt , 


may  be  stationary,  can,  by  the  ordinary  procedure  of  the  Calculus  of  Varia- 
tions, be  written  in  the  form 


Now  write 


q _ dL  d /dL 


dm 

dtm 

3) 


dL 

(m) 

dy 

'dL' 


Pi 

P* 


dL  d / dL\ 
dy  dt\dy)  + 


+ (-  l)m_1 


1 

dr1-1 


dL  d /9£\ 
dy  dt\d'y)  + 


+ (- 1)™-2 


d*1*-2  [dL 
dtm~*  \dy, 


i 


Pm  — 


dL 

Pm+ 1 _ dz 

d 

dtl 

(!)+ 

Jn-i 

+ (-l)’*-1  — 

dr-1 

Pm+2  ~ 

dL  _ 
dz 

Jn-2 

+(-  If-2  — 

. dr-1 

Pm+n  — 

d_L_ 

(m)  , 

dy 

dL 


(») 

dz 


dL 

(n)  | > 

dz, 


dL 

(n) 

dz 
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(«— i) 

Qm+n  — 


and  write 

( m-l ) 

qi = y,  q.2~ y>  •••>  qm  — y > qm+i = z>  qm+ 2 = ^ 

Then  if 

(m) 

H = -L+p1q2  +p2q3  + . . . + Pm  y + i?m+igm+2  + • • • 

(n) 

"h  Pm+n—i  qm+n  "h  Pm+n  z> 

(where  H is  supposed  expressed  as  a function  of  (t,  q1}  ...,  qm+n,  px,  pm+n), 

(m)  (n)  * (m) 

the  quantities  y and  z being  eliminated  by  use  of  the  equations  pm^=dL/dy, 

(n) 

pm+n  = dL/dz)  and  if  8 denote  an  increment  due  to  small  changes  in  the 
arguments  qlf  q2,  ..v  qm+n,  Pu  P*,  ••• , pm+n , we  have 


c)L  dL  w n ~i i dL  dL  w 

S^  = - S 2 ^Sqm+r+i_^sz 

r~°  dy  dy  r~°  dz  dz 


m-l  (m)  m-l  (TO) 

+ 2 Pr^qr+i  “f  Pm&y  H~  ^ qr+l&Pr  4"  y $Pm 
r= 1 r=l 

m+W-1  (n)  m+w-1  (n) 

+ 2 prSgr+1+^m+TO&z  + 2 ^r+1Spr  + ^3pm+n. 

r=m+l  r=m+l 


Using  the  relations 

dL  . dL  . dL  dL 

Ty=P'’  Ty=p*+Pl>  d$  = Ps+P2’  ^=-Pm’etc- 

m+?i  m+n 

this  becomes  8H  = — 1 pr8qr  + 2 grSpr. 

r=l  r=l 


Thus,  if  H is  expressed  in  terms  of  the  variables 

(t)  Pi>  P21  ...»  Pm+n>  qi>  q^i  •••>  qm+n)} 


we  have 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


(r=l,  2,  ...,m  + w), 


and  the  differential  equations  of  the  problem  are  thus  expressed  in  the  Hamil- 
tonian form. 

The  systems  of  differential  equations  which  arise  in  the  problems  of  the 
Calculus  of  Variations  are  often  called  isoperimetrical  systems. 


111.  Integral-invariants. 

The  nature  of  Hamiltonian  systems  of  differential  equations  is  funda- 
mentally connected  with  the  properties  of  certain  expressions  to  which 
Poincare  has  given  the  name  integral-invariants. 

Consider  any  system  of  ordinary  differential  equations 


dx2  v 
dt  ~X‘ 


dxn -rr 

~dt~  n’ 


where  Xly  X2,  ...,  Xn,  are  given  functions  of  x1}  x2,  ... , xn,  t.  We  may  regard 
these  equations  as  defining  the  motion  of  a point  whose  coordinates  are 
fa,  x7,  ...,  xn)  in  space  of  n dimensions. 
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If  now  we  consider  a group  of  such  points,  which  occupy  a p-dimensional 
region  f0  at  the  beginning  of  the  motion,  they  will  at  any  subsequent  time  t 
occupy  another  ^-dimensional  region  f.  A p-tuple  integral  taken  over  f is 
called  an  integral-invariant,  if  it  has  the  same  value  at  all  times  t;  the 
number  p is  called  the  order  of  the  integral-invariant. 

Thus,  in  the  motion  of  an  incompressible  fluid,  the  integral  which  repre- 
sents the  volume  of  the  fluid,  when  the  integration  is  extended  over  all  the 
elements  of  fluid  which  were  contained  initially  in  any  given  region,  is  an 
integral-invariant ; since  the  total  volume  occupied  by  these  elements  does 
not  vary  with  the  time. 

Example  1.  Consider  the  dynamical  problem  of  determining  the  motion  of  a particle 
in  a plane  under  no  forces  : let  (x,  y ) be  the  coordinates  of  the  particle,  and  (u,  v)  its 
components  of  velocity.  The  equations  of  motion  may  be  written 

x=u,  y—v , u— 0,  v=0. 

The  quantity 

I=J(dx-t8u), 

where  the  integration  is  taken,  in  the  four-dimensional  space  in  which  (x,  y,  u,  v) 
are  coordinates,  along  the  curvilinear  arc  which  is  the  locus  at  time  t of  points  which  were 
initially  on  some  given  curvilinear  arc  in  the  space,  is  an  integral-invariant.  For  the 
solution  of  the  dynamical  problem  is  given  by  the  equations 
u=a,  v — b,  x—at+c , y = bt  + d, 
where  a , b , c,  d are  constants  : and  therefore  we  have 


I—  J(t8a  + dc—  tda) 

= Jsc, 


and  this  is  independent  of  t. 

Example  2.  In  the  plane  motion  of  a particle  whose  coordinates  are  ( x , y)  and  whose 
velocity-components  are  ( u , v),  under  the  influence  of  a centre  of  force  at  the  origin  whose 
attraction  is  directly  proportional  to  the  distance,  shew  that 


/< 


(udx  — x8u) 

is  an  integral-invariant. 

112.  The  variational  equations. 

The  integral-invariants  of  a given  system  of  differential  equations  furnish 
integrals  of  another  system  of  differential  equations  which  can  be  derived 
from  these. 

For  let  the  given  system  of  equations  be 


dXtf  -yj-  . 

^ — A r \Xil}  x 2 , , xn , t ) 


(r  = l,  2,  ...,n). 


Let  (x1}  x2,  ...,  xn)  and  (^  + 8^,  x2+  8x2,  ...,  xn  + 8xn)  be  the  values  of 
the  dependent  variables  at  time  t in  two  neighbouring  solutions  of  this  set  of 
equations ; where  8x2. . . .,  Sxn)  are  infinitesimal  quantities.  Then  we  have 
d 
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and  consequently 
d 


~ dXr  ^ dXr  ^ 

, 8xr  = -7T — OX 2 + . 

dt  coOi  ox% 


dXr 

8Xn 


Sxv 


(r  = 1,  2, ... , n). 


These  last  n equations  together  with  the  original  n equations,  can  be 
regarded  as  a set  of  2 n equations  in  which  (xx,  x2,  ...,  xn,  8xx,  8x2,  . . . 8xn) 
are  the  dependent  variables. 


Now  if 


I X F r (xx ) , . • • , Xn ) 8xr 

J r 


denotes  an  integral-invariant  of  the  original  system,  the  quantity 

^ ^F r (xx , x2,  . .. , Xn)  8x0 

must,  since  the  path  of  integration  is  quite  arbitrary,  be  zero  in  virtue  of 
precisely  this  extended  system  of  differential  equations  ; and  therefore 


XFr  (xx,  x2)  . . . , xn ) 8xr  = constant, 

r 

must  be  an  integral  of  these  equations : so  that  to  an  integral-invariant  of 
order  one  of  the  original  system  of  equations  there  corresponds  an  integral  of 
the  extended  system  of  equations,  and  vice  versa. 


If  a particular  solution  {xx,  x2i  ...,  xn)  of  the  original  equations  is  known, 
we  can  substitute  the  corresponding  values  (xx,  x2,  ...,  xn)  in  the  extended 
differential  equations,  and  so  obtain  n linear  differential  equations  to  deter- 
mine (Sxx,  Sx 2,  . . . , 8xn),  i.e.  to  determine  the  solutions  of  the  original  equations 
which  are  adjacent  to  the  known  particular  solution.  These  n equations  are 
called  the  variational  equations. 


113.  Integral-invariants  of  order  one. 

Let  us  nqw  find  the  conditions  to  be  satisfied  in  order  that 

J (Mx8xx  + M2Sx 2 + ...  + Mn8xn), 

where  (Mx,  M2,  ...,  Mn)  are  functions  of  (xx,  x2,  . ..,  xn,  f),  may  be  an  integral- 
invariant  of  order  one  of  the  system  of  differential  equations 

d-^  ^Xr  (xx,  x2,  . . . , xn,  t)  (r=  1,  2,  ... , n). 

ve 

~ (Mx8xx  + M28x2  + ...  + Mn8xn)  = 0, 

;es  of  (8xX)  8x 2,  ...,  8xn)  are  to  be  determined  by  the  ex- 
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tended  system  of  differential  equations  introduced  in  the  last  article;  and 
therefore 

5 (dMr.  d . 8xr\ 

or  2 K + 2 |Mr  X*&v  + -¥„  2 Bcck)  = 0. 

r=i  V dt  *=i  d#*  *=i  d#&  / 

Since  ($a^,  &r2,  ...,  S#n)  are  independent,  the  coefficient  of  each  quantity 
K this  equation  must  be  zero : and  consequently  the  conditions  for 
integral-invariancy  are 


dM  n ?)M  n ?Y, 

our+  2 **zXh+  2 Mkd-p  = 0 

dc  *=i  d«*  a=i  da?r 


(r  = 1,  2, 


Corollary  1.  If  an  integral  of  the  differential  equations,  say 
. F (xly  x2 , , xny  t)  = constant, 

is  known,  we  can  at  once  determine  an  integral-invariant. 

For  we  have 

^dFdX* 

k=idxk  dxr 


d /BF}  | _a _/dF 
dt  \dxrJ  ^=1  dxjc  \dxr 


xh+  2 J-  = x\ 

oxr  \dt  k=idxk  J 


_ _0_  fdF\ 
dxr  \dt) 


and  therefore  the  expression 


= 0. 


/( 


n BF 
2 Sxr 
r=i  dxr 


is  an  integral-invariant. 

Corollary  2.  The  converse  of  Corollary  1 is  also  true,  namely  that  ij 
J [ Bx  ^7  2,5  integral-invariant  of  the  differential  equations , wAere  [7  w 

a given  function  of  the  variables , then  an  integral  of  the  system  can  be  found. 
For  we  have 

° = 4(U)+  2 

dt  \dxrJ  k=1  oxk  \dxr)  %=idxkdxr 

= ± ( d_U,  3 dU  „\M 
Bxr\Bt  k=i  dxk  7 ’ 
and  consequently  the  expression 

a*  £ia*  *’ 

which  is  a given  function  of  («„  i»n,  t),  is  independent 

let  its  value  be  this  is  a known  quantity. 


their  Integral-Invariants 


265 


118,  114] 

Then  we  have 


dU 


or 


U 


—Jcf)(t)dt  = 


constant ; 


and  this  is  an  integral  of  the  system. 


114.  Relative  integral-invariants. 

Hitherto  we  have  only  considered  those  integral-invariants  which  have 
the  invariantive  property  when  the  domain  of  the  initial  values,  over  which 
the  integration  is  taken,  is  quite  arbitrary;  these  are  sometimes  called 
absolute  integral-invariants.  We  shall  now  consider  integrals  which  have  the 
invariantive  property  only  when  the  domain  over  which  the  integration  is 
taken  is  a closed  manifold  (using  the  language  of  ?i-dimensional  geometry) ; 
these  are  called  relative  integral-invariants. 

The  theory  of  relative  integral-invariants  can  be  reduced  to  that  of 
absolute  integral-invariants  in  the  following  way. 

Let  J (M18x1  + M28x2+  ...  + Mn8xn) 


be  a relative  integral-invariant  of  the  equations 

(r  = 1,2. 

where  (. M1}  M2l  ...,  Mn,  Xx,  X2,  ...,  Xn)  are  functions  of  (x1}  x2,  ...,  xn,  t);  so 
that  this  expression  is  invariable  with  respect  to  t when  the  integration  is 
taken,  in  the  space  in  which  (xlt  x2,  ...,  xn)  are  coordinates,  round  the  closed 
curve  which  is  the  locus  at  time  t of  points  which  were  initially  situated  on 
some  definite  closed  curve  in  the  space. 


By  Stokes’  theorem,  this  integral  is  equivalent  to  the  integral 


//, 


(dMi  dMj\  g g 

\dx3  dxj6^ 


where  the  integration  is  now  taken  over  a diaphragm  bounded  by  the  curve ; 
this  diaphragm  can  be  taken  to  be  the  locus  at  time  t of  points  which  were 
originally  situated  on  a definite  diaphragm  bounded  by  the  initial  position  of 
the  closed  curve : and  since  the  diaphragm  is  not  a closed  surface,  this  integral 
is  an  absolute  integral-invariant  of  order  two  of  the  equations. 


Similarly,  by  a generalisation  of  Stokes’  theorem,  any  relative  integral- 
invariant  of  order  p is  equivalent  to  an  absolute  integral-invariant  of 
order  (p  + 1). 
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115.  A relative  integral-invariant  which  is  possessed  by  all  Hamiltonian 
systems. 


Consider  now  the  case  in  which  the  system  of  differential  equations  is  a 
Hamiltonian  system,  so  that  it  can  be  written 

dq,_SH  dp1__dH 

dt  dp/  dt~  Sqr  ^ 

where  H is  a given  function  of  (qlt  q2,  qni  px,  p2,  pn,  t). 

For  this  system  let 

Ft  = ( Ldt 


denote  Hamilton’s  integral,  so  that  L is  the  kinetic  potential ; let 
(cfi,  cc2 , •••>  an)  f3i,  /3 2 , • #.,  fin) 
be  the  initial  values  of  the  variables 

(?l>  ?s.  •••.  q*,Pl,  p„  ■■■,Pn) 

respectively,  and  let  8 denote  the  variation  from  a point  of  one  orbit  to  the 
contemporaneous  point  of  an  adjacent  orbit.  By  § 99,  we  have 

n n 

= S pr8qr  — 2 Pr8oir. 

r— 1 r= 1 

Let  C0  denote  any  closed  curve  in  the  space  of  2 p dimensions  in  which 
(qi,  #2>  •••?  qn>  Pn  Pz>  are  coordinates,  and  let  G denote  the  closed 

curve  which  is  the  locus  at  time  t of  the  points  which  are  initially  on  C0. 
Integrating  the  last  equation  round  the  set  of  trajectories  which  pass  from 
G0  to  C,  we  have 

r n r n 

2 prSqr=  2 /3rSotr, 

J C r= 1 J Co  r= 1 

r n 

and  this  equation  shews  that  the  quantity  2 pr8qr  is  a relative  integral- 

J r= 1 

invariant  of  any  Hamiltonian  system  of  differential  equations. 


116. 


On  systems  which  possess  the  relative  integral-invariant 


We  shall  next  study  the  converse  problem  suggested  by  the  result  of 
the  last  article,  namely  that  of  determining  all  the  systems  of  differential 

r n 

equations  which  possess  the  relative  integral -invariant  I 2 pr8qr , where 

J r=l 

(q1}  q2i  qn)  are  half  the  dependent  variables,  and  (p1}  p2,  ...,pn)  are  the 
other  half. 

Consider  then  a system  of  ordinary  differential  equations  of  order  2 n in 
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which  the  variables  can  be  separated  into  two  sets,  (q1}  q2,  ...,  qn)  and 
(pi,  P*,  ' ” > Pn)>  such  that 


J(Pi8qi  + P2$q2  + ---  + pn  $qn) 


is  a relative  integral-invariant  of  the  equations,  and  consequently  by  Stokes’ 
theorem 


/M h 


Mi  + $p28q2  + . . . + Spn8qn) 

is  an  absolute  integral-invariant. 

Let  the  system  of  differential  equations  be 

t f-f-  fr-1’2 »>' 

where  (Q1}  Q2 , Qn,  Pl5  P2,  Pn)  are  given  functions  of 

(?!>  ?>,  —,q»,Pi,ih,  ■■■, pn . 0- 

As  the  domain  of  integration  of  the  absolute  integral-invariant  is  of  two 
dimensions,  we  can  suppose  that  each  point  in  it  is  specified  by  two  quantities 
X and  ya,  which  do  not  vary  with  the  time  but  are  characteristic  of  the  tra- 
jectory on  which  the  point  in  question  lies.  The  absolute  integral-invariant 
can  therefore  be  written  in  the  form 


//(i. 


d(qi,Pi) 


dXdjji, 


i= i 9 p) 

and  as  X and  ya  do  not  vary  with  the  time,  we  must  have 

dt  i= i 0 (X,  ya) 


or 


or 


fd  (Qi,  Pi)  . 3 (#,  -P<> 


2 2 


*5l  1 0 (X,  ya)  + 0 (X,  ya) 

SQi  9 (g*,  jX)  d(pk,pi)  dPi  0 fe,  0Pi  0 Pk)}  _ 


= 0. 


i=l  *=1  ( 0g*  0 (X,  /*)  0£>fc  0 (X,  ya)  0<ft.  0 (X,  ya)  0^  0 (X,  ya) 

Owing  to  the  complete  arbitrariness  of  the  domain  of  integration  and 

the  choice  of  X and  ya,  the  coefficients  of  ^ ^ ~ and  ^ ^ in  this 

0X  Ojbb  0X  0ya  0X  0ya 

equation  must  vanish  separately.  We  thus  obtain 


dQj  dP*  ft 

a?* 

ap._ap*  = 0 

ag&  0^ 

aft_a&  = 0 

a^*  0pi 


(f,  k = 1,  2,  n). 
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These  equations  shew  that  a function  H (qx,  q2,  ...,  qn,  p1}  p2,  t) 

exists  such  that 


nJE.  p -AA 

dpr’  r dqr 

and  thus  we  have  the  result  that  if  a system  of  equations 


dqr  _ ~ 

dt  ~ ^ 


dpr_ 

dt  r 


0=1,  2,  n)\ 


0 = 1,  2,  ...,  n), 


possesses  the  relative  integral-invariant 

J(p1Sq1+p2Sq2+  ...  +pnSqn), 

then  the  equations  have  the  Hamiltonian  form 

dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 

this  is  the  converse  of  the  theorem  of  the  last  article. 
Corollary.  If 

f(pMi  +p2Sq2+...  +pnSqn ) 
is  a relative  integral-invariant  of  a system  of  equations 


0=1,  2,  ...,  n); 


dq 


dpr 


L — 0 — P 

dt~^ri  dt~  r 


0 = i»  2>  •••>  &)> 


where  k is  greater  than  n,  it  follows  in  the  same  way  that  the  equations  for 
(qx,  <?2,  •••,  qn>  Piy  P^y  • ••,  pn)  form  a Hamiltonian  system 

dqr  dH  dpr  dH  / a \ 

dt=Wr'  (r“1'2'-*W)* 

where  H is  a function  of  {qx,  q2,  ...,  qn,  px,  p2,  ...,pn)  t)  only,  not  involving 
(tfn+i)  qn+2 ) •••,  qk)  Pn+i)  Pk )• 

117.  The  expression  of  integral-invariants  in  terms  of  integrals. 

If  the  solution  of  a system  of  differential  equations 


d-^  = Xr{xltx2,  ...,xn,  t) 


0=i,  2, 


is  known,  the  absolute  and  relative  integral-invariants  of  the  system  can 
easily  be  constructed. 

Thus,  let 

yx  {xx , x2 , . . . , xn , — cx , y2  (xx , x2 , . . . , xn , t ) = C2 , • • • , yn  (*^1 j ^2 > •••,  , 

where  cx,  c2,  . ..,  are  constants,  be  n integrals  of  the  system ; the  absolute 
integral-invariants  of  order  one  are  evidently  given  by  the  formula 


J (NxByx  + H28y2  + ...  + Nn  dyn), 
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where  (Kx,  N2y  Kn)  are  any  functions  of  (yx,  y2,  ...,  yn)  which  do  not 
involve  t:  and  the  relative  integral- invariants  of  order  one  are  given  by  the 
formula 

J (N i tyi  + 2%2  + . . . + K n8yn  + 8F)j 

where  F is  any  function  of  (xx,  x2,  . ..,  xn , t ),  since  the  term  JsF  vanishes 

when  the  domain  of  integration  is  closed. 

It  follows  from  this  that  any  system  of  differential  equations  possesses  an 
infinite  number  of  absolute  and  relative  integral-invariants  of  the  first  order. 

118.  The  theorem  of  Lie  and  Koenigs. 

The  preceding  results  enable  us  to  establish  a theorem  due  to  Lie*  and 
Koenigs  f on  the  reduction  of  any  system  of  ordinary  differential  equations  to 
the  Hamiltonian  form. 

Let  ^ = Xr  (r  = 1,  2,  k), 

be  the  given  system  of  equations,  and  let 

J (fl  &X1  + ft  &»2  + • • • + %Jc&Xk) 

be  any  relative  or  absolute  integral-invariant  of  order  one  of  this  system, 
where  %x,  f2,  ft,  are  given  functions  of  the  variables:  we  have  seen  in 
the  last  article  that  an  infinite  number  of  such  integral-invariants  exist. 

Now  let  the  differential  form 

ft  Sxx  -+-  ft&c2  + . . . + ft&Bfc 

be  reduced  to  the  canonical  form 

pffqi  + pM*  + • • • +Pn$qn  ~ SO, 

where  (pi,  p2,  ... , pn , ?i,  q^  •••,  qn, 

are  independent  functions  of  (xXi  x2,  . ..,  xk),  in  number  not  greater  than  k, 
and  where  O may  be  zeroj.  Let  ( uXiu2 , . ..,  uk_2n)  be  a set  of  other  functions 
of  (xx,  x2,  . . . , xk),  such  that  (uX)  u2,  ...,  uk_m,  qx,  q2j  ...,  qn,px,p2,  ...,pn)  are 
a set  of  k independent  functions  of  (x1}  x2,  ...,  xk);  and  suppose  that  the 


* Archiv  for  Math,  og  Natur.,  1877. 

+ Comptes  Rendus,  cxxi. 

X The  proof  of  the  possibility  of  this  reduction  (which  however  requires  in  general  the 
solution  of  a number  of  ordinary  differential  equations)  will  be  found  in  any  treatise  on  Pfaff’s 
problem. 
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system  of  differential  equations,  when  expressed  in  terms  of  these  k functions 
as  independent  variables,  becomes 

3r-«"  ts-p-  <r-1'2 *>■ 

d^=us  («  = 1,  2,  . . . , ft  — 2w), 

where  (Q1}  Q2,  Qn,  P1}  P2,  Z7a,  • ••,  £4-2n)  are  functions  of  the 

new  variables. 


The  expression 


J (Pifyi  + ^2^2  + • • • + Pnfyn) 


is  an  integral-invariant  (relative  or  absolute)  of  this  system,  since  integral- 
invariancy  is  a property  unaffected  by  such  transformations  as  have  been 
performed:  and  consequently  it  follows  (§  116)  that  the  first  2 n equations 
have  the  form 


dqr  dH  dpr  dH  , _ . . 

(r  = 1,  2,  , n), 

dt  dpr  dt  dqr  7 

where  H is  a function  of  (qx,  q2,  ...,  qn,  pu  p2,  ...,  pn,  t)  only.  The  given 
system  of  differential  equations  is  thus  reduced  to  a Hamiltonian  system  of 
order  2 n,  together  with  the  (k  — 2 n)  additional  equations 


dUg  XT 

~df^  6 


(5  = 1,  2,  ...,  k-2n). 


119.  The  Last  Multiplier. 


Before  proceeding  to  discuss  integral-invariants  of  higher  order  than  those 
hitherto  considered,  we  shall  introduce  the  conception,  due  to  Jacobi,  of  the 
Last  Multiplier  of  a system  of  equations. 


Let 


doc i _ dx 2 _ _ dxn  _ dx 

X1"X2==‘"~X^~X> 


where  (Zj,  X2,  . . . , Xn,  X)  are  given  functions  of  the  variables  (xx,  x2, . .. , xn , x), 
be  a given  system  of  equations:  and  suppose  that  (n  — 1)  integrals  of  this 
system  are  known,  say 

fr(x  1,  0C2,  xn , x)  =ar  (r  = 1,  2,  n- 1). 

From  these  equations  let  (x1}  x2,  . ..,  xn _i)  be  expressed  as  functions  of  xn 
and  x : then  there  remains  only  the  solution  of  the  equation  of  the  first 
order 

dxn  dx 

XJ  = X'> 

to  be  effected;  in  which  accents  are  used  to  denote  that  (xX)  x2,  ...,irn_1) 
have  been  replaced  in  Xn  and  X by  the  values  thus  obtained. 
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We  shall  shew  that  the  integral  of  this  equation  is 
I'M' 

/ (X'  dxn  — Xn'dx)  = constant, 

where  M denotes  any  solution  of  the  partial  differential  equation 

k <"■>  * k <"•>  * ■ ■ ■ * k (i“-> + k <"> " “■ 

and  A denotes  the  Jacobian 

d (fi > f 2>  •••>  fn— l) 

0 (#?!  , #?2  , • • • j ^71— l) 

The  function  M is  called  the  Last  Multiplier  of  the  system  of  differential 
equations. 

For  the  proof  of  this  theorem,  we  shall  require  the  following  lemma  : 

If  a system  of  differential  equations 

0 = 1,  2,  ...,n), 


dxr  _ v 
~dt~Xr 


is  transformed  by  change  of  variables  into  another  system 

dyr=v 
dt  r 


0 = 1,  2,  n), 


then 


| dXr=l  | 0 (DYr) 
r= 1 dxr  Dr=1  dyr 


where  D denotes  the  Jacobian 


0Q?!,  x2,  ...,  xn) 

9 y2,  2/*0’ 


To  prove  this,  we  have 


£ ^ = £ — f £ V d-^\ 

r=idxr  ~r=1dxr\k=1  kdyJ 

f n 

(2 

• U=i 


= 22  'pfi  2 Ft  ^ 

r=l  s = l ^2/s 


n n n 


tyj 

d*xr  0 F&  dxr 


dxr\ 

duj 


= 2 2 t u^lTkff^-  + — — 

r= i s= i &=i  <wr  V oysdyk  dys  dyk 

In  this  expression  the  coefficient  of  dYJdys  is  £ which  i 

*.=1  oxroyk 


is  zero 

* — x / ~ CJ 

or  unity  according  as  s is  different  from,  or  equal  to,  h.  Also  dys/dxr  = AJD, 
where  Ars  denotes  the  minor  of  dxr/dys  in  the  determinant  D : so  the  coefficient 
of  Yk  in  the  above  expression,  which  is 

| | dy.  d*xr 
r=i  s=i  dxr  dysdyk  5 
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can  be  written 

1 71  71  Tfi'Y' 

1 ^ ^ j 


or 


8 (#g , x 2, . . . , xr_x , dxrldyk , fly+i , . . . , a?n) 

^r=i  9(yi,  y2,  ...,  yn) 

ldD 
Ddyu 


We  have  therefore 


| azr=  | ai*  | F j- ai) 

r=i  dxr  k=1  dyk  k=1  k ' D 9y* 

= 1 | 3(Jr>) 

which  establishes  the  lemma. 

Now  in  the  original  problem  write 

dxx  _ dx 2 _ _ _ dx 

and  consider  the  change  of  variables  from 

(j^ii  •••)  to  Ctti,  0^2)  •••)  ttn—i  > 

by  the  lemma,  we  have 

. 3*.  , 0X  8Z 

dx1  dx2  “ dxn  dx  \dxn\A' ) dx  \A' 

so  the  quantity  M,  which  is  a solution  of  the  equation 


= dt, 


1 dM  dX1  dX2 


M dt  ^ dxx 
satisfies  the  equation 


dx. 


+ ...  + 


dx„  dx 


+ F = o. 


dxn  dx 


AM  dt  + dxn(  A')  + A,'~0, 


dx  V A 


or 


d(Xn'M'\  d (X'M\  _ 
dxA  A'  J + dx\  A'  J u’ 


which  shews  that  the  expression 

^(X'dxn-x:dx) 

is  the  perfect  differential  of  some  function  of  xn  and  x ; this  establishes  the 
theorem  of  the  Last  Multiplier. 

Boltzmann  and  Larmor's  hydrodynamical  representation  of  the  Last  Multiplier. 

The  theorem  of  the  Last  Multiplier  can  also  be  made  apparent  by  physical  con- 
siderations. For  simplicity  we  shall  take  the  number  of  variables  to  be  three,  so  that  the 
differential  equations  can  be  written 

dx  _ dy  _ dz 
u v w ’ 
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where  («,  «,  w)  are  given  functions  of  (*,  y,  z) ; and  the  last  multiplier  M satisfies 
the  equation 

This  equation  shews  that  in  the  hydrodynamical  problem  of  the  steady  motion  of 
a fluid  in  which  (u,  v,  w)  are  the  velocity-components  at  the  point  (x,  y,  z\  the  equation  of 
continuity  is  satisfied  when  M is  taken  as  the  density  of  the  fluid  at  the  point  (x,  y,  z ). 

Now  let  cf)(x,y,z)  = C 

be  an  integral  of  the  differential  equations  ; then  the  flow  will  take  place  between  the 
surfaces  represented  by  this  equation ; thus  we  can  consider  separately  the  flow  in  the 
two-dimensional  sheet  between  consecutive  surfaces  C and  C+  dC.  The  flow  through  the 
gap  between  any  two  given  points  P and  Q on  C must  be  the  same  whatever  be  the 
arc  joining  P and  Q across  which  it  is  estimated  : and  since  the  flow  across  arcs  PR  and  RQ 
together  is  the  same  as  that  across  PQ,  we  see  that  the  flow  across  an  arc  joining  P and  Q 
must  be  expressible  in  the  form  f(Q)-f(P).  So  if  ds  denote  an  element  of  this  arc,  and 
y the  (variable)  thickness  of  the  sheet,  so  that  r={(00/0ar)>  + (00/3y)*  + (fo/foy*}-*  m 8C,  and 
if  £ denotes  the  velocity-component  perpendicular  to  ds,  we  have 

fQpMfrds=f(Q)-f(P), 

so  that  M£rds  is  the  perfect  differential  of  a function  of  position.  But  it  is  easily  seen 
that  this  expression  can  be  written  in  the  form  MSG  (v  dx  - u dy)/d(f>/dz ; and  consequently 

M(vdx  — u dy) 

00/02 

is  a perfect  differential : this  is  the  theorem  of  the  last  multiplier  for  the  case  con- 


120.  Derivation  of  an  integral  from  two  multipliers. 

Suppose  now  that  two  distinct  solutions  M and  N of  the  partial  differential 


equation  of  the  last  multiplier  have  been  obtained,  so  that 


_9 

dxx 


_0 

'dx2 


Xi  — + X2  ^ — t-  . . . + Xn 


and 


+ x£)1°g^+^+-5r-*  + ...  + ~^  + 


aXj 

dxx 


dx, 

dx2 


dX* 

dx„ 


ax 

dx 


0, 


xf  +X1~  + ...  + Xn~  + X — 

■ dos,  dxn  dx 


aXj 

dxx 


d_X2 

dx2 


l08N+Tf+ff  +-■+-—  + 


Subtracting  these  equations,  we  have 


dxn 


ax 

dx 


0. 


Zl  L+X'h+-+X'  in+ x £) log  f = 0 ; 


but  this  is  the  condition  that  the  equation 


log  (MIN)  = constant 
shall  be  an  integral  of  the  system 

dxx  = doc2_  _ dxn  dx 

'{  X1  X2~'~~Xn-X’ 

and  we  have  therefore  the  theorem  that  the  quotient  of  two  last  multipliers  of 
a system  of  differential  equations  is  an  integral  of  the  system. 

W.  D. 
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The  reader  who  is  acquainted  with  the  theory  of  infinitesimal  transformations  will  be 
able  to  prove  without  difficulty  that  if  the  equation 


r df  + x df  + _i_  y 


admits  the  infinitesimal  transformations 

then  the  reciprocal  of  the  determinant 

X,  X2  ... 


dx„  ' dx 


f,el/ 


+iindx„+^dx 


(»'=!»  2 «), 


,X„ 

In  I12  Im 


!„ 


In 


is  a last  multiplier. 

121.  Application  of  the  last  multiplier  to  Hamiltonian  systems : Liou- 
villes  theorem. 

If  the  system  of  differential  equations  considered  is  a Hamiltonian  system,) 
we  have  evidently  20Xr/0#r  = 0,  and  consequently  M = 1 is  a solution  of  the) 

r 

partial  differential  equation  which  determines  the  last  multiplier ; so  the  lastl 
multiplier  of  a Hamiltonian  system  of  equations  is  unity. 

From  this  result  we  can  deduce  a theorem  due  to  Liouville*,  which j 
enables  us  to  integrate  completely  any  conservative  holonomic  dynamical 
system  with  two  degrees  of  freedom  when  one  integral  is  known  in  addition) 
to  the  integral  of  energy. 

Let  the  system  be 

dqx  _ dq2  dp1  dp2 
dH~dH~  _m~  _dH 
dpx  dp2  dqx  dq2 
and  in  addition  to  the  integral  of  energy  Ht(q1,  q2,  plf  p2)  = h,  let  an  integral 
V (qlf  q2,px,pd)  = c be  known.  From  the  theorem  of  the- last  multiplier  il 
follows  that 

1 


dt, 


I 


H vjT)  {If  dqi  ~d^d^  = oonstant 


d(P i>Pi) 

is  another  integral ; where,  in  the  integrand,  p1  and  p2  are  supposed  to  be 
replaced  by  their  values  in  terms  of  qx  and  q2  obtained  from  the  knowrj 
integrals  H and  V. 

But  if  we  suppose  that  the  result  of  solving  the  equations  H = h anc 
V=c  for  p j and  p2  is  represented  by  the  equations 

Pi  =/i  (?i,  g«,  K c). 

.Pi  =/2  (?i,  (fr,  h,  c), 

* Journal  de  Math.  v.  (1840),  p.  351. 


{ 
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then  we  have  identically 


and  therefore 


aa;^  affa^ 

dp1  dc  dp2  3c  ’ 

3F3A  0F3/2 

dpt  dc  3 p2  dc  ’ 


df1  = 

3c 


dH 

dp. 


nv.ay 

d(Pi.Pi) 


_ dH 

3/8  3pi 

3c  3 (V,H)’ 


d(Pi,Pt) 

so  the  theorem  of  the  last  multiplier  can  he  expressed  by  the  statement  that 


K 


+ dq. 


3c^3e 

is  an  integral. 

This  result  leads  directly  to  the  theorem  of  Tiouville  already  mentioned, 
which  may  be  thus  stated:  If  in  the  dynamical  system  defined  by  the  equations 

dqr  _ dH  dpr  _ dH 

dt  dpr’  dt  dqr  (r==  2)’ 

the  integral  of  energy  is  H (qu  q2,  pu  p2)  = h,  and  if  V(qu  q2,  plt  p2)  = c 
denotes  any  other  integral  not  involving  the  time,  then  the  expression 
fPidqi+  p2dq2,  where  p1  and  p2  have  the  values  found  from  these  integrals, 
fs  the  exact  differential  of  a function  0(qu  q2,  h,  c) ; and  the  remaining 
integrals  of  the  system  are 


d6  ip  , d0 

= constant,  and  ^ = t + constant. 


ai)( 


This  amounts  to  saying  that  if  any  singly-infinite  family  .of  orbits  is 
selected  (e.g.  the  orbits  which  issue  from  a point  ?I  = a1;  g2  = a2)  which  have 
.he  same  energy,  so  that  to  any  point  (qlt  q2)  there  correspond  definite  values 
if  p,  and  p2  (namely  the  values  of  p2  and  p2  corresponding  to  the  orbit  which 
‘lasses  through  the  point  q1:  q2  and  belongs  to  the  family),  then  the  value  of 

he  integral  Jpldq1+p2dq2  taken  along  any  arc  joining  two  definite  points 

ho,  ?2o)  and  (qn,  q21)  is  independent  of  the  arc  chosen. 

To  complete  the  proof  of  Liouville’s  result,  we  have  on  differentiating  the 
quations  H = h and  V = c, 


SffdH'4f,dHdf_n 

3 2i  3pi  dq2  3p2  dq2 

dV.dVdf  dVdf_. 

3?i  0Pi  3 21  dp2  dq. 


18—2 
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d(V,H) 


-!#?$>■ 

3 ( Pi > P*) 


8(F,ff) 

d (pi,  p2) 

But  since  F = c is  an  integral,  we  have 


or 


and  therefore 


dV  dV . 9F.  ,07.. 

ajfj)  ,s(F,g)_„ 
0(?i>Pi)  3 (<?2>  pa) 

0/. 


^_^  = 0. 

9?1  0?2 

This  equation  shews  that  /,<**,+/,<*?.  is  the  perfect  differential  of  somel 
function  0(gx,  ga,  fc,  c) : and  the  result  derived  above  from  the  theory  of  the 
last  multiplier  shews  that  dO/dc  = constant  is  an  integral. 


Moreover,  we  have 


and  therefore 


dt  = 


dq i 


dq-i  _ 

dHIdp 1 dH/dpi 


dt  = 


0F7  dV  , 


d (F,  g)  ' 

9 (j>2,  Pi) 

But  obtaining  dfjdh  and  df2/dh  in  the  same  way  as  d/Jdc  and  dfi/dc  wer 
found,  we  have 

3F  0T 

dj\  _ dp,  , 0/a 

dh 


0 (p2,  Pi) 


, 0/2_ 

and  as-afF,^)’ 


0(Pi>P») 


Consequently 


<ft=Sd2i+l idq*’ 

t = + constant, 

dh 


or 


which  completes  the  proof  of  Liouville’s  theorem. 

In  the  problem  of  two  centres  of  gravitation  (§  53),  if  (r,  r">  ,den.0*6  tJ 
radU  v31  to  the  centres  of  force,  and  (ft  ft)  the  angles  formed  by  r,  ✓ wrth  t| 
line  joining  the  centres  of  force,  obtain  the  integral 

rV206'  - 2c  (/x  cos  0 + p cos  & ) = constant, 

and  hence  complete  the  solution  by  Liouville’s  theorem. 


J 
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122.  Integral-invariants  whose  order  is  equal  to  the  order  of  the 
system. 

The  theory  of  the  last  multiplier  of  a system  of  differential  equations  is 
connected  with  that  of  the  integral-invariants  whose  order  is  equal  to  the 
order  of  the  system. 

Let  W=Xr  (r  = 1,  2,  k), 


where  (Xly  X2,  Xk)  are  given  functions  of  (xly  x2,  ...,xk,  t ),  be  a system 
of  ordinary  differential  equations ; and  let  us  find  the  condition  which  must 
be  satisfied  in  order  that 

/ f f 

may  be  an  integral-invariant,  where  M is  a function  of  the  variables. 

Let  (c1}  c2)  ck)  be  any  set  of  constants  of  integration  of  these  equations, 
so  that,  by  solving  the  equations,  x2,  ...,  xk)  can  be  expressed  in  terms 
of  (ci,  c2,  ...,  cky  t).  Then  we  have 


...a,-///.../* 


d (x1 , x2 , . . . , xk) 
0 (Cj,  C2,  ... , Ck) 


8c}Sc2  . . . Sck , 


and  therefore  the  condition  of  integral-invariancy  is 


or 


dM  0 (jx)i , x2 , 
dt  0 (cj,  c2 , 


d \Md(x1}x2,  ...,xk)}  _ 
dt  r 0 (cx,  c2,  ck)] 

xk)  _J - M ^ ^ a'2’  ' ' ' ’ Xr,  Xr+1,  . ..,  Xk) q 

Ck)  r= 1 9 (Ci,  C2,  C&) 


or 

pr 


dM  0 (#i,  #?2,  • • • , xk)  ^ 0J?^r  0 (Xij  x2, 

dt  0 (Cj,  C2}  •••)  Ck)  r=l  8xr  0 (Cj,  C2, 


<£flf 

eft 


+ 1/1  a#r  = o, 

^=1  oxr 


which  shews  that  M must  be  a last  multiplier  of  the  system  of  equations. 

This  result  gives  immediately  the  theorem  that  for  a dynamical  system 
whose  motion  is  determined  by  the  equations 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


where  H is  any  function  of  (q1}  q2,  ...,  qn,  Pi,Pz,  . pn,  t),  the  expression 


Jff.-fSq^...  8qnSp18p2...  8p7 


is  an  integral-invariant ; since  in  this  case  unity  is  a last  multiplier.  This 
theorem  is  of  importance  in  the  applications  of  dynamics  to  thermodynamics 
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of  freedom,  let  the  energy-integral  when 


Example.  For  a system  with  two 
solved  for  px  take  the  form 

?2>  Pi,  Pi,  h)+px  = Q. 

Shew  that,  for  trajectories  which  correspond  to  the  same  value  of  the  constant  of 
energy,  the  quantity 


BIT 

dh 


is  independent  of  t and  also  of  the  choice  of  coordinates  : and  hence  shew  that  the 
trajectories  of  the  problem  can  be  represented  as  the  stream-lines  in  the  steady  motion 
of  a fluid  whose  density  is  dff'/dh. 


123.  Reduction  of  differential  equations  to  the  Lagrangian  form. 

Another  question  to  which  the  theory  of  the  last  multiplier  can  be 
applied  is  the  following : To  find  under  what  conditions  a given  system  of 
ordinary  differential  equations  of  the  second  order 

qn,  qu  q2,  qn)  (k=  1,  2,  ...,  n) 

is  equivalent  to  a Lagrangian  system 


d /3Z\  dL 
dt  \dqr)  dqr 


(r  = l,  2, 


where  L is  a function  of  (qlf  q2,  ...,  qn,  qu  q2f  qn,  t). 
If  these  two  systems  are  equivalent,  the  equations 


2 

k= 1 


d2L  ..  d2L 
qic  + 


qk  + 


a 2L 


= 0 

dqrdt  dqr 


(r=l,  2,  ...,n\ 


.dqrdqk  '±K  ' d qrdqk 

must  evidently  reduce  to  identities  when  the  quantities  qk  are  replaced  by 
the  expressions  fk ; and  therefore  the  required  condition  is  that  a function  L 
shall  exist  satisfying  the  simultaneous  partial  differential  equations 


2 

Jc= 1 


( d*L  d2L  . \ 
\dqrdqk  dqrdqk  qk  ) 


a 2L 


a 2L 


dqrdqk  dqrdqk 


dqrdt  a q 


= 0 


(r  = l,  2, 


where  (qly  q2,  qn,  qly  q2, ...,  qn,  t)  are  regarded  as  the  independent  variables , 


. 


When  n = l,  the  question  can  be  solved  in  terms  of  the  last  multiplier. 
For  the  equation  satisfied  by  L is  then 


dfL  a 2L  a 2L  a l 

a q2''  dqdqq  dqdt  dq  ’ 


from  which  we  have 


d (& L f\=d  (d*L  q 1 


3 q \d <f  J ) a q \dqdq  * dqdt  dq 


__  cL\ 
dq) 


a3x 


dtfdq  q + dq2dt 


dsL 

^ i ) 


and  therefore  if  we  wrife  d2L/dq2  = M,  the  function  M satisfies  the  equation 
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but  this  is  the  equation  defining  the  last  multiplier  M of  the  system  of 
equations 

dq 

q /(2>  q,  t)  ’ 


and  therefore  when  n — 1,  the  determination  of  the  function  L reduces  to  the 
determination  of  the  last  multiplier  of  the  system. 


124.  Case  in  which  the  kinetic  energy  is  quadratic  in  the  velocities. 

When  n > 1,  the  most  important  case  is  that  in  which  each  of  the  functions  f. 
consists  of  a part  Fr  which  is  homogeneous  and  of  the  second  degree  in  {qx,  q2,  ... , qn)  and 
a part  Gr  which  does  not  involve  (q^  q2,  ...,  qn ),  and  it  is  required  to  determine  whether 
the  equations 

qr  = Fr+Gr  (r  = 1,  2,  n\ 

are  equivalent  to  a system 

[ (r-1,  8, 

where  T is  homogeneous  and  of  the  second  degree  in  (j1?  q2,  qn)  and  also  involves  the 
variables  {qu  q2,  ...,  qn),  and  (Qlt  Q2,  ...,  Qn)  are  functions  of  (qlt  q2,  qn)  only. 

The  value  of  T is  clearly  not  dependent  on  (6rl5  6r2,  ...,  Gn),  and  therefore  we  can 
consider  the  problem  in  which  (6q,  G2,  ...,  Gn)  are  zero,  i.e.  the  problem  of  finding 
a function  T such  that  the  equations 

qr  = Fr  (r=  1,  2,  ...,  n), 

are  equivalent  to  the  system 


d(M!\_dT=0 

dt  \dqrJ  dqr 


(r=l,  2,  ...,  n). 


The  condition  for  this  is  the  existence  of  a function  T satisfying  the  partial  differential 
equations 

d2T  . dT  , , n 

qk-*—  = Q (r=  1,  2,  n). 


d2T  „ » 

2 a.  — Fk+  2 


k=i  dqrdqic  fc=i  dqrdqk  * dq , 


Since  Fk  is  homogeneous,  we  have  2 qsdFk/dqs=2Fk,  and  therefore 

S = 1 


; d‘T  p_i  ; ; . w*  vt 

2 „ -tic— 2 2 ^ q* 

s=lfc=l 


*=i  dqrdqic  ‘ K 2 s=iiZi  28  dq8  dqrdqk 

_ » . _0_  A » 0^  0^\  _ 71  • 1 71  ffT 

~~5=i?89?r \2fc=i  9&/  s2i^8‘  2fc2i  9?** 

But  since  dF/dqr  is  homogeneous,  we  have 


(r=l,  2,  ...,  n) 


and  therefore 


dF*=  s ^ 
9?r  s=i  89^9?s’ 


1 ** _ ; , A (i ; dJ\_i ; ^ ^ 

fc  s=i?sg^  fc=1  dqj  2k=1  dqr  dq 


dT 

'k 


k= i dqrdqk 

The  equations  to  be  satisfied  by  T may  consequently  be  written 

i 5 dFk  dT 


l . d fn  dFk  dT\ 

2qs?r^(%2  ~ 2 ^r-+  2 

=i  tyr  \ k=i  9?8  dqj 


d2T  dT 

~ M • o • -t  - — 5— = 0 (r=l,  2,  ...,  n), 

k=\  oqr  dqk  s=i  dqr  dq8  2 dqr 


5 j .®  (i  1 p + H - (i  1 Pl?  + dJ)-0  (r-l,  2,  ... 

i 9$V  \2  *=i  9?s  dgj  \2fc=i%r  dqkdqj  v ’ ’ 


or 
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and  evidently  these  can  be  replaced  by  the  equations 


1 » dF\  07  d_T 
^Jc= 1 % fyk  + 


(r  = l,  2,  w). 


Thus,  writing  fr  for  (Fr+  Or\  we  have  the  theorem  that  if  the  system  of  equations 

qr=fr  (r=l,  2,  n), 

where  fr  consists  of  a part  which  is  homogeneous  of  degree  two  in  the  velocities  and  a 
part  which  does  not  involve  the  velocities , is  reducible  to  the  form 


d_  fd_T\ 
dt  [dqj 

then  T must  be  an  integral  of  the  system 


\l^qr  dq*dq* 


(r=l,  2,  n), 

(r=l,  2,  n). 


Miscellaneous  Examples. 


1.  In  the  problem  of  two  centres  of  gravitation,  the  distance  between  the  centres  of 
force  is  2c,  and  the  semi-major  axes  of  the  two  conics  which  pass  through  the  moving 
particle  and  have  their  foci  at  the  centres  of  force  are  (q1}  q2).  Writing 


_gi2-?22  „ _<li_ Zll  d± 

qf-c 2 dt  ’ ^2  c2  — q22  dt 


shew  that  the  equations  of  motion  are 


dqr  _ bHr  dpr  _ d!Tr 
dt  dpr  ’ dt  dqr 


1 


where 

‘qf- 

and  and  /x2  are  constants. 
2.  Shew  that 


2~C%2,  1 C2~g22  2 

?2aPl  +*2i-iiP  2i“2s 


//// 


’2,dqi$piiSqj&pj, 


21  + 22’ 


(*•  = 1,  2), 


where  the  summation  is  extended  over  the  \n{n  — 1)  combinations  of  the  indices  i and^, 
is  an  integral-invariant  of  any  Hamiltonian  system  in  which  (g1}  q2,  ...,  qn,  Pi,  p2,  •••iPn) 
are  the  variables.  (Poincare.) 


3.  In  the  problem  defined  by  the  equations 


dqr  _ dH  dpr dff 

dt  bpr  ’ dt  dqr 


(r=  1,  2), 


where 
shew  that 


#=  Qi  Pi  -(I2P2-  a9i  + bq2\ 

^ = constant 

2i 


is  an  integral ; and  hence  by  Liouville’s  theorem  (§  121)  obtain  the  two  remaining 
integrals 


qtq2  = constant, 
log  qx  = t + constant. 
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4.  If  if  is  a last  multiplier  of  a system  of  differential  equations 

dx1  _ dx 2 _ _ dxn  _ dx 

~X1=X2=,’‘=X^^Xf 

of  which  the  equation 

/(tfj,  x2,  ...,  xn,  x)  = Constant 

is  a known  integral,  and  if  an  accent  annexed  to  a function  of  x1}  x2,  xn,  x is  used  to 
indicate  that  xn  has  been  replaced  in  the  function  by  its  values  found  from  this  integral, 
shew  that  M'/(dfjdxny  is  a last  multiplier  of  the  reduced  system 

dx1  _ dx 2 _ _ dxn_1  _ dx 


(Jacobi.) 


5.  Let  (ul9  u2 , un)  be  n dependent  variables,  and  let  /l5  I2,  ...,  In  be  a set  of 

linear  differential  expressions  defined  by  the  equations 


Ir=  2 {pric  (t)  uk  + qrk  (t)  uk  + rrk  (t)  iijc} 
Jc= 1 


(r=l,  2,  ...,  n). 


If  (vl9  v2,  ...,  vn)  are  functions  of  t such  that 

V1 1 + VI2  + • • • + vnln 

is  an  exact  differential,  shew  that  the  functions  (sq,  v2,  vn)  satisfy  a set  of  n linear 
differential  equations,  which  will  be  called  the  system  adjoint  to  the  system  of  linear 
differential  equations 

7r=0  (r=l,  2,  ...,  n). 

If  Fr  denotes  the  expression 


d (IL 


dL 


(r=l,  2,  ...,  n), 


dt  XpqrJ  tyr 

where  L is  any  given  function  of  (qx,  q2,  ...,  qn,  qlt  q2,  ...,  qn,  t),  shew  that  the  system  of 
linear  differential  equations 


(dFr  dFr  . dFr  ..  \ „ 


(r=l,  2,  n) 


is  adjoint  to  itself. 


Shew  that  the  converse  of  this  latter  theorem  is  also  true. 


(Hirsch.) 


CHAPTER  XI. 


THE  TRANSFORMATION-THEORY  OF  DYNAMICS. 

125.  Contact-transformations. 

We  have  seen  in  Chapter  III.  (§§  38,  42)  that  the  integration  of  a 
dynamical  system  which  is  soluble  by  quadratures  can  generally  be  effected 
by  transforming  it  into  another  dynamical  system  with  fewer  degrees  of 
freedom.  We  shall  in  the  present  chapter  investigate  the  general  theory 
which  underlies  this  procedure,  and,  indeed,  underlies  the  solution  of  all 
dynamical  systems. 

9 

Let  (q1}  q2,  ...,  qn)  px,  p2,  ...,  pn)  be  a set  of  2 n variables,  and  let 
(Qlf  Q2,  ...,  Qn,  Pi,  P2,  Pn)  be  2 n other  variables  which  are  defined  in 
terms  of  them  by  2 n equations.  If  the  equations  connecting  the  two  sets  of 
variables  are  such  that  the  differential  form 

P1dQ1  + P2dQ2  + ...  +PndQn-p1dq1-p2dq2-  ...  - pndqn 

is,  when  expressed  in  terms  of  (q1}  q2,  ...,  qn,  Pi>  P%,  ... , pn ) and  their  differ- 
entials, the  perfect  differential  of  a function  of  (qly  q2,  ...,  qn,  px,  p2,  ...,  pn), 
then  the  change  from  the  set  of  variables  (qx,  q2,  ...,  qn,  p1}  p2,  ... , pn ) to  the 
other  set  (Qlf  Q2,  ...,  Qn,  Plf  P2,  ...,  Pn)  is  called  a contact-transformation. 

The  contact-transformations  thus  defined  (which  are  the  only  kind  used  in  Dynamics) 
are  a special  class  of  Lie’s  general  contact-transformations,  which  are  transformations  from 
a set  of  (2n  + l)  variables  (qx,  q2,  ...,  qn,  px,  ...,  pn,  z)  to  another  set  Q2,  Qn, 
Px,  P2,  ...,  Pn,  Z),  for  which  the  equation 

dZ-  PldQ1  - P2dQ2  -...-Pn  dQn=p  ( dz -pxdqx  - p2dq2  - ...  - pndqn ) 
is  satisfied,  where  p denotes  some  function  of  (qlf  q2,  ...,  qn,  plt  p2,  ...,  pn,  z). 

If  the  n variables  (Qlf  Q2,  ...,  Qn)  are  functions  of  (qu  q2,  ...,  qn)  only, 
the  contact-transformation  from  the  variables  (q1,  ...,qn,pi,  pn)  to  the 
variables  (Q1}  Q2, . . . , Qn,  Px, ...,  Pn ) is  called  an  extended  point-transformation, 
the  equations  which  connect  (q1}  q2,  ...,  qn)  with  (Q1}  Q2,  ...,  Qn)  being  in  this 
case  said  to  define  a point-transformation. 
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The  definition  of  contact-transformations  may  be  thus  expressed : a con- 
tact-transformation leaves  the  differential  form  Xpr8qr  invariant,  to  the  modulus 
of  an  exact  differential. 

wherorn  +he  definition  it  is  clear  that  the  result  of  performing  two  contact- 
informations  in  succession  is  to  obtain  a change  of  variables  which  is  itself 
contact-transformation ; this  is  generally  expressed  by  the  statement  that 
contact-transformations  possess  the  group -property.  It  is  also  evident  that  if 
the  transformation  from  (q1 , q2,  . . . , qn,  p1}  . . . , pn)  to  (Qx,  Q2>  . . . , Qn,  Px,  . . . , Pn) 
is  a contact-transformation,  then  the  transformation  from  (Qlt  Q2,  ...,  Qn, 
Px,  P2,  ...,  Pn)  to  (q1}  q2,  ...,  qn,  px,  . . . , pn)  is  also  a contact-transformation; 
this  is  generally  expressed  by  saying  that  the  inverse  of  a contact-transforma- 
tion is  a contact-transformation. 

Example  1.  Show  that  the  transformation  defined  by  the  equations 

(Q  = (2qf  e cosp, 

(2q)%  e~k  sin  p , 

is  a contact-transformation. 

In  this  case  we  have 

PdQ-pdq=  (2 q)% sin p {(2 q) cos pdq  — (2 q)% sin p dp]  —p dq 
= d(q  sin p cos  p — qp ), 
which  is  a perfect  differential. 

Example  2.  Shew  that  the  transformation 

j $ =log  Q sin  jfj  , 

[P=q  cot  p , 

is  a contact-transformation. 

Example  3.  Shew  that  the  transformation 

r$=log(l  + ^cos^), 

(P=2  (1  -\-q^ cos p)  sin p, 

is  a contact- transformation. 

126.  The  explicit  expression  of  contact-transformations. 

Let  the  transformation  from  variables  (qx,  q2,  ...,  qn,  px,  pn)  to  variables 
(Oi,  Q2,  Qn,  Pi,  • •.,  Pn)  be  a contact-transformation,  so  that 

2 (PrdQr  — prdqr)  — dW, 

r=  1 

where  dW  is  a complete  differential. 

From  the  equations  which  define  (Qlf  Qn,  Plt  ...,  Pn)  in  terms  of 
(qi,q2,  • ••,qn,Pi,  -‘-yPn)  it  may  be  possible  to  eliminate  (Px,P2,  ...,Pn,px, ... ,pn ) 
completely,  so  as  to  obtain  one  or  more  relations  between  the  variables 

( Qi , Qzi  •••>  Qn,  qi, ...»  qn); 
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let  the  number  of  such  relations  be  k,  and  let  them  be  denoted  by 

(ft,  ft,  • • • , ft,  Qi,  • • • , Qn)  = 0 (^  — 1 , 2,  . . . , &)  , . .(>A  '). 

Since  the  variations  (dqu  dq2,  ...,  dqn,  dQx , ...,  c£Qw)  in  the  equation 

n 

2 (PrdQr  — prdqr)  — dW 

r= 1 

are  conditioned  only  by  the  relations 

0f2r  . d£lr  n 

d^dqi+d^dq^+-  +d^dq"  + dQ1dQl+  -+dQndQn=0 


we  must  have 


(r  = l,  2,  k), 


p _dW  dQ1  dfljc 

Fr~dQr  + XldQr  + ■■■  +XkdQr 


— 0W  0Qi  0H& 

0ft  1 dqr  k dqr 


(r=l,  2,  ...,  n) 


\ ...(B), 


where  (X1?  X2,  . ..,  \k)  are  undetermined  multipliers  and  where  W is  a function 
of  (ft,  ft,  ...,  qn , Qlt  Q2,  ...,  Qn).  The  equations  (A)  and  (B)  are  (2 n + k) 
equations  to  determine  the  (2 n 4-  k)  quantities 

(Qi,  • • • , Qn,  Pi,  Pm  ^l,  ••*, 

in  terms  of  (ft,  ...,  qn,  p1}  , _pn).  These  equations  may  therefore  be  regarded 

as  explicitly  formulating  the  contact-transformation,  in  terms  of  the  functions 
( W,  Q1}  fl2,  . ..,  £lk)  which  characterise  the  transformation. 

Conversely,  if  ( W,  Hl5  02,  . . . , Clk)  are  any  (k  + 1)  functions  of  the  variables 
(ft,  ft,  - qn,  Qi,  ••,  Qn),  where  k^n,  and  if 

(Qi,  Q2,  •••,  Qn,  Pi,  ••-,  Pn,  ^1,  ••*.,  "hk) 
are  defined  in  terms  of  (ft,  ft,  ...,  ft,  _£>i,  ... , pn)  by  the  equations 

(toriqu  ft,  •••>  ft,  Qi,  Qa,  Q»)  = 0 (r  = l,  2,  ...,  A;), 

D 0TF  0flj  0Hfc  /to  \ 

P'-dQr  + XlWr+  "■  + X*0&  (r-1,  2, 

^ a?r  •••  *"8^  (r-1,2,  ».,n), 

then  the  transformation  from  (ft,  ft,  ...,  ftl5  ...,  pn)  to  (Qlt  Q2,  ...,  Qn, 
Plf  ... , Pn)  is  a contact-transformation ; for  the  expression 

n 

2 (PrdQr  — prdqr) 

r= 1 


becomes,  in  virtue  of  these  equations,  dW,  and  so  is  a perfect  differential. 
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Example.  If  Q—(^Lqfh~^  cosjo,  P^S^^sinp, 


shew  that 


P= 


dW 

dQ’ 


0 W 
P~  dq  ’ 


where  W=iQ  (2  qle  - k2Q2f  - q cos  “ 1 {k^QI(2q'f}, 

so  that  the  transformation  from  (q,  p)  to  (Q,  P)  is  a contact-transformation. 


127.  The  bilinear  covariant  of  a general  differential  form. 

Now  let  (a?!,  x2,  ...,xn)  be  any  set  of  n variables,  and  consider  a differential 
form 

X1dx1  + X2dx2  + . . . + Xndxn, 

where  (XX}  X2,  . ..,  Xn)  denote  any  functions  of  (xx,  x2,  ...,  xn) ; a form  of  this 
kind  is  called  a Pfaff’s  expression  in  the  variables  (xlf  x2,  ...,  xn).  Let  this 
expression  be  denoted  by  0d,  and  write 

0s  = Xx8xx  + X2Sx2  + . . . + Xn8xn 


where  8 is  the  symbol  of  an  independent  set  of  increments.  Then  we  have 


80d  - d0s  = 8 (Xxdxx  + X2dx2  + . . . + Xndxn)  - d (X18x1  + X28x2  + . . . 4-  Xn8xn) 
= 8X1dx1  + . . . + 8Xndxn  + Xx  8dxx  + . . . + X n8dxn 

— dXx8xx  — ...  — dXn8xn  — Xxd8xx  — ...  — Xnd8xn. 

Using  the  relations  8dxr  = d8xr,  which  exist  since  the  variations  d and  8 
are  independent,  and  replacing  dXr , 8Xr  by 


dXr  , dXr  , 

-7T — dxx  4-  . . . + — dxr 
dxx  oxn 


dXr  ^ dXr  ~ . 

bxx  4-  . . . + bxn  respectively, 


n n 

we  have  80d  — d0s=  X X aijdx^Xj, 

i= 1 j= 1 

where  a#  denotes  the  quantity  dXi/dxj  — dXj/dxi. 

Let  (yx,  y2,  ...,  yn)  be  a new  set  of  variables  derived  from  (x1}  x2,  ...,  xn) 
by  some  transformation  ; let  the  differential  form  when  expressed  in  terms  of 
these  variables  be 

Yxdyx  + Y2dy2  + . . . + Yndyn, 

and  let  the  quantity  dYijdyj  — dYj/dyi  be  denoted  by  6^.  Then  since  the 
expression  80d  — dOs  has  obviously  the  same  value  whatever  be  the  variables 
in  terms  of  which  it  is  expressed,  we  have 

n n n n 

X X aijdxibxj  = X X bijdy{8yj. 

i—1  j= 1 i= 1 j— 1 

The  expression  Xaijdxi8xj  is,  on  account  of  this  equation,  called  the 

n 

bilinear  covariant  of  the  form  X Xrdxr. 

r= 1 


286 


The  Transformation- Theory  of  Dynamics  [oh.  xi 

128.  The  conditions  for  a contact-transformation  expressed  by  means  of 
the  bilinear  covariant. 

Let  (Q1?  Q2,  ...,  Qn,  P1}  ...,  Pn)  be  variables  connected  with  (qlt  q2, 

n 

qn,  p1}  pn)  by  a contact-transformation,  so  that  2 PrdQr  differs  from 

r= 1 
n 

2 prdqr  by  an  exact  differential. 

r=l 

It  is  clear  from  the  last  article  that  the  bilinear  covariant  of  a differential 
form  is  not  affected  by  the  addition  of  an  exact  differential  to  the  form,  since 
it  depends  only  on  the  quantities  dX-i/dxj  — dXj/dxi,  which  are  all  zero  when 
the  form  is  an  exact  differential : and  we  have  shewn  that  the  bilinear 
covariant  of  a form  is  transformed  by  any  transformation  into  the  bilinear 
covariant  of  the  transformed  form.  It  follows  that  the  bilinear  covariants  of 

n n 

the  forms  2 PrdQr  and  2 prdqr  are  equal,  i.e.  that 

r= 1 r—l 

n n 

2 ( BPrdQr  — dPrSQr)  = 2 (hprdqr  — Sqrdpr) ; 

r= 1 r— 1 

so  that  if  the  transformation  from 

(?i,  ?2.  •••,  qn,Pl . t0  (Qi>  Qi,  •••.  Qn,  Pi,  ■■■•  Pn) 

is  a contact-transformation , the  expression 

n 

2 ( 8prdqr  — hqrdpr) 

r= 1 

is  invariant  under  the  transformation. 

Example.  For  the  transformation  defined  by  the  equations 
Q — {2qfk~%  cos  p,  P=(2q)%$  sinjt?, 

we  have 

/ dP  = (2g) " * $ sin^>  dq  + {2qf  $ cos  p dp, 
dQ  = (2 q)~*k~^  cos p dq  - (2 qf  h sin  jo  dp, 
dP  = (2q)  $ sin  p dq  + (2q)^  $ cos p dp, 

, dQ  = (2^) k~^  cos p dq  - {2qf  k~%  sin p dp. 

By  multiplication  we  have 

dPdQ-  dPdQ=  — sin2p  (dqdp  — dqdp)+coa? p {dp  dq  — dpdq) 

\ = dpdq  - dpdq, 

and  consequently  the  transformation  is  a contact-transformation. 

129.  The  conditions  for  a contact-transformation  in  terms  of  Lagrange's 
bracket-expressions. 

We  shall  now  givis  another  form  to  the  conditions  that  a transformation 
from  variables  (qXi  q2J  ) . . , qn,  p1}  . . .,pn)  to  variables  (Qx,  Q2, ... , Qn,  Plf  ... , Pn) 
may  be  a contact-transformation. 


128,  129]  The  Transformation-Theory  of  Dynamics  287 


If  (#1,  #2,  •••,  %>  Pi , •••>  Pn)  are  any  functions  of  two  variables  ( u , v)  (and 
possibly  of  any  number  of  other  variables),  the  expression 

y /9 qrdpr  _dprdqr\ 
r=i\du  dv  du  dv  ) 


is  called  a Lagrange  s bracket-expression,  and  is  usually  denoted  by  the 
symbol  [ u , v\ 


If  now  (#i,  q2,  ...,  qn,  pi}  ... , pn)  are  any  functions  of  2 n variables 
(Qi,  Q2,  • ••,  Qn>  ...»  Pn)>  f^en  in  the  expression 

n 

X (dpr8qr  — 8prdqr) 

r= 1 


we  can  replace  dpr  by 

tyr  Jf)  , dpr  7 . tyr 


dQ. 


_i_  QPl  jp  i a.  gp 

n + dPi1+  '"+dPnarr 


and  similarly  for  the  other  quantities ; we  thus  obtain,  on  collecting  terms, 

n 

X (dpr8qr  — 8prdqr)  = X [uk,  u{\  {duz8uk  - 8uzduk), 

r= 1 Jc,  l 

where  the  summation  on  the  right-hand  side  is  taken  over  all  pairs  of 
variables  (uk,ui)  in  the  set  (Ql5  Q2,  ...,  Qn,  Plt  ...,  Pn). 


But  if  the  transformation  from  the  variables  (q1}  q2,  . ..,  qn,  pL,  ...,  pn ) to 
the  variables  (Q1;  Q.2,  ...,  Qn , P1}  ...,  Pn)  is  a contact-transformation,  we 
have 

n n 

X (dpr8qr  — 8prdqr)  = X (dPr8Qr  — 8PrdQr), 

r—\  r=l 

and  this  holds  for  all  types  of  variation  8 and  d of  the  quantities ; comparing 
with  the  above  equation,  we  have  therefore 

[Pi,  Pk ] = 0,  [ Qi}  Qk]  = 0 (i,k  = 1,2,...,  n), 

[Qi,  -PJ  = 0 (i,  k=  1,  2,  n;  i>  k), 

[Qi,  Pi]  = 1 (i  = 1,  2,  , n). 

These  may  be  regarded  as  partial  differential  equations  which  must  be 
satisfied  by  (g1}  q2,  qn,  px,  ...,pn),  considered  as  functions  of 

(ft,  ft,  -,Qn,  P1}...,Pn) 

in  order  that  the  transformation  from  one  set  of  variables  to  the  other  may  be 
a contact-transformation.  These  equations  represent  in  an  explicit  form  the 
conditions  implied  in  the  invariance  of  the  expression 

n 

X ( dpr8qr  — 8prdqr). 

r= 1 
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130.  Poisson's  bracket-expressions. 

We  shall  next  introduce  another  class  of  bracket-expressions  which  are 
intimately  connected  with  those  of  Lagrange. 

If  u and  v are  any  two  functions  of  a set  of  variables  (qx,  q2,  qn , 
Pd  •••>  pn)>  expression 

^ fdu  dv  du  dv 
r=i  \3gr  dpr  dpr  dqr 

is  called  the  Poisson's  bracket-expression  of  the  functions  u and  v,  and  is 
denoted  by  the  symbol  (u,  v). 

Suppose  now  that  (uX)  u2,  um)  are  2 n independent  functions  of  the 
variables  (qx,  q2,  . . . , qn,  px,  . . . , pn),  so  that  conversely  (qx,  q2,  . . . , qn,  px,  . . . , pn) 
are  functions  of  (ux,  u2,  . ..,  u2n).  There  will  evidently  be  some  connexion 
between  the  Poisson-brackets  ( ur , us ) and  the  Lagrange-brackets  [ur,  us] : 
this  connexion  we  shall  now  investigate. 

We  have 


■ 


' f v r _ 2n  ^ n ,fiUt  fiUr  fiUt  \ /0^.  dp.  dp.  0gA 

1 «=i  i= 1 j= 1 v3 q%  dpi  dpi  dqj  \dut  dus  dut  du)  * 


Now  multiply  out  the  right-hand  side,  remembering  that 
§ o s <^dTj 


t= i dqt  dut  ' t=1  dpi  dut 

are  each  zero  if  i > j and  unity  if  i —j ; and  that 

t= l 3^  3wf  e=i  dpi  dut 

are  each  zero ; the  equation  becomes 

S?  , N r ^ /3wr  3^i  3wr  3#A 

t=i  i=i\dpi  dus  dqi  dusJ 

and  consequently 

2n 

2 (ut,  ur)  [ut,  us ] = 0 when  r J s, 
t= 1 

while  2 (wt,  wr)  [%,  %]  = 1. 

t= 1 


But  these  are  the  conditions  which  must  be  satisfied  in  order  that  the 
two  determinants 


[ux,  ux\  [ux,  u2]  ., 

. . [itl,  W.2w] 

and 

Ol, 

^1)  (Ms,  %)  ■ 

■ • • 0^ 2n  y ^1) 

\u2,  ux]  \u2,  u2]  ., 

. . [w2  > ^2 n] 

Oi, 

O (^2,  «a)  • 

• • (%) 

[^2W  j ^l]  

[W2»U  W2ft] 

Ol, 

u2 n)  

• O2 n > ^2 n) 
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may  be  conjugate,  i.e.  that  any  element  in  the  one  should  be  equal  to  the 
minor  of  the  corresponding  element  in  the  other,  divided  by  this  latter  deter- 
minant; the  product  of  the  two  determinants  being  unity;  and  thus  the 
connexion  between  the  Lagrange-brackets  and  the  Poisson-brackets  is  expressed 
by  the  fact  that  the  determinants  formed  from  them  are  conjugate. 

Example  1.  If  /,  <£,  ^ are  any  three  functions  of  (ft,  ft,  ...,  qn,  px,  ... , pn)  shew  that 

((/,  0),  *)  + <(&  *),/)+((*,  /),  <t>)  = o. 


Example  2.  If  F,  $ are  functions  of  (/15  f2,  which  in  turn  are  functions 

of  (ft,  ft,  qn,Pi,  —>Pn),  shew  that 


(F,  *)  = s 

r,  s 


'dF  0$ 
&r  dfs 


dF  0$ 

3/a  5/r 


I where  the  summation  is  taken  over  all  combinations  fr,  f3. 

1131.  The  conditions  for  a contact-transformation  expressed  by  means  of 
Poisson’s  bracket-expressions. 

Now  let  (ft,  ft,  Qn,  Px,  ...,  Pn)  denote  2 n functions  of  2 n variables 
(ft,  ft,  ...,  qn,  Pi,  ...,pn)',  we  shall  shew  that  the  conditions  which  must  be 
! satisfied  in  order  that  the  transformation  from  one  set  of  variables  to  the  other 
\ may  be  a contact-transformation  may  be  written  in  the  form 


' (Pi,  Pi)  = 0,  (Qi,  Qi ) = 0 2,  n), 

(Qi,Pj)  = 0 (i,j  = 1,  2,  i$j), 

(Qi,  Pi)  = 1 (»  = 1,  2, 


For  we  have  seen  in  § 129  that  the  conditions  for  a contact-transformation 
are  expressed  by  the  equations 

r [Pi>  Tjl  = 0,  [ft,  ft]  = 0 (i,  j=  1,2,...,  n), 

W»-P,]  = 0 = 2,  n;  i g j), 

[0<,-Pi]  = l (i=l,  2, 

Hence  the  relations 

2 n 

(w«,  wr)  [w* , w j =0  (r  > 5), 

of  the  last  article  become 

(ft,  ft)  = 0,  (Pi}  Pfi  = 0 (*,  j = 1,  2,  . . . , n), 

(Tj>  ft)  = 0 ftj-1,  2,  ...,n;  »>j), 

while  the  relations 

2 » • 

x ft*,  wr)  k,  wj  = i 

t= i 

sive  (&,  P»)=i 

the  theorem  is  thus  established. 


(»-  1,2, 
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Example  1.  If  (Qlf  Q2,  ...,  Qn,  Plt ...,  Pn)  are  connected  with  (ft,  ft,  ...,  qn,plf  —,p§ 
by  a contact-transformation,  shew  that 

n / d(f>  d\fs  d<p  d\Jr\  n / d(f)  d\Jr  d<p  dyjr\ 

r=l  W,  SP,  " SP,  5eJ=  rS,  \¥  8^  “ ¥/  ’ 

so  that  the  Poisson-brackets  of  any  two  functions  </>  and  ^ with  respect  to  the  two  sets  of 
variables  are  equal. 

Example  2.  If  (Qi,  Q2>  —>  Qn)  are  given  functions  of  (ft,  ft,  ...,  qni  pl9  ...,_pn),  and 
satisfy  the  partial  differential  equations 

(&,  &)=0  (r,  s = l,  2,  »), 

shew  that  n other  functions  (P15  P2j  •••  > Pw)  can  be  found  such  that  the  transformation 
from  (ft,  ft,  ft,  jo1}  ...,  ^>»)  to  (§!,  Q2,  ...,  #n,  Pl5  ...,  Pn)  is  a contact-trans- 
formation. (Lie.) 

132.  The  sub-groups  of  Mathieu  transformations  and  extended  point- 
transformations. 

If  within  a group  of  transformations  there  exists  a set  of  transformations 
such  that  the  result  of  performing  in  succession  two  transformations  of  the 
set  is  always  equivalent  to  a transformation  which  also  belongs  to  the  set,  this 
set  of  transformations  is  said  to  form  a sub-group  of  the  group. 

A sub-group  of  the  general  group  of  contact-transformations  is  evidently 
constituted  by  those  transformations  for  which  the  equation 

n n 

2 PrdQr=  X prdqr 

r= 1 r= 1 

is  satisfied.  These  transformations  have  been  studied  by  Mathieu*. 

They  are  essentially  the  same  as  the  transformations  called  “ homogeneous  contact- 
transformations  in  (ft,  ft,  ...,  ft,  pt,  ...,  pn)”  by  Lie. 

In  this  case,  we  see  from  § 126  that  ( Q1}  Q2,  ...,  Qn,  P1}  ...,  Pn ) are  to  be 
obtained  by  eliminating  (\1}  \2,  ...,  X*)  from  the  (2 n + k)  equations 


I2r(ft,  ft,  . 

■ ?»,  Qi,  ■ 

O 

II 

d> 

(r=  1,  2, 

- r 1 dQr  + 2 dQr  + ’ 

,, 0n* 
-+Xkm: 

(r  = 1,2,. 

...,  n), 

an. 

0Oo 

dflj t 

(r  = 1,  2, 

-x2 

0ft 

-~XkWr 

From  the  form  of  these  equations  it  is  evident  that  if  (p^p-i,  •*.,  pn)  are 
each  multiplied  by  any  quantity  p,  the  effect  is  to  multiply  (P1}  P2,  Pn ) 
each  by  p ; and  therefore  (Px,  P2,  ...,  Pn)  must  be  homogeneous  of  the  first 
degree  (though  not  necessarily  integral)  in  (p1}  p2,  ...,pn). 

A sub-group  within  the  group  of  Mathieu  transformations  is  constituted 
by  those  transformations  for  which  (Pl5  P2, ... , Pn)  are  not  only  homogeneous 
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of  the  first  degree  in  (px,  p2,  ...,  pn)  but  also  integral,  i.e.  linear,  in  them ;]  so 
that  we  have  equations  of  the  form 


Pr=  2 Pkfrkiqi,  <h,  •••>  qn) 

k= 1 


(r=  1,  2,  n). 


Substituting  in  the  equation 


2 PrdQr-  2 prdqr  = 0, 

r= 1 r=l 

and  equating  to  zero  the  coefficient  of  pk,  we  have 

n 

2 frk  (qx,q*>—>  qn)  dQr  = dqk 

r= 1 

so  (qX}  q2,  ...,  qn)  are  functions  of  (Qu  Q2)  Qn)  only,  and 

(r,  k = 1,  2,  ...,  n). 


(k  = 1,  2, 


/r*  aa 


It  follows  that  transformations  of  this  kind  are  obtained  by  assigning 
n arbitrary  relations  connecting  the  variables  (qx,  q2,  ...,  qn)  with  the  variables 
(Qi,  Q2}  ...,  Qn),  and  then  determining  (Px,  P2,  ...,  Pn)  from  the  equations 


p _ y n ^ k 

Jrr—  Z pic 

k= 1 


(r=  1,  2,  n ). 

These  transformations  are  extended  point-transformations  (§  125). 


Example.  If 
shew  that 


2 PrdQr=  2 prdqr , 

r= 1 r=l 


2 Pk£r= o, 

fc=l  op* 


71  'bPr  7~, 


133.  Infinitesimal  contact-transformations. 

We  shall  now  consider  transformations  in  which  the  new  variables 
(Qu  Qu  Qn,  Pi,  •••>  Pn)  differ  from  the  original  variables  (qx,  q2,  ...,  qn, 
Pu  ... , pn ) by  quantities  which  are  infinitesimal.  Let  these  differences  be 
denoted  by  (A qx,  A q2,  ...,  A qn,  A px,  ...,  A pn),  where 

A qr=  (f>r(qi,  qu—,  qn,  Pi,  ...,pn)&t 
Apr  = fr(qi,  qu  qn,Pi,  ...,pn)At 

and  At  is  an  arbitrary  infinitesimal  constant ; so  that 
Qr  = qr  + = qr  + (f>rAt\ 

Pr=pr  + A pr  =pr+  ^rrAt) 

and  the  transformation  is  specified  by  the  functions 

(4>1>  $2,  <l>n,  ^ i , fay  •••>  fa)- 

Now  suppose  that  the  transformation  is  a contact-transformation.  Then 
ve  have 

2 ( PrdQr—prdqr)  — dW , 


(r=  1,  2,  ...,  n), 

(r  = 1,  2,  ...,  n), 


re. 


19—2 
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where  W is  some  function  of  (q1}  q2,  ...,  qn,  Pi,  • • • , pn) ; or 

n 

2 {( pr  4-  ^rrAt)  ( dqr  + d(j)r . At)  — prdqr } = d W, 


r=  1 


or 


At  2 (yfrrdqr  + prdcj)r)  = dW. 

r= 1 


It  is  evident  that  the  function  W must  contain  At  as  a factor:  writing 
W=  UAt,  where  Z7is  some  function  of  (qu  q2,  ...,  qn,  px,  ...,pn)  the  equation 
becomes 


2 (\frrdqr+ prdcj)r)  = dU. 


r= 1 


Hence  we  have 


2 (yjrrdqr  — <prdpr)  = d(lJ  — 2 pr<j>r) 
r= 1 V r= 1 / 

= — dK (qlf  q2,  pn)  say, 


and  therefore 


, dK  , 

Y>r  — o > Yr 


(r  = 1,  2,  n). 


0pr  ’ T ^ 0^} 

Thus  the  most  general  infinitesimal  contact-transformation  is  defined  by  the 
equations 


n dK  • . 
^ q”  + dpr  At’ 


Pr=Pr-~At  (r  = l,  2, 


where  K is  an  arbitrary  function  of  (qly  q2 , qn,  px,  ...ypn),  cind  At  is  an 
arbitrary  infinitesimal  quantity  independent  of  (q1}  q2,  ...,  qn,  ply  , pn). 

The  increment  in  any  function  f (qx,  q2,  •••,  qn>  Pu  • ••,  pn)  when  its  argu- 
ments (qx,  q2,  ...,  qn,  Pi,  • • -,Pn. ) are  subjected  to  this  transformation  is 

r_i  \dq,  dpr  opr tiqr / 
or  (f,K)At; 

on  this  account  the  Poisson-bracket  (f  K)  is  said  to  be  the  symbol  of  the 
most  general  infinitesimal  transformation  of  the  infinite  group  which  consists 
of  all  contact-transformations  of  the  2 n variables  (q1}  q2,  ...,  qn,  p1}  ...,  pn). 

134.  The  resulting  new  view  of  dynamics. 

The  theorem  established  in  the  last  article  leads  to  an  entirely  new 
conception  of  the  nature  of  the  motion  in  a conservative  holonomic  dynamical 
system.  For  the  motion  is  expressed  (§  109)  by  equations  of  the  type 

djkJM  dpr  = _dH  2 _ \ 

dt  dpr’  dt  dqr  ' >>•■■>)> 

and  from  the  last  article  it  follows  that  we  can  interpret  these  equations  us. 
implying  that  the  transformation  from  the  values  of  the  variables  at  t? 
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to  their  values  at  time  t + dt  is  an  infinitesimal  contact- transformation.  The 
whole  course  of  a dynamical  system  can  thus  be  regarded  as  the  gradual  self- 
unfolding of  a contact-transformation.  This  result,  taken  in  conjunction  with 
the  group-property  of  contact-transformations,  is  the  foundation  of  the 
transformation-theory  of  dynamical  systems. 

From  this  it  is  evident  that  if  (qlf  q 2,  qn>  Pi>  ■ • • > Pn)  are  the  variables 

in  a dynamical  system,  and  (alf  a2,  ...,  an,  fix,  ...,fin)  are  their  respective 
values  at  some  selected  epoch  t=  t0,  the  equations  which  express  (qlt  q2,  qn, 
Pi,  . . . , pn)  in  terms  of  («i,  a2,  • ••>  fin  •••',  fin,  t)>  (and  which  constitute  the 
solution  of  the  differential  equations  of  motion)  express  a contact-transforma- 
tion from  (<*1,02,  ...,  <*n,  fin  ---,  fin)  to  {qx,  q2,  ■••,qn,Pi>  •••>  Pn)\  in  this  t is 
regarded  merely  as  a parameter  occurring  in  the  equations  which  define  the 
transformation. 

135.  Helmholtz's  reciprocal  theorem. 

Since  the  values  of  the  variables  (qu  q2,  qn,  Pn  ---,Pn)  of  a dynamical 
system  at  time  t are  derivable  by  a contact-transformation  from  their  values 
(«!,  a2,  ...,  On,  fix,  fin)  at  time  t0,  we  have  (§  128) 

n n 

2 (&Pi&qi-  Spi&qi)  = - (AfiiBai  - SfiiAoci), 
i= 1 *-i 

where  the  symbols  A and  S refer  to  increments  arrived  at  by  passages  from 
a given  orbit  to  two  different  adjacent  orbits  respectively. 

Now  suppose  that  S refers  to  the  increments  obtained  in  passing  to  that 
orbit  which  is  defined  by  the  values 

(fltj,  a2,  ...,  CLn,  fii,  fi2 , fir— l,  fir  $fir,  fir+ 1j  •••>  fin) 

at  time  t0 ; and  let  A refer  to  the  increment  obtained  in  passing  to  that  orbit 
which  is  defined  by  the  values 

(^i)  • • • , qm  Pi,  • • • j Ps—i>  Ps  d"  A ps,  ps- t-i>  • • • 5 Pn) 

at  time  tx ; then  the  above  equation  becomes 

Aps8qs  = - BfirAar, 

so  the  increment  in  qs  due  to  an  increment  in  fir  (when  ot1}  a2,  ...,  an, 
filf  ...,  /9r_!,  fir+1,  fin  are  not  varied)  is  equal  to  the  increment  (with  sign 
reversed)  in  ar  corresponding  to  an  increment  in  ps  (when  q1}  q2,  . . . , qn,  Pi)  •••  > 
Ps-i,  Ps+ 1,  are  not  varied)  equal  to  the  previous  increment  in  fir. 

This  result  can  for  many  systems  be  physically  interpreted,  as  was 
observed  by  Helmholtz*;  for  a small  impulse  applied  to  a system  can  be 
conveniently  measured  by  the  resulting  change  in  one  of  the  momenta 
(pi>  •••>  Pn),  and  the  change  in  ar  due  to  a change  in_ps  can  be  realised  in  the 
reversed  motion,  i.e.  the  motion  which  starts  from  some  given  position  with 
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each  of  the  velocities  corresponding  to  that  position  changed  in  sign,  so  that 
the  subsequent  history  of  the  system  is  the  same  as  its  previous  history,  but 
performed  in  reverse  order.  We  can  therefore  state  the  theorem  broadly 
thus  : the  change  produced  in  any  interval  by  a small  initial  impulse  of  any 
type  in  the  coordinate  of  any  other  (or  of  the  same)  type , in  the  direct  motion , 
is  equal  to  the  change  produced  in  the  same  interval  of  the  reversed  motion  in 
the  coordinate  of  the  first  type  by  an  equal  small  initial  impulse  of  the 
second  type*. 


Example.  In  elliptic  motion  under  a centre  of  force  in  the  centre,  if  a small  velocity 
hv  in  the  direction  of  the  normal  be  communicated  to  the  particle  as  it  is  passing  through 
either  extremity  of  the  major  axis,  shew  that  the  tangential  deviation  produced  after 
a quarter-period  is  8v,  where  ^ is  the  constant  of  force.  Shew  also  that  a tangential 
velocity  8v,  communicated  at  the  extremity  of  the  minor  axis,  produces  after  a quarter- 
period  an  equal  normal  deviation  yT*  8v.  (Lamb  ) 

136.  The  transformation  of  a given  dynamical  system  into  another 
dynamical  system. 

It  appears  from  § 116  that  if  a Hamiltonian  system  of  differential 


equations 


dqr  _ dH  dpr  _ dH 


dt  dpr’  dt  dqr  ^ T 


is  transformed  by  change  of  variables,  the  system  of  differential  equations  so 
obtained  will  still  have  the  Hamiltonian  form 


dQr  _ dK  dPr_  0 K 
dt  dPfi  dt  dQr  (r -1,  2,  n), 


provided  the  new  variables  (Qu  Q2,  ...,  Qn,  P1}  ...,  Pn)  are  such  that 


is  an  integral-invariant  (relative  or  absolute)  of  the  original  system. 

A transformation  of  this  kind  is,  in  general,  special  to  the  problem 
considered,  i.e.  it  transforms  the  given  Hamiltonian  system  into  another 
Hamiltonian  system,  but  it  will  not  necessarily  transform  any  other  arbitrarily 
chosen  Hamiltonian  system  into  a Hamiltonian  system.  Among  these 
transformations  however  are  included  transformations  which  have  the  pro- 
perty of  conserving  the  Hamiltonian  form  of  any  dynamical  system  to  which 
they  may  be  applied : these  may  be  obtained  in  the  following  way. 

We  have  seen  (§115)  that 


Cf.  Lamb,  Proc.  Lond.  Math.  Soc.  xix.  (1898),  p.  144. 
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is  a relative  integral-invariant  of  any  Hamiltonian  system.  Let  (Qlf  Q2,  . . • , Qn, 
pi}  ...?  pn)  be  a set  of  2 n variables  obtained  from  (q1}  q2,  ...,  qn,  plf  ...,pn) 
by  a contact-transformation,  so  that 

2 PrdQr-  2 prdqr  = dW, 

r= 1 r=l 

where  dTL  denotes  an  exact  differential.  The  equations  which  define  the 
transformation  may  involve  the  time,  so  that  (Qlt  Q2,  Qn,  Pi,  •••,  Pn)  are 
functions  of  (q1}  q2t  qn,  Pi,  ---,Pn,  t)\  but  in  the  variation  denoted  by  d 
in  this  equation  the  time  is  not  supposed  to  be  varied  : if  t is  supposed  to 
vary,  the  equation  becomes 

n n 

2 PrdQr  - 2 prdqr=dW  + Udt, 

r= 1 r= 1 


where  U denotes  some  function  of  the  variables. 

Now  the  variation  denoted  by  8 in  the  integral-invariant  is  a variation 
from  a point  of  one  orbit  to  the  contemporaneous  point  of  an  adjacent  orbit ; 
if  therefore  we  regard  the  variables  as  functions  of  (alf  a2,  ...,  a2n,  t),  where 
(a1?  a2,  ...,  a2n)  are  the  constants  of  integration  which  occur  in  the  solution  of 
the  equations  of  motion,  the  variation  8 is  one  in  which  (a1}  d2,  • • • , n)  3'*’® 
varied  but  t is  not  varied : we  have  consequently,  as  a special  case  of  the  last 
equation, 

2 PrSQr—  2 prB qr  = 8W, 

r-1  r= 1 

r n 

and  therefore  I 2 Pr&Qr 

J r= 1 


is  a relative  integral-invariant;  so  the  transformed  system  of  differential 
equations,  in  which  (Q1}  Q2,  Qn,  Pi,  •••>  Pn)  are  taken  as  dependent 
variables,  will  have  the  Hamiltonian  form  and  can  be  written 


dQr  = dK  dPr  = _dK 
dt  dPr ’ dt  dQr 


(r  = 1,  2,  ...,n), 


where  K is  some  function  of  (Qlf  Q2, 


Qn,  Pi, 


Pn,  t). 


Hence  a contact-transformation  of  the  variables  (qlt  q2 , qn,  Pi,  Pn) 

of  any  dynamical  system  conserves  the  Hamiltonian  form  of  the  equations  of 
the  system.  In  the  case  of  an  ordinary  “change  of  variables"  in  the  dynamical 
system,  in  which  (&,  Q2,  Qn)  are  functions  of  (qlt  q2,  ...}  qn)  only,  the 
contact-transformation  is  merely  an  extended  point-transformation. 


Example.  Shew  that  the  contact-transformation  defined  by  the  equations 
2 = (2 cos  P,  p = (2 Q)- * # sin  P, 

dq_dff  dp=_dR 
dt~~  dp’  dt  dq  ’ 


changes  the  system 
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where 

into  the  system 

where 


X=:k{p2+k2q2), 

dQ^dK  dP__dK 
dt  dP9  dt~  dQ 9 

K=kQ. 


137.  Representation  of  a dynamical  problem  by  a differential  form. 

The  reason  for  the  importance  of  contact-transformations  in  connexion 
with  dynamical  problems  is  more  clearly  seen  by  the  introduction  of  a certain 
differential  form  which  is  invariantively  related  to  the  problem. 

Let  any  differential  form  with  (2n  + l)  independent  variables  (xlt 
^2n+i)  be 

Xxdxx  + X2dx 2 + ...  4-  X2n+1dxm+1 ; 
we  have  seen  (§  127)  that  its  bilinear  covariant 

2«+l  277+1 

X X ctijdxiSxj, 

i= 1 j= 1 

where  denotes  the  quantity  (dXi/dxj  — dXj/dxi),  is  invariantively  related  to 
the  form.  If  we  equate  to  zero  the  coefficients  of  Sx1}  Sx2,  Sx2n+1,  we 
obtain  the  system  of  (2 n+  1)  equations 


277+1 

X &i\dxi ==  0f 

i= 1 


277+1 

X cifadxi  = 0,  . . . , 
i= 1 


277+1 

X a 2w+i  dxi  — 0. 

i= 1 


Since  the  determinant  of  the  quantities  a{j  is  skew-symmetric  and  of  odd 
order,  it  is  zero,  and  these  equations  are  therefore  mutually  compatible. 
They  are  known  as  the  first  Pfaff’s  system  of  equations  corresponding  to  the 

277+1 


. "/C/  I -L 

differential  form  X Xrdxr , and  from  the  mode  of  their  formation 


r= 1 


are  in- 
variantively connected  with  it  ; that  is  to  say,  if  any  change  of  variables  is 
made,  the  new  variables  (yu  y2,  y2n+1)  being  given  functions  of  (x1}  x2)  ..., 

^271+ 1),  and  if  the  differential  form  be  changed  by  this  transformation  to 

277+1 

s Yrdyr, 

r= 1 

, .c  277+1  277+1 

and  if  2 My»  = 0,  o,  ....  X bitm+1dy{  = 0, 

*-l  7=1  7=1 

be  the  first  Pfaff’s  system  derived  from  the  differential  form 

277  + 1 


2 Yrdy, 


r=l 


then  this  system  is  equivalent  to  the  system 

277  + 1 277  + 1 

2 ahdxi  = 0,  2 ai2dxi  — 0,  .. 

7=1  7=1 


277  + 1 

X a{)  277+1 

7 = 1 


dxi  — 0. 
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Consider  now  the  special  differential  form 

pxdqx  + p2dq2  + . . . + pndqn  ~ Hdt 

in  the  (2ra  + l)  variables  (qx,  q2,  ...,  qn,  px , ...,pn,  t),  where  H is  any  function 
of  (qx,  q2,  qn,  Pi>  •••>  Pm  t).  Forming  the  corresponding  quantities  a#,  we 
find  that  the  first  Pfaff’s  system  of  differential  equations  of  this  differential 
form  is 

— dpr  — dt  = 0 (r  = 1,  2,  n), 


dqr 

dqr  — ^ dt  = 0 
dpr 

dH-^dt  = 0. 
ct 


(r  = l,  2,  n\ 


Of  these  the  last  equation  is  a consequence  of  the  others : and  therefore  the 
system  of  equations  can  be  written 

dqz_dH  dpr_  dH  9 v 

dt~dPr’  dt~  0 qr 

but  these  are  the  equations  of  motion  of  a dynamical  system  in  which  the 
Hamiltonian  function  is  If.  It  follows  that  the  dynamical  system  whose 
Hamiltonian  function  is  H is  invariantively  connected  with  the  differential 
form 

pxdqx  + p2dq2  + . . . -\-pndqn  - Hdt, 


inasmuch  as  the  equations  of  motion  of  the  dynamical  system , in  terms  of  any 
variables  (xx,  x2,  , x2n,  r)  whatever,  are  the  first  Pfaff’s  system  of  the 

differential  form 

Xxdxx  + X2dx2  + . . . + X2ndx2n  + Tdr 
which  is  derived  from  the  form 


pxdqx  +p2dq2  + ...  + pndqn  — Hdt 

by  the  transformation  from  the  variables  (< qx , q2,  ...,  qny  px,  ...,  pn,  t)  to  the 
variables  (xx,  x2,  ...,  x2n,  r). 


138.  The  Hamiltonian  function  of  the  transformed  equations. 

The  result  of  the  last  article  furnishes  another  proof  of  the  theorem  that 
the  equations  of  dynamics 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


(r  = l,  2,  ...,  n), 


conserve  the  Hamiltonian  form  under  all  contact -transformations  of  {qx,  q2, 
qn,  Pu  •••}£>«)>  and  moreover  it  enables  us  to  find  the  Hamiltonian  function 
K of  the  system  thus  obtained, 


dQr  dK_  dPr  _ dK 
dt  dPf  dt  dQr 


} 


(r  = 1,  2,  ...,  n). 
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For  let  the  contact-transformation  be  defined  by  the  equations 


o 

II 

d 

(r  = l,  2,  ....  k), 

_ 0F  0O,  0H2 

0a  . . 

-Pr=Wr+  lWr+^wr  + - 

‘+Xi:0^  (r  = l,  2,  n), 

dw  % an,  ^ an2 

0a  / i o \ 

\pr~  dqr  Xldqr  dqr 

- **3gr  (r=1’2’ 

l2,  ...,  a,  W)  are  any  functions  of  the  variables  (qx,  q2,  ...,  qn , 

m t\ 

From  these  equations  we  have  identically 

» 7 5 „ $ fdw  7 , dw  jn  \ * , « /ans  7 0a  7_  \ 

^ PrdQr  - ^ ^ + g^  rfQr)  ^ Xs  ^2  <*?,  + gg-  <%•) 

and  hence  (the  symbol  d denoting  a variation  in  which  all  the  variables, 
including  t,  are  changed) 


r= 1 


r= 1 


dW 

dt 


2 prdqr  = 2 PrdQr  + ^ — ^TF+  2 \^fdt, 


or 


* aa 

-i  % 

* 0a 


w n / 7)W  k 7) O \ 

2 Prdqr-Hdt=  2 PrdQr-{H-°~-  2 \^i*) 

r=l  r=l  \ s=l  dt  / 


dfc-dlF. 


The  perfect  differential  c£TF  on  the  right-hand  side  can  be  neglected, 
since  it  does  not  affect  the  first  Pfafif’s  system  of  the  differential  form  : and 
hence  the  contact-transformation  transforms  the  system  of  equations 


dqr  _ dH  dpr  _ _ dH 

dt  dpr  ’ dt  dqr 


to  the  system 


where 


dQr  _ dK 
dt  dPT  ’ 

K = H 


d]\ 

dt 


dK 

dQr 

0a 


(r  = l,  2,  ...,  n) 
(r  = l,  2,  n), 


0TF_  * 

dt  dt  ’ 


K being  supposed  expressed  in  terms  of(Q1}  Q2,  ...,  Qn,  Pi,  Pn,  t). 

139.  Transformations  in  which  the  independent  variable  is  changed. 

The  result  of  § 137  also  enables  us  to  determine  those  transformations  of 
the  whole  set  of  (2 n + 1)  variables  ( q1}  q2,  ...,  qn,  plf  ...,pn,  t)  to  new  variables 
(Qi,  Q2,  Qn,  Pi,  Pn,  T)  by  which  any  Hamiltonian  system 

dqr  dH  dpr  dH  , _ _ x 

1 = 3^’  dt—Wr 

is  transformed  into  a system  of  the  Hamiltonian  form 

dQr  = dK  dPr  dK 
dT  ~ dPr  ’ dT  ~ dQr 


(r  = l,  2,  n). 
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For  this  is  the  same  thing  as  finding  the  transformations  which  change  the 
differential  form 


p1dq1  +p2dq2  + . . . +pndqn  + hdt, 


where  the  variables  (qly  q2,  ... , qn,  plf  ... , pn,  t,  h)  are  connected  by  the 
equation 


H ( qi , q2,  • ••,  qn,Pi,  • • • > Pm  t)  + h = 0 , 


into  the  differential  form 

P1dQ1  4-  P2dQ2  4-  ...  4-  PndQn  4-  kdT  4-  a perfect  differential, 

where  the  variables  (Q1}  Q2,  ...,  Qn,  P1}  P2,  Pn,  T , k)  are  connected  by 
the  relation 


But  any  contact-transformations  of  the  (2?i  4- .2)  variables^,  q2,  ... , qn,  t, 


Pi,  ...,pn,h)  to  new  variables  (Qlf  Q2}  Qn,  T,  Px,  P2,  ...,  Pn,  k)  will  satisfy 


this  condition ; when  the  transformation  has  been  assigned,  the  function  K 
is  obtained  by  substituting  in  the  equation 


H(qi>  q% > •••,  qn,pi>  •••, pn , t)  + h = o 


the  values  of  (gl5  q2i  ...,  ...,pn,  h)  as  functions  of  (Q1}  ...,  Qn,  T, 

Pj,  Pn,  k),  and  then  solving  this  equation  for  k , so  that  it  takes  the  form 


the  required  transformations  are  thereby  completely  determined. 

140.  New  formulation  of  the  integration-problem . 

We  have  seen  (§  137)  that  if  any  change  of  variables  is  made  in  the 
dynamical  system 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


(r  = 1,  2,  n), 


the  new  differential  equations  will  be  the  first  Pfaff’s  system  of  the  form 
which  is  derived  from 

Pidqx  4-  p2dq2  + . . . 4 -pndqn  - Hdt 

by  the  transformation. 

Suppose  that  a transformation  is  found,  defined  by  a set  of  equations 


which  is  such  that  the  above  differential  form,  when  expressed  in  terms  of 
the  new  variables,  becomes 


P\dQx  4-  PidQ2  4- ...  4-  PndQn  — dT, 
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where  dT  is  the  perfect  differential  of  some  function  of  the  variables 
(Qi>  Q2,  •••,  Qn,  P\>  •••>  Tn)  £);  the  corresponding  first  Pfaff’s  system  of 
equations  is 

dQr  = Or  dPr  = 0 (r  = 1,  2,  ...tn), 

and  the  integrals  of  these  equations  are 

Qr  = Constant,  Pr  = Constant  (r  = 1,  2,  . . . , n)  ; 

so  the  equations 

qr  = (f)r  ( Qi , Q2}  ... , Qn,  Pi,  ... , Pn,  £)) 

Pr  ~ yJ/‘r  (Qi,  Q2,  •••>  Qn,  Pi,  •••>  Pn, 
constitute  the  solution  of  the  dynamical  system,  when  the  quantities  (Q1}  Q2,  ...r 
Qni  Pi,  . Pn)  are  regarded  as  2 n arbitrary  constants  of  integration. 

The  integration-problem  is  thus  reduced  to  the  determination  of  a trans- 
formation for  which  the  last  term  of  the  differential  form  becomes  a perfect 
differential. 


(r=l,  2i  ...,n) 


Miscellaneous  Examples. 

1.  Shew  that  the  transformation  defined  by  the  equations 

Qi  = 9i  + $2  = Pi  + 

Pi= tan_l  (&)  • -tan_l  {£)  - P2=xtan-1  (&)  - 

is  a contact-transformation,  and  that  it  reduces  the  dynamical  system  whose  Hamiltonian 
function  is  ^ (p12+p22+X~2q12  + X~2q22)  to  the  dynamical  system  whose  Hamiltonian 
function  is  Q2. 


2.  If  (aq,  #2>  •••>  x2n)  denote  any  functions  of  (q^  q2,  qn,  px,  jon),  and  if 

Pi  d<h +P2d(h  + '"+Pn  dqn— Xxdxx+ X2  dx2+...+  X2n  dx2n ; 

if  moreover  amn  denotes  dXmfdxn  — dXn/dxm,  D denotes  the  determinant  formed  of  the 
quantities  amn , Aik  denotes  the  minor  of  aik  in  D , divided  by  D , and  u and  v denote 
arbitrary  functions  of  the  variables,  shew  that 


n /d u dv  du  dv\  n n dv  du 

r= 1 \dqr  dpr  dpr  dqj  ~ i=i  k=i  lk  dxi  dxk  ‘ 


(Clebsch.) 


3.  Shew  that  for  any  Hamiltonian  system  the  integral-invariants 


and 


Hi -/^  lSi2-^«¥l--^Pn 

JJJ...JsQ18Q2...SQndP1...8Pn, 


extended  over  corresponding  domains,  are  equal  if  (g^,  q2,  ...,  qn,  Pi,  • ••>  Pn)  and 
(Qx,  Q2 , Qn,  jPj,  Pn)  are  connected  by  a con  tact- transformation. 
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4.  Prove  that  the  contact-transformation  defined  by  the  equations 
=X1~i  (2 Qf  cos  P1  + Xr*  cos  P2, 

^1  ^ cos  Px +X2  ^ (2^2)^  COS  P25 
Pi=i  sin  Px  + 1 (2X2$2)*  sin  P2, 

p2  = -i  (2Xi^i)}sin  (2X3^2)* sin P2, 

changes  the  system 

dqr  _dH  dpr_  dH 

dt  dpr  ’ 0^ 

where 

S—p^  +P2  + JXi2  (2,i-S'2)2+iX22  (fr  + ?2)2, 

into  the  system 

dQr  _dK  dPr_  dK 

~dt~wr 5 dr_-D&; 

where 

K=X1Q1  + \2Q2. 

Integrate  this  system,  and  hence  integrate  the  original  system. 


(r  = l,  2), 


(r  = l,  2), 


CHAPTER  XII. 


PROPERTIES  OF  THE  INTEGRALS  OF  DYNAMICAL  SYSTEMS. 


141.  Reduction  of  the  order  of  a Hamiltonian  system  hy  use  of  the 
integral  of  energy. 

We  have  shewn  in  § 42  how  the  Lagrangian  equations  of  motion  of  a 
conservative  holonomic  system  can  be  reduced  in  order  by  use  of  the  integral 
of  energy  of  the  system.  We  shall  require  the  corresponding  theorem  for  the 
equations  of  motion  in  their  Hamiltonian  form ; this  may  be  obtained  as 
follows. 

Consider  a dynamical  system  with  n degrees  of  freedom  for  which  the 
Hamiltonian  function  H does  not  involve  the  time  explicitly,  so  that 

H + h = 0, 

where  h is  a constant,  is  the  integral  of  energy  of  the  system. 

Let  this  equation  be  solved  for  the  variable  px,  so  that  it  can  be  written 

K(p2}ps,  ... >pn , qi,  qn,  h)+px  = 0. 

The  differential  form  associated  with  the  system  is 
Pidqx  +p2dq2  + . . . +pndqn  + hdt, 

>vhere  the  variables  (qx,  q2,  ...,  qn,px,p2,  ..., pn , h,  t)  are  connected  by  the 
last  equation  : the  differential  form  can  therefore  be  written 

p2dq2  + Psdq3  + ...  +pndqn  + hdt  - K (p2,  p3>  ...,pn,  qx,  ...,  qnt  h)  dqx, 
where  we  can  regard  (qx,  q2y  ...,  qn,  p2,  --.,pn,  h , t ) as  the  (2n  + l)  variables. 


But  the  differential  equations  corresponding  to  this  form  are  (§  137) 

Mr  dK  dpr  = _dK  , 9 „ 

dqx  dpr  5 dqx  dqr  ' * ’ * * * ■ 


n), 


dt  dK  dh 
dqx  dh  ’ dqx 


The  last  pair  of  equations  can  be  separated  from  the  rest  of  the  system, 
since  the  first  (2 n — 2)  equations  do  not  involve  t,  and  h is  a constant. 


141,  142]  Properties  of  the  Integrals  of  Dynamical  Systems  303 

The  original  differential  equations  can  therefore  he  replaced  by  the  reduced 
system 

dqr  _ dK  dpr 
dqx  dpr  ’ dqx 

which  has  only  {n—  1)  degrees  of  freedom. 

This  result  is  equivalent  to  that  obtained  in 
direct  transformation. 


dK 

dqr 


(r  = 2,  3,  n), 


42,  as  can  be  shewn  by 


Example.  Consider  the  system 

dqr  dH 
dt  dpr  5 


dt 


where 


dH 

dqr 


<r= 1>  2), 


^=ip22+A^i2-^-2 


2^ 


2?22’ 


H being  a constant ; these  are  easily  seen  to  be  the  equations  of  motion  of  a particle 
which  is  attracted  to  a fixed  point  with  a force  varying  as  the  inverse  cube  of  the  distance : 
q2  and  q1  are  respectively  the  radius  vector  and  vectorial  angle  of  the  particle  referred  to 
the  centre  of  force. 

Writing  H—  —h,  and  applying  the  theorem  given  above,  the  equations  reduce  to  the 
system 

dq2  _ dK  dp2_  dK 
dqf~dpf  dq~  dqf 

where 

K=-(fx-q22p2-.2hq22f. 

Since  K does  not  involve  qx,  the  equation  K=  Constant  is  an  integral  of  this  last 
system,  and  we  can  therefore  perform  the  same  process  again  : writing  K——k , we  have 


iV 


2k)  — — L say, 


-i 


and  the  system  reduces  to  the  single  equation 

dql  dL  k / fx  -k2 

^2==m==^v^_  / - 

the  integral  of  which  (supposing  \x<k2)  is 

?» = ->*)*(-  sec  j(l  - 0 (?1 + *)} , 

where  e is  an  arbitrary  constant.  This  is  the  equation,  in  polar  coordinates,  of  the  orbit 
described  by  the  particle. 

142.  The  Hamilton- Jacobi  equation. 

It  follows  from  § 138  that  if  a contact- transformation  defined  by  the 
equations 


dw 


Pr  = ^~  (r=l,  2,  ...,  n), 


dW 

dQr  ’ rr  dqr 

where  W denotes  a given  function  of  (q1}  q2}  ... , qn,  Qi,  Q2,  Qn,  t),  is 
performed  on  the  variables  of  a dynamical  system  defined  by  the  equations 
dqr  _ dH  dpr  _ dH 

dt  dpr  * dt  dqr 


(r=l,  2,  n), 
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the  resulting  system  is 


dQr  _ dK  dPr  = dK 
dt  dPr ’ dt  dQr 


where 


If  the  function  K is  zero,  the  system  will  be  said  to  be  transformed  into 
the  equilibrium  problem.  Now  the  function  K will  be  zero,  provided  IT  is  a 
function  such  that 


i.e.  provided  W,  considered  as  a function  of  the  variables  (qlt  q2,  ...,  qn,  t) 
satisfies  the  partial  differential  equation 


with  the  given  dynamical  system. 

Suppose  that  a “ complete  integral  ” of  this  equation,  i.e.  a solution  con- 
taining n arbitrary  constants  in  addition  to  the  additive  constant,  is  known. 
Let  (cq,  a2,  ...,  an)  be  these  arbitrary  constants,  so  that  the  solution  can  be 
written  W (qlf  q2,  qn>  ai>  a2,  • ••,  a»,  t) ; and  perform  on  the  original 
dynamical  system  the  contact-transformation  from  the  variables  (q1}  q2,  ..., 
qn,  plt  pn)  to  variables  (oc1}  cc2,  ...,  an,  /3lf  /32,  •••,  A),  defined  by  the 
equations 


Since  W satisfies  the  Hamilton- Jacobi  equation,  the  Hamiltonian  function 
of  the  new  system  is  zero,  and  consequently  the  equations  of  the  system  are 


so  that  (aj,  a2,  an,  A,  •••>  fin)  are  constant  throughout  the  motion.  It 
follows  that  if  W denotes  a complete  integral  of  the  Hamilton- Jacobi  equation , 
containing  n arbitrary  constants  (a1,  a2,  ...,  an),  then  the  equations 


(^i,  q2,  qn>  Pd  --iPn)  in  terms  of  t and  2 n arbitrary  constants  (alf  a2,  ..., 
fi1}  ...,  fin).  In  this  way  the  solution  of  any  dynamical  system  with  n 
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degrees  of  freedom  is  made  to  depend  on  the  solution  of  a single  partial 
differential  equation  of  the  first  order  in  (n  + 1)  independent  variables. 

Example.  Consider  the  system 

dq  dH  dp  3 H 
dt  ~ dp  ’ dt  dq  ’ 

where 

and  n is  a constant.  The  Hamilton -Jacobi  equation  corresponding  to  this  system  is- 

dw  ,/aHVe. 

°-»+*U;  4’ 

a complete  integral  of  this  equation  may  be  found  in  the  following  way.  Assume 

W=f(t)  + 4><2), 

where /and  <f)  are  functions  of  their  respective  arguments  : then  we  have 

o=/'(*)+i«>'(<?)}2-^ 

This  equation  can  be  satisfied  by  writing 

' where  a is  a constant ; which  gives 

/(«)=£,  0(?)  = (2^a)iBin-l(2/a)l  + {2W(a-?)/a}i, 

so  W=I^+(2)U$  sin _ 1 (y/a)®+ {2/nj  (a  - q)]c$. 

a 

The  solution  of  the  original  problem  is  therefore  given  by  the  equations  /3=  - dWjda, 
p=d  W/dq,  where  a and  /3  are  the  two  constants  of  integration. 

143.  Hamilton  s integral  as  a solution  of  the  Hamilton- Jacobi  equation. 

There  are  an  infinite  number  of  complete  integrals  of  the  Hamilton- 
Jacobi  partial  differential  equation ; and  each  one  of  them  furnishes  a contact- 
transformation  from  the  variables  (qx>  q2,  qn,  p1}  ...,_pn)  of  the  dynamical 
system  to  variables  (a1}  a2,  •••>  an>  A>  ••• , ft),  (the  transformation  involving  t ), 
such  that  the  equations  of  motion  of  the  system  when  expressed  in  terms 
of  (a1;  a2,  ...,  an,  ft,  . ..,  ft)  become  the  equations  of  the  equilibrium-problem, 
i.e.  the  quantities  (oq,  a2,  . ..,  an,  ft,  ...,  /3n)  are  constants. 

Among  this  infinite  number  of  transformations  there  is  one  of  special 
interest;  namely  that  in  which  the  quantities  (oq,  a2,  . ..,  an,  ft,  . ..,  ft, ) are 
the  initial  values  of  (q1}  q2 , ...,  qn,  p1}  ...,  pn)  respectively,  i.e.  their  values  at 
a time  t0,  which  is  taken  as  an  epoch  from  which  the  motion  is  estimated.  In 
this  case  we  can  find  in  an  explicit  form  the  corresponding  complete  integral 
of  the  Hamilton- Jacobi  partial  differential  equation. 


w.  D. 
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For  consider  Hamilton’s  integral 
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f 


Ldt, 


where  L denotes  the  kinetic  potential  of  the  system.  Suppose  that  8 denotes 
a variation  due  to  small  changes  ( 8a1}  8a2,  ...,  8an,  8/31}  ...,  8f3n)  in  the  initial 
conditions. 


Then  (§  99)  we  have 


f 


8 I Ldt=  2 (pr8qr  — ftr8ar). 

tn  r=l 


It 


follows  that  if  the  quantity  f Ldt , when  the  integration  is  performed, 

j to 

be  expressed  in  terms  of  (q1}  q2,  ...,  qn,  a1}  ...,  an,  t),  (we  suppose  this  possible, 
i.e.  we  assume  that  it  is  not  possible  to  eliminate  (/3l5  ft2,  ...,  ftn)p1}  ...,_pn) 
from  the  relations  connecting  (ax,  ...,  otn,  ft,  ...,  ft,  q1}  ...,  qn,  px,  ...,pn),  so 
as  to  obtain  relations  between  (q1}  ...,  qn,  ax,  ...,  an))  and  if  the  function  thus 
obtained  be  denoted  by  W (q1}  q2,  •••>  qn>  •••>  an>  0>  then  we  shall  have 


d_w 

dq. 


Pry 


dW 

dar 


= ~ftr 


(r  = l,  2,  ...,  n), 


and  therefore  the  transformation  from 

(^1  y $2)  •••;  Qri  y Pi  > • • • y Pn)  to  y ^2y  • • • y y ft  1 y • • • y ftn) 

is  a contact-transformation,  and  the  integral  of  the  kinetic  potential  is  the 
determining  function  of  the  transformation. 

Also  we  have 

dW _dW  3 dW  dqr 
dt  dt  + r= i dqr  dt  ’ 


or 


or 


and  therefore  the  integral  of  the  kinetic  potential  satisfies  the  equation 
dW  jj  ( dW  dW  \ 

m+h  f 

which  is  the  Hamilton- Jacobi  equation. 


Example.  Let  (cq,  a2,  ...,  an,  ft,  ft)  be  the  initial  values  (at  time  t0)  of 
(q1:  q2,  ...,  qny  P\y  •••>  Pn)  respectively,  in  the  dynamical  system  represented  by  the 
equations 

dq,  JR  dpr  _dH 

dt  dpr’  dt  dqr  " ’ "=>•••>»> 

Suppose  that  from  the  relations  connecting  (a1}  a2,  an,  ft,  ft)  with 
{<hy  %y  •••,  qny  Pv  ••• y Pn ) it  is  possible  to  eliminate  (ft,  ft,  ...,  /3 n,Pi , pn ) entirely,  so 
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that  a number  (say  m)  of  distinct  relations  exist  between  (qlt  q2,  qn,  a1(  a„) ; let 

these  be  solved  for  (a15  a2,  ctw),  so  as  to  take  the  form 

•••)  °m  + 1>  •••>  ani  0 — ar  = 0 (^=b  • ••}  77l), 

and  let  V denote  Hamilton’s  integral 


f 

Jtc 


Ldt 


an).  Establish  the 


for  the  system,  expressed  in  terms  of  (qlt  q2,  qnj  am+1, 
equations 

0 V ™ x dFt 

Pr  h 2 — , 

fyr  *=1  fyr 

8f  - Mi 

Pr_  0<v  til  0a,’ 

where  (X15  X2,  Xm)  are  arbitrary  ; and  shew  that  the  function 

W=  F+  l \kfk 

k= 1 

is  an  integral  of  the  partial  differential  equation 

0 TF  „ / dW  0TT  \ 

-gf+S[9i,  it,  ?»>  •••>  y=0- 

144.  The  connexion  of  integrals  with  infinitesimal  transformations 
admitted  by  the  system. 

dqr  _ dH  dpr  _ dH 

dt  dpr  5 dt  dqr 

be  the  equations  of  any  dynamical  system,  and  let 

<Hqi , q*,  •••)  qn>Pi>  0 = Constant 

denote  any  integral  of  the  system  ; we  shall  shew  that  the  knowledge  of  this 
integral  enables  us  to  find  a particular  solution  of  the  variational  equations 

<§  ll2)- 

For  the  variational  equation  for  Sqr  is 
d _ d2H  ^ , d2H  * , &H  s , 02-ff  * 

dis«'= + • • • + & + • • • + a^;  ^ ; 

but  we  have 


Let 


(r  = 1,  2,  w) 


d2H  d<j>  d2H  d(j)  d2H  d(j>  d2H  dcf) 

dqjdpr  dp1  “ ’ dqndpr  dpn  dp1dpr  dqx  ‘ ' dpndpr  dqn 


0 / _ ^ dpk  dcj>  £ 0<£\  £ dH  02</>  ^ ^ 0LT  d2<j) 

dpX  k=i  dt  dpk  k=1  dt  dqj  k=1  dqk  dpkdpr  k=1  dpk  dqkdpr 

0 / dcf)  0c/>\  d /0<£\  0 /0<M 
dpr  \ dt  + dt)  + dt  \dpj  dt  \dpr) 

d /0<£\ 
dt  \dpj  ’ 
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and  hence  the  variational  equations  for  (fq^,  Sq2,  Bqn)  are  satisfied  by  the 
values 

Sqr  = e$pr’  Spr=~fr  (r  = l, 2, 

where  e is  a small  constant.  Similarly  the  variational  equations  for 

(Spl:  Sp2,  Spn) 

can  be  shewn  to  be  satisfied  by  these  values ; and  hence  the  equations 

S?r  = €0p/  Spr  = ~6^r  (r=l,  2,  ....  n), 

where  e is  a small  constant  and  </>  is  an  integral  of  the  original  equations, 
constitute  a solution  of  the  variational  equations. 

This  result  c^n  evidently  be  stated  in  the  form  : The  infinitesimal  contact- 
transformation  of  the  variables  (q1}  q2,  ...,  qn,  pu  ...,  pn),  which  is  defined  by 
the  equations 

S2V=eap,.’  Spr  = ~elfyr  (r  = l,2, 

transforms  any  orbit  into  an  adjacent  orbit,  and  therefore  transforms  the 
whole  family  of  orbits  into  itself.  Adopting  the  language  of  the  group- 
theory,  we  say  that  the  dynamical  system  admits  this  infinitesimal  contact- 
transformation.  We  have  therefore  the  theorem  that  integrals  of  a dynamical 
system,  and  contact-transformations  which  change  the  system  into  itself,  are 
substantially  the  same  thing  ; any  integral 

<t>(qi,q*,---,qn,Pi,---,  Pn,  t)  = Constant 
corresponds  to  an  infinitesimal  transformation  whose  symbol  (§  133)  is  the 
Pois son-bracket  (fi,  f). 

It  will  be  observed  that  the  ignoration  of  coordinates  arises  from  the  particular 
case  of  this  theorem  in  which  the  integral  is  pr= Constant,  where  qr  is  the  ignorable 
coordinate  ; the  corresponding  transformation  is  that  which  changes  qr  without  changing 
any  of  the  other  variables. 

145.  Poissons  theorem. 

The  last  result  leads  to  a theorem  discovered  by  Poisson  in  1809,  by 
means  of  which  it  is  possible  to  construct  from  two  known  integrals  of  a 
dynamical  system  a third  expression  which  is  constant  along  any  trajectory  of 
the  system,  and  which  therefore  (when  it  proves  to  be  independent  of  the 
integrals  already  known)  furnishes  a new  integral  of  the  system. 

Let  </>  (qx,  q2,  ...,  qn,  pu  ...,  pn,  t)  = Constant 

and  <7a>  •••>  qn>Pi>  ...jJOn,  0 = Constant 

denote  the  two  integrals  which  are  supposed  known.  Consider  the  in- 
finitesimal contact -transformation  whose  symbol  is  the  Poisson-bracket 
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since  yfr  is  an  integral,  this  (§  144)  transforms  every  orbit  into  an 
adjacent  orbit. 

The  increment  of  the  function  </>  under  this  transformation  is  e (</>,  ^), 
where  e is  a small  constant ; but  since  <£  is  an  integral,  </>  has  constant  values 
along  the  original  orbit  and  along  the  adjacent  orbit : the  value  of  (<£, 
must  therefore  be  constant  throughout  the  motion.  We  thus  have  Poisson’s 
theorem,  that  if  <p  and  yjr  are  two  integrals  of  the  system,  the  Poisson-hracket 
(</>,  is  constant  throughout  the  motion. 

If  (</>,  i/r),  which  is  a function  of  the  variables  (qly  q2,  ...,  qn,  p i, 
does  not  reduce  to  merely  zero  or  a constant,  and  if  moreover  it  is  not 
expressible  in  terms  of  </>,  \/r  and  such  other  integrals  as  are  already  known, 
then  the  equation 

(</>,  t/t)  = Constant 

constitutes  a new  integral  of  the  system. 

The  following  example  will  shew  how  Poisson’s  theorem  can  be  applied  to  obtain  new 
integrals  of  a dynamical  system  when  two  integrals  are  already  known. 

Consider  the  motion  of  a particle  of  unit  mass,  whose  rectangular  coordinates  are 
(Si?  925  ft)  and  whose  components  of  velocity  are  {pl,  p2,  p3),  which  is  free  to  move 
in  space  under  the  influence  of  a centre  of  force  at  the  origin.  The  integrals  of  Angular 
momentum  about  two  of  the  axes  are 

p3  q2  — qzPz  = Constant, 
and  p1  q3  — q1p3  — Constant. 

Let  these  be  taken  as  the  two  known  integrals  <£  and  \|/>  ; the  Poisson-hracket  (<£,  \j/), 
which  is 

3 /00  d±_df  00\ 

l.  , r=i\dqrdpr  dqrdpr)’ 

becomes  in  this  case 

1.  , . , . p2ft-ftPi; 

and  in  fact,  the  equation 

P2  ft  — q^Pi = Constant 

is  another  integral  of  the  motion,  being  the  integral  of  angular  momentum  about  the 
third  axis. 

146.  The  constancy  of  Lagrange’s  bracket-expressions. 

The  theorem  of  Poisson  has,  as  might  be  expected,  an  analogue  in  the 
theory  of  Lagrange’s  bracket-expressions. 

Let  ur  = ar  (r  = 1,  2,  ...,  2n) 

denote  2 n integrals  of  a dynamical  system  with  n degrees  of  freedom,  con- 
stituting the  complete  solution  of  the  problem  : the  quantities  ur  being  given 
functions  of  the  variables  (q1}  q2,  ...,  qn,  p1}  ...,  pn,  t ),  and  the  quantities  ar 
being  arbitrary  constants.  By  means  of  these  equations  we  can  express 
(ft>  ft,  qn,  Pi,  pn)  as  functions  of  (aly  a2,  ... , a2n,  t),  and  form  the 
Lagrange’s  bracket-expressions  [ar,  as],  where  ar  and  as  are  any  two  of  the 
quantities  (a1}  a2,  ...,  a2n). 
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Since  the  transformation  from  the  variables  (q1}  q2,  . ..,  qn,  Pi>  . . pn)  at 
time  t to  their  values  at  time  t + dt  is  a contact-transformation,  we  have  (§  128) 

2^  (A qrSpr  - &qr&Pr)  = o, 

where  the  symbols  A and  8 refer  to  independent  displacements  from  one  & 
trajectory  to  an  adjacent  trajectory.  If  now  we  take  the  symbol  A to  refer 
to  a variation  in  which  CLi  only  is  varied,  the  rest  of  the  quantities 

(&1,  d2y  • • • > a2 n) 

remaining  unchanged,  and  take  8 to  refer  to  a variation  in  which  dj  only  is  I 
varied,  the  last  equation  becomes 

d_  » /dqrdpr_dqr  dpf\  = Q 
dt  r=1  ddj  ddj  ddi) 

or  jt  [di}  dj]  = 0, 

which  shews  that  the  Ldgrdnge-brdcket  [ di , dj]  hds  d constdnt  value  during  the  i 
motion  dlong  dny  trdjectory ; this  theorem  was  given  by  Lagrange  in  1808. 

Lagrange’s  result,  unlike  Poisson’s,  does  not  enable  us  to  find  any  new 
integrals;  for  we  have  to  know  all  the  integrals  before  we  can  form  the 
Lagrange’s  bracket-expressions. 

147.  Involution-systems. 

Let  (uu  u2,  ...,  ur)  denote  r functions  of  2 n independent  variables 
(ql}  q2,  ...,  qn,ply  ...,pn)] 

if  it  is  possible  to  express  all  the  Poisson-brackets  (uiy  uk ) as  functions  of 
(uly  u2,  ...,  ur),  the  functions  (i^,  u2,  ...,  ur ) are  said  to  form  a function-group *. 
Any  function  of  (ult  u2,  ...,  ur)  belongs  to  this  group. 

If  the  quantities  (ui,  %)  are  all  zero,  the  functions  (uly  u2 , ...,  ur)  are  said 
to  be  in  involution , or  to  form  an  involution-system. 

Now  suppose  that  (ulyu2,  ...,ur)  are  functions  in  involution:  and  let 
v = 0 and  w — 0 be  any  two  equations  which  are  consequences  of  the 
equations 

U\ ==  0,  u2  = 0,.... , ur=  0 ; 

we  shall  shew  that  v dnd  w sdtisfy  the  relation  (y,  w)  = 0. 

For  since  (u1}  u2,  ... , ur)  are  in  involution,  each  of  the  equations 
ux  — 0,  u2  = 0,  . . . , ur  = 0 

admits  each  of  the  r infinitesimal  transformations  whose  symbols  are 

(“2./).  ••••  (Mr./)! 

* Lie,  Math.  Ann.  viii.  (1875). 
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and  consequently  the  equation  v = 0,  being  a consequence  of  these  equations, 
must  also  admit  these  transformations ; that  is  to  say,  we  have 

(uk,  v)  = 0 (k  = 1,  2,  ...,  r), 

and  therefore  each  of  the  equations 

ux  — 0,  u2  = 0,  . . . , ur  = 0 

admits  the  infinitesimal  transformation  whose  symbol  is  {v,  /).  Since  the 
equation  w — 0 is  a consequence  of  these  equations,  it  follows  that  the 
equation  w = 0 must  also  admit  this  transformation,  and  therefore  we  have 

o,  w)  = 0, 

which  establishes  the  result. 

Hence  we  see  that  if(ulyu2,  ...,  ur)  are  in  involution , and  the  equations 
v1  — 0,  v2  — 0,  . . . , vr  = 0 
are  consequences  of  the  equations 

ux  = 0,  u2  = 0,  . . . , ur  — 0, 
then  the  functions  (vlf  v2,  . ..,  vr)  are  in  involution. 


148.  Liouvilles  theorem. 

The  result  which  was  established  for  systems  with  two  degrees  of  freedom 
in  § 121  can  now  be  extended  to  systems  with  any  number  of  degrees  of 
freedom.  The  theorem,  which  was  given  by  Liouville*  in  1855,  may  be  thus 
stated  : If  n distinct  integrals 

#2,  qn,Pi,  ••• ,pn , t)  = ar  (r=  1,  2,  ...,  n) 

where  (a1}  a2,  an)  are  arbitrary  constants , are  known  for  the  dynamical 
system 

dqr  dH  dpr  dH  , n x 

dt^Wr’  dt=~dqr 

where  H is  any  given  function  of  (q1}  q2,  ...,  qn,  Pi,  pn > t),  and  if  the 

functions  (<£1}  cf>2,  ...,  <pn)  are  in  involution , then  on  solving  these  integrals  for 
(Pi,p<i)  •••yPn),  so  as  to  obtain  them  in  the  form 

Pr=.fr(qi,  q*,  qn,  «1,  a2,  an>  t)  (r  =\f,  ...,  n) 
and  substituting  (f , f2 , ...,  fn)  respectively  for  (p1,p2,  ... ,pn ) in  the  expression 
pldq1+p2dq2+  ...  +pndqn-  Hdt, 
the  latter  expression  becomes  a perfect  differential : denoting  it  by 
dV(q1}  q2y  ...,  qn,  ax,  a2,  ...,  an,  t), 


Journal  de  Math.  xx.  p.  137. 
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the  remaining  integrals  of  the  system  are 

dV  _ 
da , r 


[CH.  XII 


(r  = l,  2, 


(6l9  6 2,  6n)  are  arbitrary  constants. 

For  since  the  functions  <l>1-a1,  c/>2-a2,  <f>n  — an  are  in  involution,  it 
follows  by  the  last  article  that  the  functions  px  -f,  p2  —f2,  ... , pn  -fn,  are  in 
involution,  and  therefore 

(Pr-fr>  Ps-fs)  = 0 (r,  5=  1,  2,  ...,  n), 

» |r|-°  (’'•-1'2 *)• 

0#  dpr  _ dfr 
dqr  dt  dt 

= dA+  v 

0£  §=i  0gs  dt 


Also 


and  consequently 


Jfr,  Z&dH 

dt  S=1  dqr  dps 


dHdfs 


n 

,=!  bps  dqr 


dfr  = _dH 

dt  dqr 
_dHx 
dqr  * 

where  Hx  stands  for  the  function  H when  expressed  in  terms  of  the  arguments 

(?1,  ft,  •••;  ft»,  «l,  - <)• 

The  equations 

df^df  df^JJh 

dqr  dqf  dt  dqr  ’ 

shew  that  f\dqx  + fdq2  + ...  + fndqn  — Hxdt 

is  the  perfect  differential  of  some  function  V (qX)  q2,  ... , qn,  ax,  ... , an,  t) ; 
which  establishes  the  first  part  of  Liouville’s  theorem. 

If  now  the  symbol  d denote  the  total  differential  of  the  function  V with 
respect  to  all  its  arguments,  we  have  therefore 

dV 

dV= fxdqx  + f2dq2  + . . . + fndqn  — H-ftt  + 2 ^ dar. 

In  this  equation  replace  the  quantities  ar  by  their  values  <f>r  : we  thus 
obtain  an  identity  in  (qx,  q2>  . .. , qn,  px,  p2,  . .. , pn , t),  namely 

dV 

dV-  2 d<j)r  =pxdqx  +p2dq2  + . . . + pndqn  - Hdt, 

r oar 

where  on  the  left-hand  side  of  the  equation  we  suppose  that  in  dV  and 
dV 

- — the  quantities  {ax,  a2, ...,  an ) are  replaced  by  their  values  </>2,  ...,  </>n). 
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This  equation  shews  that  the  differential  form 

p1dq1+p2dq2+  ...  + pnd<^0- Hdt, 

when  expressed  in  terms  of  the  variables  (q1}  q2,  ...,  qn)  cf)1}  <j>2,  ...,  cf>n,  t), 
takes  the  form 

- X °^-dcf>r  + dV, 

r=i Odr 

and  hence  the  differential  equations  of  the  original  dynamical  problem  are 
equivalent  to  the  first  Pfaff’s  system  of  this  differential  form,  namely 

,‘(sH  fr-1-2 *>• 

The  expressions  dV/dar  are  therefore  constant  throughout  the  motion,  i.e. 
the  equations 

dV  , /-is)  \ 

0-  = 6,  (r  = 1,  2, 

where  ( b1}  b2,  ...,  bn)  are  new  arbitrary  constants,  are  integrals  of  the  system; 
this  completes  the  proof  of  Liouville’s  theorem. 


Example.  In  the  motion  of  a body  under  no  forces  with  one  point  fixed,  let  (d,  $,  -v/d 
denote  the  three  Eulerian  angles  which  specify  the  position  of  the  body  relative  to  any 
fixed  axes  OXYZ  at  the  fixed  point,  (d,  By  G)  the  principal  moments  of  inertia  of  the 
body  at  the  fixed  point,  a the  constant  of  energy,  ax  the  angular  momentum  about 
the  fixed  axis  OZ , and  a2  the  angular  momentum  about  the  normal  to  the  invariable 
plane : and  let  (01}  01?  x/q)  denote  dT/d0,  dT/dcfi,  dT/dx^  respectively.  Obtain  the 
equations 


' d = tan  - 1 {(a22  - ax2  - - tan  ~ 1 {(a22  - x\r2  - 


4>i~  — 

=tan-1{<91(a22--f12-^12)-^}  + tan-1 1 


A (2Ba  - a22)  C+ (C- B)  i/q2)  i 
B (2Aa-a22)0+(0-A)x^12j  ' 


Hence  shew  that 


6 d6l  + x/s  dx\r1  + cq  d <p 


is  the  perfect  differential  of  a function  V,  and  that  the  remaining  integrals  of  the 
system  are 


07  07 

da1  15  da2  2’ 


where  b,  015  b2  are  arbitrary  constants. 


(Siacci.) 


149.  Levi-Civita? s theorem. 

Levi-Civita*  has  established  a connexion  between  the  integrals  of  a 
dynamical  system  and  certain  families  of  particular  solutions  of  the  equations 
of  motion. 

Consider  first  a system  in  which  some  of  the  coordinates  are  ignorable. 
Let  (q1}  q2,  ...,  qm)  be  the  ignorable  and  ( qm+1 , qn ) the  non-ignorable 

coordinates ; and  let  L denote  the  kinetic  potential. 

* Rend.  delV  Acc.  dei  Lincei  (1901),  p.  3. 
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The  integrals  corresponding  to  the  ignorable  coordinates  are 

a l 


dqr 


= Constant 


(r—  L 2,  ...,m), 


and  corresponding  to  these  integrals  there  exists  a class  of  particular  solutions 
of  the  system , namely  those  steady  motions  (§  83)  in  which  (qu  q2)  ...,  qm) 
have  constant  values  which  can  be  chosen  arbitrarily,  while  ( qm+1 , gm+2,  ... , qn) 
have  constant  values  which  are  determined  by  the  equations 


“-0 

dqr 


(r  = m + 1,  ra+  2,  w); 


there  are  oo  2m  of  these  particular  solutions,  since  the  m constant  values  of 
(qly  52,  • •.,  qm)  and  the  m initial  values  of  (qlf  q2,  ...,  qm)  can  be  arbitrarily 
assigned.  The  theorem  of  Levi-Civita,  to  the  consideration  of  which  we 
shall  riow  proceed,  may  be  regarded  as  an  extension  of  this  result. 


Let 


0=1,  2,  n) 


dqL_dJf  dPr___dJf 
dt  dpr  ’ dt  dqr 

be  the  equations  of  motion  of  a dynamical  system,  the  function  H being 
supposed  not  to  involve  the  time  explicitly. 

Let  Fr{qu  q2f  ...,  qn,  pu  ...,pn)  = 0 (r  = l,  2,  ...,  m)  ...(A) 

be  a system  of  m relations,  which  when  solved  for  (ply  p2,  ... , pm ) take 
the  form 

Pr=fr(qi,  q*,  ...,  qn,  Pm+ 1,  0=1>  •••>  •••  (Ai)} 


and  which  are  invariant  relations  with  respect  to  the  Hamiltonian  system, 
i.e.  which  are  such  that  if  we  differentiate  the  relations  (AJ  with  respect 
to  t , we  obtain  relations  which  are  satisfied  identically  in  virtue  of  the 
Hamiltonian  equations  and  of  the  equations  (Aj)  themselves.  These 
invariant  relations  include,  as  a particular  case,  integrals  of  the  system : 
in  this  case,  they  will  involve  arbitrary  constants. 


Since  the  relations  (Aj)  are  invariant  relations,  we  have 

H=df  = _ | dfdH^^dfdH  2 

dqr  dt  j=m+i dpj  dqj  j-idq,  dpj 


and  writing 


this  becomes 


n /dVdW 
{V,  W}=  X 

j=m+i  \opj  dqj 


dVdW\ 
dqj  dp j ) * . 


dH 

dqr 


=i  dp 


(r=l,  2,  ... , m)  ...  (1)  ; 


this  equation  becomes  an  identity  when  for  each  of  the  quantities 
(pi,  p2,  ...»  pm)  we  substitute  the  corresponding  function  fr. 
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Moreover,  we  shall  suppose  that  the  relations  (A)  or  (Ax)  are  in  involution 
among  themselves.  This  condition  is  expressed  by  the  equations 

; |-|  + {/„/.)-°  «>...» 

Let  K denote  the  function  obtained  from  H on  replacing  (p1}  p2,  ...,pm) 
by  their  values  (/i,/2,  ••• ,/m ),  so  that 


and 


dH==dK_  ™ dHdfs 
dpr  dpr  s=i  dps  dpr 

dA=dA_  | dEdA 

dqr  dqr  s=idpsdqr 
dH  = dK_  | dHdfs 
dqr  dqr  S=1  dps  dqr 

From  (3)  we  have 


dH 


#/►}  = {*./,}+ HWs[fr’fs] 


(r  = m + 1,  m + 2,  n)  ...  (3) 
(r=  1,  2,  m)  ...  (4). 
(r  = 1,  2,  ...,  m), 


and  combining  this  with  (4)  we  have 


+ {/»/•} 


Substituting  in  (1)  this  value  of  dH/dqr  + j H,fr},  and  using  (2),  we  obtain 
the  equations 

™+{K,fr}  = 0 (r=  1,  2,  m)  ...  (5). 

We  shall  now  shew  that  the  system  of  equations 

( pr=fr(Pm+uPm+ 2,  ---,Pn,  ft,  •••,  qn)  (**  = B 2>  •••>  m) 

(r  = m + 1,  m + 2,  ...,n) ...  (B) 

is  invariant  with  respect  to  the  Hamiltonian  equations,  i.e.  that 

d (dK\  , d (dK\  , t o \ 

dt(df  and  (™  + W2,  -■  »> 

are  zero  in  virtue  of  equations  (A),  (B),  (1),  (2),  (3),  (4),  (5). 

We  have  from  the  Hamiltonian  equations 


0^=o  3*=0 

dp,  ’ dqr 


fdK\  _ j 
dt  \dpj  1 

i | d2K  dH\ 

1"  s=idprdqsdps  | 

d (dK\  i 

\rr  m 

\H’  Wr\ 

! 5 d*K  dH~ 

es*  1 

o7i 

t_! 

ii 

1 s=i  dqrdqs  dps) 

- (r  = m + 1,  n)  ...  (6), 


and  (5)  gives  on  differentiation,  using  (B), 
d*K  (dK  J n 
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now  taking  account  of  (B),  we  have  from  (3) 

dH=_  g dHdf 

dpr  S = l dps  dpr 


dq 

and  hence  equations  (6)  become 


oH__  g 


dPdfs 


=i  dps  dqr 


>-  (r  = m+  1,  m+  2,  . ..,  n) 


d 

dt 

d 

dt 


a k 

dpr 

dK 

dqr 


idH 


&K 

=i  dps  L dprdqt 
d*K 


+ 


g dH 

9=1  dps 


dqrdqs 


dK 

dpr 

dK 

dqr 


Js 


/- 


(r  = m + 1,  m 4-  2,  n), 


or  by  (7), 


d 

dt 


dpr 


— 0,  (r  = m + 1,  m + 2,  w) 


d /dK ^ 
dt  \dqri 

which  proves  that  the  system  of  equations  (A)  and  (B)  is  invariant  with 
respect  to  the  Hamiltonian  equations. 


Now  from  the  equations  (A)  and  (B),  let  the  variables 

(Pi>  P% ) • • • ; Pn>  qm+l>  •••>  qn ) 

be  determined  in  terms  of  (q1}  q2,  from  the  invariant  character  of 

(A)  and  (B)  it  follows  that  on  substituting  these  values  in  the  Hamiltonian 
equations,  we  shall  obtain  m independent  equations,  namely  those  which 
express  ( dqjdt , dq2/dt,  ...,  dqm/dt)  in  terms  of  (q1}  q2,  qm),  the  others  being 
identically  satisfied : and  the  general  solution  of  this  system,  which  will 
contain  m arbitrary  constants,  will  give  oo m particular  solutions  of  the 
Hamiltonian  equations.  The  solution  of  this  system  can,  by  making  use 
of  the  integral  of  energy,  be  reduced  to  that  of  a system  of  order  (m  — 1): 
and  thus  we  obtain  Levi-Civita’s  theorem,  which  can  be  thus  stated : To  any 
set  of  m invariant  relations  of  a Hamiltonian  system , which  are  in  involution , 
there  corresponds  a family  of  oo  m particular  solutions  of  the  Hamiltonian 
system,  whose  determination  depends  on  the  integration  of  a system  of  order 
(m  — 1).  • 

If  the  invariant  relations  (A)  are  integrals  of  the  system,  they  will  con  tail 
another  set  of  m arbitrary  constants  : and  hence  to  a set  of  m integrals  of  a 
Hamiltonian  system,  which  are  in  involution , there  corresponds  in  general 
a family  of  oo  2m  particular  solutions  of  the  system , which  are  obtained  by 
integrating  a system  of  order  (m—  1). 

Example.  For  the  dynamical  system  defined  by  the  Hamiltonian  function 

Si  Pi  - Q2P2  ~ a2i  + &?22> 

shew  that  the  Levi-Civita  particular  solutions  corresponding  to  the  integral 

( p2  — bq2)lq  1 = Constant, 
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are  given  by  the  equations 

2i  = 0,  q2=^e~t+%  Pl=ae~t+%  p2=be~tAr*> 

where  e is  an  arbitrary  constant. 


150.  Systems  which  possess  integrals  linear  in  the  momenta. 

We  shall  now  proceed  to  the  consideration  of  systems  which  possess 
integrals  of  certain  special  kinds. 

Suppose  that  a dynamical  system,  expressed  by  the  equations 

dj±JH  H = JH  ,2, 

dt  3 pr  dt  dqr  v ; 

has  an  integral  which  is  linear  and  homogeneous  in  (ply  p2y  ...,  pn ),  say 
fiPi  +Ap-2  + • • • +fnPn  = Constant, 
where  (/l5/2,  . . . , fn)  are  given  functions  of  (qly  q2,  ...,  qn ). 

Consider  the  system  of  equations 

dqL  _ dq2  _ dqn 

/i  f*  fn 

which  is  of  order  (n  — 1) ; suppose  that  the  (n  — 1)  integrals  which  constitute 
its  solution  are 

Qr  ( qi , q2,  • • • , q%)  = Constant  (r  = 1,2,  . . . , n - 1)  ; 
and  let  Qn  be  a function  defined  by  the  equation 

[dql 


HI 


A ’ 


where  in  the  integrand  the  variables  (g2,  qs,  ...,  qn)  are  supposed  replaced 
by  their  values  in  terms  of  (qlf  Qly  Q2,  ...,  Qn_ x)  before  the  integration 
is  carried  out. 


Then  if  the  variables  change  in  such  a way  that  (Qlt  Q2,  ...,  remain 

constant  and  Qn  varies,  it  follows  from  the  above  equation  that 


dq1  _ dq2, 

A A: 


so  that  if  (Q1?  Q2,  ...,  Qn)  are  regarded  as  a set  of  new  variables  in  terms  of 
which  (q1}  q2,  ...,  qn)  can  be  expressed,  we  shall  have 


3 qic  r 

a Qn~fk 


(&=  1,  2,  ...,  n). 


Suppose  then  that  we  consider  the  contact-transformation  which  is  the 
extension  of  the  point-transformation  from  the  variables  (qlf  q2,  ...,  qn ) to  the 
variables  (Qlf  Q2,  ...,  Qn)t  so  that  the  new  variables  (Plf  P2,  ...,Pn)  are 
defined  (§  132)  by  the  equations 


3 qk 


318  Properties  of  the  Integrals  of  [ch.  xii 

By  this  transformation  the  differential  equations  of  the  dynamical  system 
are  changed  into  a new  set  of  Hamiltonian  equations 

dQr_SK  d_Pr__dK 

dt~dPr’  dt~  8Qr  { ’ 

and  the  known  integral  becomes 

Pn  = Constant. 

Since  dPnjdt  = 0,  we  have  dK/dQn  = 0,  so  the  function  K does  not  involve 
Qn  explicitly  : and  thus  we  obtain  the  result  that  when  a dynamical  system 
possesses  an  integral  which  is  linear  and  homogeneous  in  (p1}  p2,  ...,  pn),  there 
exists  a point-transformation  from  the  variables  (q1,q2,  ...,  qn)  to  new  variables 
(Qi,  Q2 , •••>  Qn),  which  is  such  that  the  transformed  Hamiltonian  function 
does  no.t  involve  Qn-  The  system  as  transformed  possesses  therefore  an 
ignorable  coordinate,  and  we  have  the  theorem  that  the  only  dynamical 
systems  which  possess  integrals  linear  in  the  momenta  are  those  which  possess 
ignorable  coordinates , or  which  can  be  transformed  by  an  extended  point- 
transformation  into  systems  which  possess  ignorable  coordinates. 

The  converse  of  this  theorem  is  evidently  true. 

This  result  might  have  been  foreseen  from  the  theorem  (§  144)  that  if 
<M2i>  ?2>  •••>  qn,  Pi,  Pn,  0 = Constant 

is  an  integral  of  the  system,  then  the  differential  equations  of  motion  admit  the 
infinitesimal  transformation  whose  symbol  is  ( <p,f ).  For  when  cf>  is  linear  and  homogeneous 
in  (plf  ...,  pn),  this  transformation  is  (§  132)  an  extended  point- transformation  : if 
this  point-transformation  is  transformed  by  change  of  variables  so  as  to  have  the  symbol 
df/dQn,  it  is  clear  that  the  Hamiltonian  function  of  the  equations  after  transformation 
cannot  involve  Qn  explicitly. 

Considering  now  in  particular  systems  whose  kinetic  potential  consists 
of  a kinetic  energy  T(q1}  q2,  ...,  qn,  qi,  ... , qn ) which  is  quadratic  in  the 
velocities  (<ft,  q2,  qn)  and  a potential  energy  V (qx,  q2,  , qn)  which  is 

independent  of  the  velocities,  we  see  that  in  order  that  an  integral  linear  in 
the  velocities  may  exist  the  system  must  possess  an  ignorable  coordinate, 
or  must  be  transformable  by  a point-transformation  into  a system  which 
possesses  an  ignorable  coordinate.  But  in  either  case  the  functions  T and  V 
evidently  admit  the  same  infinitesimal  transformation,  namely  the  trans- 
formation which,  when  the  coordinates  are  so  chosen  that  one  of  them  is  the 
ignorable  coordinate,  consists  in  increasing  the  ignorable  coordinate  by  a 
small  quantity  and  leaving  the  other  coordinates  and  the  velocities  unaltered ; 
and  conversely,  if  T and  V admit  the  same  infinitesimal  transformation,  then 
there  exists  an  integral  linear  in  the  velocities.  This  result  is  known  as 
L6vys  theorem,  having  been,  published  by  Ldvy*  in  1878. 


Comptes  Rendus,  lxxxvi. 
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Example.  If  the  equations 


d [dT' 
dt 


© 


dJT 

dqr 


— Qr 


(r=l,  % ..., 


where  T=\  2 2 ailcqiqk , and  where  (&>  #2>  -5  Qn,  «id  «i2j  •••>  O are  given  functions 

i=i  fc=i 

of  (ft,  ^2,  . . . , g^),  possess  an  integral  of  the  form 

Cj  <h  + C2  q2  -I-  • . . ~H  C!n  qn  + C — Constant, 

where  (Cl5  C2,  ...,  Cn , (7)  are  functions  of  {qXi  q 2,  ...,  qn ),  shew  that  it  is  possible  to 
displace  an  invariable  system  in  one  direction  from  any  one  of  its  positions  in  the  space  Sn 
defined  by  the  form 

n n 

ds2=  2 2 ailcdqidqk. 
i= 1 *=1 

Shew  that  for  this  a necessary  and  sufficient  condition  is  that  the  ds 2 can  be  trans- 
formed in  such  a way  that  one  of  the  variables  becomes  absent  from  the  coefficients. 

(Cerruti  and  Levy.) 


151.  Determination  of  the  forces  acting  on  a system  for  which  an 
integral  is  known. 

Before  proceeding  to  discuss  systems  which  possess  integrals  quadratic 
in  the  velocities,  we  shall  obtain  a result  due  to  Bertrand*,  namely  that 
in  the  motion  of  a dynamical  system  of  given  constitution,  for  which  however 
the  acting  forces  are  unknown  (it  being  supposed  that  the  forces  depend 
solely  on  the  coordinates  of  their  points  of  application,  and  not  on  the 
velocities  of  these  points),  we  can  discover  the  unknown  forces  provided  one 
integral  is  known.  Moreover,  this  integral  cannot  be  chosen  at  random,  but 
must  satisfy  certain  conditions. 


Let  (q1}  q2,  ...,  qn)  be  the  n independent  coordinates  of  the  system,  T the 
kinetic  energy,  and  (Qlf  Q2,  ...,  Qn ) the  unknown  forces,  which  are  supposed 
to  depend  only  on  (q1}  q2,  ...,  qf)',  so  the  equations  of  motion  are 


d fdT 


si-g-* 


dt  \dq, 

Let  #2,  •••>  qn,  qi,  •••,  qn,  t)  = Constant 

be  an  integral  of  the  system ; on  differentiating  it,  we  have 


(r  = l,  2, 


d<f>  .. 


d(j)  . d(j> 


2 3"  2 ?r+  ^ 0 


-1  dqr 


r=l 


dqr 


Substituting  in  this  equation  for  ( q1}  q2,  ...,  qn)  their  values  as  given  by 
the  equations  of  motion,  we  have  a relation  involving  (Qlf  Q2,  ...,  Qn ) linearly. 
This  relation,  as  it  contains  only  the  quantities  (q1}  q2,  ...,  qn,  q^,  qn,  t ),  to 
all  of  which  we  can  assign  arbitrary  independent  values,  must  be  an  identity  : 
we  can  therefore  differentiate  it  with  respect  to  (q1}  q2,  ...,  qn),  and  so  form 
n new  equations  which,  likewise  containing  (Q1}  Q2 , ...,  Qn)  linearly,  will 

* Journal  de  Math,  (i)  xvn.  (1852),  p.  121. 
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suffice  in  general  to  determine  these  unknown  quantities.  The  integral  will 
relate  to  an  actual  system  only  when  these  values  of  (Q1}  Q2,  ...,  Qn)  satisfy 
the  equation 


^ d<p  ..  ^ d(f)  . deb 

Z fr  qr+  X qr+  -f 

r= i oqr  r=i  dqr  ot 


= 0: 


the  cases  in  which  the  equations  for  the  determination  of  (Qlt  Q2,  ...,  Qn)  are 
not  independent,  so  that  (Qi>  Qo,  . .., Qn ) are  indeterminate,  are  those  in 
which  the  integral  is  common  to  several  distinct  dynamical  problems. 

Example.  If  an  integral  of  the  equations  of  motion  of  a point  in  a plane  is  common 
to  two  different  problems,  shew  that  it  is  of  the  form 

E(4>\  x,  y , t)  = Constant, 

where  ( x , y)  are  rectangular  coordinates  and  cp'  is  the  derivate  with  respect  to  t of 
a function  (p  (x,  y)  which,  equated  to  a constant,  represents  the  equations  of  a set 
of  straight  lines.  (Bertrand.) 


152.  Application  to  the  case  of  a particle  whose  equations  of  motion 
possess  an  integral  quadratic  in  the  velocities. 

As  an  application  of  Bertrand’s  method,  let  it  be  required  to  find  the 
nature  of  the  potential  energy  function  V in  order  that  the  equations  of 
motion  of  a particle  which  is  free  to  move  in  a plane  under  the  action  of 
conservative  forces, 

dV  ..  dV 

may  possess  an  integral  (other  than  the  integral  of  energy)  of  the  form 
Px2  -f  Qxij  + Ry 2 -f  Sy  + Tx  + K = Constant, 
where  P,  Q,  R,  S , T,  K,  are  functions  of  x and  y. 


Differentiating  the  last  equation,  and  substituting  for  x and  y from  the 
equations  of  motion,  we  have 


dP 


dR 


Tx+V  ^ + Xy\Ty 


, fdP  , SQ 

dx 


+ 


+ ifx 


dQ  dR 


dy  dx 


dV 


+ f-)~  2 Px  ~ 


dx 


dV 

dy 


d_s 

dy 


k , +5T  tf+  5Z 


ST 

das 


dS  ST 
dx  dy 


SK  . SK  . „3F  mdV  , 

+ ^x  + ^-y-S^-TTx  = 0. 


dx  dy  * dy 
Equating  to  zero  the  terms  of  the  third  degree  in  x and  y,  we  have 


(A). 


= o a?  = ft 

dx  ’ Sy  dy  dx  ’ dy  dx  ‘ 

from  which  it  is  readily  deduced  that  the  terms  of  the  second  degree  in  the 
integral  must  have  the  form 

(ay2  +by  + c)  x2  + (ax2  + b'x  + c')  if  + (—  2 axy  — b'y  — bx  + Ci)  xy, 


where  (a,  b,  c,  b',  c',  Cj)  are  constants. 
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Equating  to  zero  the  terms  of  the  second  degree  in  x and  y in  equation 
(A),  we  have 

dx^dy  ’ 


dl=  o ^=0 

dy  ’ 8x  ’ 


from  these  equations  we  deduce 

S = mx  + p,  T = — my  + q, 
where  (m,  p,  q)  are  constants. 

Equating  to  zero  the  terms  independent  of  x and  y in  (A),  we  have 

oy  ox 


or 


°^{mx  + p)-d~{my-q)  = 0. 


This  equation  shews  that  if  (m,  p,  q)  are  different  from  zero,  the  force  is 
directed  to  a fixed  centre  of  force,  whose  coordinates  are  — _p/m  and  q/m]  we 
shall  exclude  this  simple  particular  case,  and  hence  it  follows  that  the  con- 
stants (m,  p,  q)  must  each  he  zero,  so  that  the  integral  contains  no  terms  of 
the  first  degree  in  x , y. 

Equating  to  zero  the  terms  linear  in  x and  y in  (A),  we  have 

ox  oy  ox 

0. 

oy  ox  oy 


Differentiating  the  former  of  these  equations  with  respect  to  y , and  the 

d2K 

latter  with  respect  to  x,  and  equating  the  two  values  of  thus  obtained, 
we  have 

dxdy  dx  dy  dy 2 dy  dy  dxdy  dx  dy  dx  dx  ^ dx2> 

and  replacing  P,  Q,  JR  by  their  values  as  found  above,  we  have 


fd2V  d2V\  d2V 

W “ 2aooy-b'y-hx  + ^)  + 2^.(-ay^-o^  + by-b'x  + c-c') 


.dy1 


32F 

dxdy 

dv 


dV 


dx  (6“y  + 86)  + (-  6a®  - 36')  = 0. 


Darboux*  has  shewn  that  this  partial  differential  equation  for  the  function 
V can  be  integrated  in  the  following  way. 


w.  D. 


Archives  Neerlandaises,  (ii)  vi.  p.  371  (1901). 


21 


322 


Properties  of  the  Integrals  of  [ch.  xii 


Excluding  the  particular  case  in  which  the  constant  a is  zero,  we  can 
always  by  change  of  axes  reduce  the  given  integral  to  the  simpler  form 

£ (xy  — yxf  + cx2  + of  + K = Constant, 


which  amounts  to  supposing  that 

a = 6=0,  6'  = 0,  cx  = 0 ; 

if  moreover  we  replace  c — c'  by  2,  the  partial  differential  equation  for  F 
becomes 


/02F  d2V\  d2V  dV  0F 

- If)  + & ~x'  + c2>  9 Wy  + ^ Tx  ~SxTy=0- 


To  integrate  this  equation,  we  form  the  differential  equation  of  the 
characteristics 

xy  ( dy 2 — dal)  + (x2  — y2  — c2)  dx  dy  = 0. 

If  in  this  equation  we  take  x2  and  y2  as  new  variables,  it  becomes  a 
Clairaut’s  equation : we  thus  find  that  its  integral  is 

(m  + 1)  (jnx2  — y2)  — me 2 = 0, 

where  m denotes  the  arbitrary  constant.  By  a simple  change  of  notation,  we 
can  write  this  integral  in  the  form 

, y 2 =1 

ct2  a2-c2 


where  the  arbitrary  constant  is  now  a.  This  form  puts  in  evidence  the 
interesting  fact  that  the  characteristic  curves  of  the  partial  differential 
equation  are  two  families  of  confocal  conics. 

Taking  then  as  new  variables  a and  (3  the  parameters  of  the  confocal 
ellipses  and  hyperbolas,  so  that 

x=a~  > 2/  = ^{(a2-c2)(o2-/32)}i, 


it  is  known  from  the  general  theory  that  the  partial  differential  equation  will 
take  the  form 


d2V 

dad/3 


+ A 


d_V+  ndV 
0a  0/9  ‘ 


0, 


where  A and  B are  functions  of  a and  j3 ; in  fact,  on  performing  the  change  of 
variables  we  find 


d2V  dV  0F 


which  can  be  immediately  integrated,  giving 

(a2  - /32)  V =f  (a)  -$(£), 

where  f and  c/>  are  arbitrary  functions  of  their  arguments.  It  follows  that  the 
only  cases  of  the  motion  of  a particle  in  a plane,  under  the  action  of  conservative 
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and  ( a , /?,  b ) are  any  functions  of  the  coordinates  (q1,  q2)  : and  let  this  system  possess  an 
integral 

a'q±2 + 2 h!qx  q2  + b'q22  — Constant, 

quadratic  in  the  velocities  and  distinct  from  the  equation  of  energy,  where  ( a ',  ti,  b ')  are 
functions  of  the  coordinates.  If  A and  A'  denote  ( ab  — h 2)  and  ( a'b'-h '2)  respectively, 
and  if 

r= i (|)2  W+m^'+W), 


where  qr'  stands  for  dqrjdt\  shew  that  the  equations 


d_  /d_r\  _ dr_ 

dt’  \dqr'  J bqr 


(r=l,  2) 


define  the  same  relations  between  the  coordinates  (q±,  q2)  as  the  original  equations 
of  motion,  and  that  one  set  of  equations  can  be  transformed  to  the  other  by  the  trans- 
formation 

Adt=A'dt'. 


Miscellaneous  Examples. 

1.  A dynamical  system  is  defined  by  its  kinetic  energy 


V$n  $21  $ 


(where  $ denotes  the  determinant 


$11  $12  $i« 

$21  $22  $2w 


$nl  $n2 $nw 

in  which  the  elements  of  the  Mi  line  are  functions  of  qk  only,  and  denotes  the  minor  of 
( Pm ),  and  by  its  potential  energy 

where  +*a*S  + - + *„+., 

and  the  quantity  ^ denotes  a function  of  only.  Shew  that  a complete  integral  of  the 
Hamilton- Jacobi  equation 

dJV  , 1 C (d  W\2  fdW\  2 /0JF\2)  * 

^ + 2*  M^)  +M^)  +•■•  + *«  fe)  }-5-° 

*S  ~al*  + 2 f («1  $il  + a2  $i2  + • • • + an  (pin  + , 

*=1  J 

where  (cq,  a2,  an)  are  arbitrary  constants.  (Goursat.) 

2-  If  $(? i)  Pi»  -5  0 = Constant 

is  an  integral  of  a dynamical  system  which  possesses  an  integral  of  energy,  shew  that 

Constant,  = Constant,  etc.,  are  also  integrals. 
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forces , which  possess  an  integral  quadratic  in  the  velocities  other  than  the 
integral  of  energy,  are  those  for  which  the  potential  energy  has  the  form 

a?-p  ’ 

where  a and  /3  are  the  parameters  of  confocal  ellipses  and  hyperbolas. 

Since  by  differentiation  we  have 

/32 


the  kinetic  energy  is 


<r  — & 


+ 


/32 


and  an  inspection  of  the  forms  of  T and  V shews  that  these  problems  are  of 
Liouville  s class  (§  43),  and  are  therefore  integrable  by  quadratures. 


153.  General  dynamical  systems  possessing  integrals  quadratic  in  the  velocities. 

The  complete  determination  of  the  explicit  form  of  the  most  general  dynamical  system 
whose  equations  of  motion  possess  an  integral  quadratic  in  the  velocities  (in  addition 
to  the  integral  of  energy)  has  not  yet  been  effected.  It  is  obvious  from  § 43  that  all 
dynamical  systems  which  are  of  Liouville’s  type,  or  which  are  reducible  to  this  type  by  a 
point-transformation,  possess  such  integrals  : and  several  more  extended  types  have  been 
determined. 

Example  1.  Let  <f>ki(<2k)  (Jc,  1 = 1,  2,  ...,  ri) 

be  n2  functions  depending  solely  on  the  arguments  indicated,  and  let 


2 <bki^u 

Zs=l 


(1  = 1,  2,  ...,  n) 


denote  the  determinant  formed  by  these  functions.  Shew  that  if  the  kinetic  energy  of  a 
dynamical  system  is  reducible  to  the  form  [ 

n * 

and  the  potential  energy  is  zero,  there  exists  not  only  the  integral  of  energy, 

JL 

fc=i  $fci 

but  also  (n- 1)  other  integrals,  homogeneous  and  of  the  second  degree  in  the  velocities, 
namely 

n * <&,, 

4k2  = ai  (1=2,  3,  ...,  n), 


2 — ^2  = al5 


k= l 


where  (a1?  a2,  ...,  an)  are  arbitrary  constants:  and  that  the  problem  is  soluble  by 
quadratures.  (Stackel.) 

Example  2.  Let  the  equations  of  motion  of  a dynamical  system  with  two  degrees  of 
freedom  be 

d ( dT\  __  A 

(r=b  2), 


dt 


(r~)~¥~=0 

\dqj  cqr 


where 


T=  | (aqx  2 + 2hq1  q 2 + bq22), 


21—2 


f 
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3.  A system  ofi  equations 

dqr 
dt 

/ 

Cl^  = Br(qi,  q2,  ...,  q^Pi,  0] 


:Ar(qi,  92,  — 3 ?«3  Pu  ••• ,Pn , 0 


dpT 


(r=l,  2 


(r  = l,  2,  ...,  w). 


is  such  that  if  <£  and  ^ are  any  two  integrals  whatever,  the  Poisson-bracket  (0,  \{s)  is  also 
an  integral.  Shew  that  the  equations  must  have  the  Hamiltonian  form 

! dqr  _ did  dpr_  bH 

dt  dpr  ’ dt  dqr 

(Korkine.) 

4.  If  cq  = Constant,  a2=  Constant,  ...,  ak  = Constant, 

fa  = Constant,  fa  = Constant,  . . . , fa— Constant, 
are  any  2k  integrals  of  a Hamiltonian  system  of  differential  equations,  the  variables  being 
(2i,  92,  •••>  Pi,  —,Pn),  shew  that 

2 2 ± |2l  ...  |fL*  ...  p = Constant 


is  also  an  integral. 

5.  Let  the  expression 


(Laurent.) 


0 


0#!,  #23  -3  #»)  = 2 3 . , . , 

i=l  0 (^ii)  *^215  • • • 3 ^m) 

where  H1,  H2 , ...,  Hn  are  functions  of  the  711/  variables  2,  ...,  % ; i=l,  2,  ...,  i>) 

be  called  a Poisson-bracket  of  the  nth  order.  If  6r1}  G2,  ...,  CrAv  are  functions  of 
yn,  3^12’  ••■3  3 #?n>  ^123  "v  xkv  j ^i»  ^23  •••3  ahv,  where  (A-l-^  = 2i),  and  if 

A«?-)  (*-1. 2-  •••>  f;)) 

denotes  all  the  Poisson-brackets  formed  from  every  n functions  G,  shew  that 

^”>=0  (*•=!,  2, 

represents  the  necessary  and  sufficient  conditions  that  the  functions 

yst=Fat(x 11,  «123  •••>  ^3  «i,  «23  —3  «Av)  (5==  13  23  A;  t=  1,  2,  ...,  y) 

arising  from  the  equations 

Cr*  = 0 (&’=1,  2,  ...,  Aj/) 

shall  satisfy  the  simultaneous  partial  differential  equations  of  the  first  order 

PiW,F)= 0 (i=l,2,...,(A;)), 

where  Pi(yh,  F)  denotes  the  expression  which  is  obtained  when  we  replace  h of  the 


functions  F in  Pt  ( Fn ) by  as  many  y’s. 


(Albeggiani.) 


6.  A particle  of  unit  mass  whose  coordinates  referred  to  fixed  rectangular  axes  are 

(#,  y ) is  free  to  move  in  a plane  under  forces  derivable  from  a potential-energy  function 

/(#,  y),  the  total  energy  being  h.  Shew  that  if  the  orthogonal  trajectories  of  the  curves 

1 / 02 * *  02  v 

*-/(«,  y)  \<te*  df) lo®  (*>  y)}= Constant 
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are  orbits,  the  differential  equations  of  motion  of  the  particle  possess  an  integral  linear  and 
homogeneous  in  the  velocities  (x,  y). 

7.  The  equations  of  motion  of  a free  system  of  m particles  are 

(1 2/y* 

PBl,  2,  ...,3m). 

If  an  integral  exists  of  the  form 


3m 

2 f8x8  — Ct= Constant, 

S=1 

where /15/2,  are  functions  of  xlf  x2,  x3m,  and  0 is, a constant,  shew  that  this 

integral  can  be  written 

3m  3m 

2 kgX8  + 2 ar8  (x8xr  - XrXg)  — Ct— Constant, 

S=l  r,  s= 1 

where  the  quantities  lc8  and  ar8  are  constants.  (Pennacchietti.)  v 

8.  Two  particles  move  on  a surface  under  the  action  of  different  forces  depending 
only  on  their  respective  positions  : if  their  differential  equations  of  motion  have  in 
common  an  integral  independent  of  the  time,  shew  that  the  surface  is  applicable  on 
a surface  of  revolution.  (Bertrand.) 
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155.  The  differential  equations  of  the  problem . 

Let  P,  Q,  R denote  the  three  particles,  (ml3  m2,  m3)  their  masses,  and 
0*23 > ^si,  7*12)  their  mutual  distances.  Take  any  fixed  rectangular  axes  Oxyz , 
and  let  (q1}  q2,  q3),  (g4,  q5,  q6),  ( q7 , q8,  q9)  be  the  coordinates  of  P,  Q,  R,  respec- 
tively. The  kinetic  energy  of  the  system  is 

T = \m1  {qx2  + q22  + q3 2)  + i ( q4 2 + q52  + q6 2)  + \ m3  (q72  + q82  + q<?) ; 

the  force  of  attraction  between  m1  and  m2  is  k2mxm2rxf2,  where  k 2 is  the 
constant  of  attraction : we  shall  suppose  the  units  so  chosen  that  k 2 is  unity, 
so  that  this  attraction  becomes  m1m2r1f2,  and  the  corresponding  term  in 
the  potential  energy  is  — m1m2r12~\  The  potential  energy  of  the  system 
is  therefore 


V — 


m2m3  m3m1 

r.o 


m1m2 


r 31  r 12 

= - m2m3  {(g4  - q7 )2  + (q5  - q8 )2  + (q6  - q3)2}~* 

- m3  m1  {(q7  - qff  + (q8  - q2f  + (q9  - g3)2}_i 

- mxm2  \{qx  - g4)2  4-  (q2  - q5 )2  + (q3  - qeY}~h- 

The  equations  of  motion  of  the  system,  are 

dv 


mkqr  = - 


dqr 


(r  = 1,  2,. ..,9), 


where  k denotes  the  integer  part  of  J (r  + 2).  This  system  consists  of 
9 differential  equations,  each  of  the  2nd  order,  and  the  system  is  therefore 
of  order  18. 


Writing 


and 


P — Pr 

9 qi  2 

H=  2 P-+V, 

r= 1 2 mh 


(r=  1,  2,...,  9), 


(r=l,  2,...,  9), 


the  equations  take  the  Hamiltonian  form 

dqr  _ dH  dpr  _ dll 
dt  dpr  ’ dt  dqr 

and  these  are  a set  of  18  differential  equations,  each  of  the  1st  order,  for  the 
determination  of  the  variables  (q1}  q2,...,  q9,  Pi,  p^, p9). 

It  was  shewn  by  Lagrange*  that  this  system  can  be  reduced  to  a system 
which  is  only  of  the  6th  order.  That  a reduction  of  this  kind  must  be  possible 
can  be  seen  from  the  following  considerations. 

In  the  first  place,  since  no  forces  act  except  the  mutual  attractions  of  the 

* Recueil  des  pieces  qui  ont  remporte  les  prix  de  VAcad.  de  Paris , ix.  (1772).  Lagrange  of 
course  did  not  reduce  the  system  to  the  Hamiltonian  form. 


CHAPTER  XIII. 


THE  REDUCTION  OF  THE  PROBLEM  OF  THREE  BODIES. 

154.  Introduction. 

The  most  celebrated  of  all  dynamical  problems  is  known  as  the  Problem 
of  Three  Bodies , and  may  be  enunciated  as  follows  : 

Three  /particles  attract  each  other  according  to  the  Newtonian  law , so  that 
between  each  pair  of  particles  there  is  an  attractive  force  which  is  proportional 
to  the  product  of  the  masses  of  the  particles  and  the  inverse  square  of  their 
distance  apart : they  are  free  to  move  in  space,  and  are  initially  supposed  to  be 
moving  in  any  given  manner ; to  determine  their  subsequent  motion. 

The  practical  importance  of  this  problem  arises  from  its  applications  to 
Celestial  Mechanics : the  bodies  which  constitute  the  solar  system  attract 
each  other  according  to  the  Newtonian  law,  and  (as  they  have  approximately 
the  form  of  spheres,  whose  dimensions  are  very  small  compared  with  the 
distances  which  separate  them)  it  is  usual  to  consider  the  problem  of  deter- 
mining their  motion  in  an  ideal  form,  in  which  the  bodies  are  replaced  by 
particles  of  masses  equal  to  the  masses  of  the  respective  bodies  and  occupying 
the  positions  of  their  centres  of  gravity*. 

The  problem  of  three  bodies  cannot  be  solved  in  finite  terms  by  means 
of  any  of  the  functions  at  present  known  to  analysis.  This  difficulty  has 
stimulated  research  to  such  an  extent,  that  between  the  years  1750  and  1904 
over  800  memoirs,  many  of  them  bearing  the  names  of  the  greatest  mathema- 
ticians, have  been  published  on  the  subject  j\  In  the  present  chapter,  we 
shall  discuss  the  known  integrals  of  the  system  and  their  application  to  the 
reduction  of  the  problem  to  a dynamical  problem  with  a lesser  number  of 
degrees  of  freedom. 

* The  motions  of  the  bodies  relative  to  their  centres  of  gravity  (in  the  consideration  of  which 
their  sizes  and  shapes  of  course  cannot  be  neglected)  are  discussed  separately,  e.g.  in  the  Theory 
of  Precession  and  Nutation.  In  some  cases  however  (e.g.  in  the  Theory  of  the  Satellites  of  the 
Major  Planets)  the  oblateness  of  one  of  the  bodies  exercises  so  great  an  effect,  that  the  problem 
cannot  be  divided  in  this  way. 

+ Cf.  the  author’s  Report  on  the  progress  of  the  solution  of  the  Problem  of  Three  Bodies  in  the 
British  Association  Report  of  1899,  p.  121. 
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particles,  the  centre  of  gravity  of  the  system  moves  in  a straight  line  with 
uniform  velocity.  This  fact  is  expressed  by  the  6 integrals 

rpi+P4  + p7  = ai, 

■ P2  + p5  + P8  = as, 

.p3  + P6  + P9  = a5, 
rmxqx  + m2g4  4-  m3q7  - (pi  + p^  + p7)  t = a2, 

* m xq2  + m.2q5  + m3q8  - (p2  + p5  + p8)t  = a4, 
mxqs  + m2q6  + m3q9  - (p3  +p6  + p9)  t = a6, 

where  ax,  a2,  ...,  a6  are  constants.  It  may  be  expected  that  the  use  of  these 
integrals  will  enable  us  to  depress  the  equations  of  motion  from  the  18th  to 
the  12th  order. 


In  the  second  place,  the  angular  momentum  of  the  three  bodies  round 
each  of  the  coordinate  axes  is  constant  throughout  the  motion.  This  fact 
is  analytically  expressed  by  the  equations 

(qx p2  — q2px  + q4p5  - q5 p4.+  q7 p8  - q8p7  = a7, 


iqzPs-  q3P2  + q5Pe - qep5  + qsP9  - q9p8  = ct8, 
\q3p1  - qxp3  + q6p4  -q4p6+  ?9 p7  ~q7P9  = a9> 


where  a7)  a8,  a9  are  constants.  By  use  of  these  three  integrals  we  may 
expect  to  be  able  to  further  depress  the  equations  of  motion  from  the 
12th  to  the  9th  order.  But  when  one  of  the  coordinates  which  define  the 
position  of  the  system  is  taken  to  be  the  azimuth  <£  of  one  of  the  bodies 
with  respect  to  some  fixed  axis  (say  the  axis  of  z),  and  the  other  coordinates 
define  the  position  of  the  system  relative  to  the  plane  having  this  azimuth, 
the  coordinate  <£  is  an  ignorable  coordinate,  and  consequently  the  corre- 
sponding integral  (which  is  one  of  the  integrals  of  angular  momentum 
above-mentioned)  can  be  used  to  depress  the  order  of  the  system  by  two 
units ; the  equations  of  motion  can  therefore,  as  a matter  of  fact,  be  reduced 
in  this  way  to  the  8th  order.  This  fact  (though  contained  implicitly  in 
Lagrange’s  memoir  already  cited)  was  first  explicitly  noticed  by  Jacobi*  in 
1843,  and  is  generally  referred  to  as  the  elimination  of  the  nodes. 


Lastly,  it  is  possible  again  to  depress  the  order  of  the  equations  by  two 
units  as  in  § 42,  by  using  the  integral  of  energy  and  eliminating  the  time. 

So  finally  the  equations  of  motion  can  be  reduced  to  a system  of  the  6th  order. 

' 

156.  Jacobi's  equation.  / 

Jacobi +,  in  considering  the  motion  of  any  number  of  free  particles  in  space,  which 
attract  each  other  according  to  the  Newtonian  law,  has  introduced  the  function 

2?j  M 13  5 


Journ.fur  Math.  xxvi.  p.  115. 


f Vorlesungen  fiber  Dyn.,  p.  22. 
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where  mi  and  my  are  the  masses  of  two  typical  particles  of  the  system,  is  the  distance 
between  them  at  time  t,  M is  the  total  mass  of  the  particles,  and  the  summation  is  extended 
over  all  pairs  of  particles  in  the  system.  This  function,  which  has  been  used  in  researches 
concerning  the  stability  of  the  system,  will  be  called  Jacobi’s  function  and  denoted  by  the 
symbol  <I>. 

We  shall  suppose  the  centre  of  gravity  of  the  system  to  be  at  rest ; let  (a?4,  yi,  z£)  be  the 
coordinates  of  the  particle  m*  referred  to  fixed  rectangular  axes  with  the  centre  of  gravity 
as  origin.  The  kinetic  energy  of  the  system  is 

T=\2mi  (xi2 +i/i2  + k2\ 
i 

and  consequently  we  have 

2 MT=  (2 mi)  x 2mf  (xi2 +iji2  + zf). 

i i 

But  (2m*)  x Imi x?  — (2my  Xj)2  ='2mi mj  (x\  - Xj)2, 

i i i i,j 

where  the  summation  on  the  right-hand  side  is  extended  over  every  pair  of  particles  in  the 
system  : and  we  have  2m$#i=0,  in  virtue  of  the  properties  of  the  centre  of  gravity. 


Thus  we  have 


T= 


{(^ - ^i)2  + (Vi-ViY  + (h - %)2} 


1 


where  Vij  denotes  the  velocity  of  the  particle  mi  relative  to  my. 
In  the  same  way  we  can  shew  that 

i 2mi  (xi2  + y? + Zi2)  = <t> . 


If  now  V denotes  the  potential  energy  of  the  system,  the  arbitrary  constant  in  V being 
determined  by  the  condition  that  V is  to  be  zero  when  the  particles  are  at  infinitely  great 
distances  from  each  other,  we  have 


V=-  2 mimf 

i,j  rij 


The  equate  „ng  0£  mo^on  0f  the  particle  m$  are 


dV 


dV 


dV 

dzi 


Multiply  these  evuations  by  ^ 

yi , Zi,  respectively,  add  them,  and  sum  for  all  the 
particles  of  the  system^ . gjnce  y jg  homogeneous  of  degree  — 1 in  the  variables,  we  thus 
obtain 

2 mi  ( xfxi  +yiyi+zizi)  = V, 


or 


dtL  \ 2mi  (xi2 +yi 2 + Zi2)  — 2T=  V, 


or 


This  is  called  Jacobis  equation. 


\ 
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157.  Reduction  to  the  12 th  order , by  use  of  the  integrals  of  motion  of  the 
centre  of  gravity. 

We  shall  now  proceed  to  carry  out  the  reductions  which  have  been 
described*.  It  will  appear  that  it  is  possible  to  retain  the  Hamiltonian  form 
of  the  equations  throughout  all  the  transformations.  j 

Taking  the  equations  of  motion  of  the  Problem  of  Three  Bodies^  in  the 
form  obtained  in  § 155, 

dqr  _ 9 H dpr  __  oH  (r  — \ 2 9) 

dt  dpr  ’ dt  dqr  ’ * 

we  have  first  to  reduce  this  system  from  the  18th  to  the  12th  order,  by  use 
of  the  integrals  of  motion  of  the  centre  of  gravity.  For  this  purpose  we 
perform  on  the  variables  the  contact-transformation  defined  by  the  equations 

_dW  ,_9IF  (r— 1 2 9) 

qr~dPr’  Pr~dqr' 

where  W = p1qi  + p9qi  + p^qi  + p*qi  + p5qi  4 -p6qi  4 (pi+p^+p?)  qi 

+ (^2  4 p5  4 p8)  qi  + ( p3  + Pe  +Ps)  qi- 

Interpreting  these  equations,  it  is  easily  seen  that  (qi,  qi,  qi)  are  the 
coordinates  of  m1  relative  to  m3,  (qi,  qi,  qi)  are  the  coordinates  of  m2  relative 
to  m3,  (qi,  qi,  qi)  are  the  coordinates  of  m3,  (pi,  pi,  pi)  are  the  components 
of  momentum  of  ml5  (pi,  pi,  pi)  are  the  components  of  momentum  of  m2,  and 
( p /,  pi,  pi)  are  the  components  of  momentum  of  the  system. 

The  differential  equations  now  become  (§  138) 

dqr'  _ dH  dpi  _ dH 

dt  dpi  ’ dt  dqr 

where,  on  substitution  of  the  new  variables  for  the  old,  we  have 


(r=l,  2,  ...,  9), 


H 


= (i + <*'*  +p" +p s'2) + (i + i)  (p"+p^ +p /2) 


1 


+ ZT  {pip*  +P2  pi  + pi  pi  + ipi 2 + JK2  + ipi°-pi  (pi  + Pi) 

m3 

~pi  {pi  + pi)  ~pi  (pi  + pi)} 

- m2m3  { qi 2 + qi 2 + qi2}  -*  - m3mx  {< qi 2 4-  qi 2 4-  qi2}~* 

- mxm2  {(qi  - qlf  + (qi  - qi)2  4-  (qi  - qi)2} ~h- 

Since  qi,  qi,  qi  are  altogether  absent  from  H,  they  are  ignorable 
coordinates : the  corresponding  integrals  are 

pi  = Constant,  pi  = Constant,  pi  — Constant. 


* The  contact-transformation  used  in  § 157  is  due  to  Poincar6,  C.R.  cxxm,  (1896) ; that  used 
in  § 158  is  new,  and  appears  worthy  of  note  from  the  fact  that  it  is  an  extended  point-trans- 
formation, which  shews  that  the  reduction  could  be  performed  on  the  equations  in  their 
Lagrangian  (as  opposed  to  their  Hamiltonian)  form,  by  pure  point-transformations.  The  second 
transformation  in  the  alternative  reduction  (§  160)  is  not  an  extended  point-transformation. 
Another  reduction  of  the  Problem  of  Three  Bodies  can  be  constructed  from  the  standpoint  of 
Lie’s  Theory  of  Involution-systems  and  Distinguished  Functions  : cf.  Lie,  Math.  Ann.  vm.  p.  282. 
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We  can  without  loss  of  generality  suppose  these  constants  of  integration 
to  be  zero,  as  this  only  means  that  the  centre  of  gravity  of  the  system  is 
taken  to  be  at  rest : the  reduced  kinetic  potential  obtained  by  ignoration  of 
coordinates  will  therefore  be  derived  from  the  unreduced  kinetic  potential 
by  replacing  p7',  p8,  p9'  by  zero,  and  the  new  Hamiltonian  function  will  be 
derived  from  H in  the  same  way.  The  system  of  the  12th  order,  to  which  the 
equations  of  motion  of  the  problem  of  three  bodies  have  now  been  reduced,  may 
therefore  be  written  (suppressing  the  accents  to  the  letters) 

dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 

where 


(r  = 1,  2, 


6), 


H 


/ 1_  J_ 

\2rnj  2m, 


<&■+*•+*•)  + (a£r +5^ 


(Vi+Ps+Pe) 

+ ~(PiPi+P*Ps+P4)«) 

'Us 


- m2m3  {q42  + q52  + q<?}~?  - m3mx  [qx2  + q22  + q32} 

- rnxm2  {(qx  - qf  + (q2  - q5f  + (q3  - q6)2fK 

This  system  possesses  an  integral  of  energy, 

H = Constant, 

and  three  integrals  of  angular  momentum,  namely 

[ q&s  - qsp2  + q5pe  - qep5  = Ax 
j TPi  - qiPs  + TP*  - TPe  = A2 
1 qxp2  - q2px  + q4p5  - q5p4  = A3 

where  A1}  A2,  A3  are  constants. 


158.  Reduction  to  the  8th  order,  by  use  of  the  integrals  of  angular 
momentum  and  elimination  of  the  nodes. 

The  system  of  the  12th  order  obtained  in  the  last  article  must  now  be 
reduced  to  the  8th  order,  by  using  the  three  integrals  of  angular  momentum 
and  by  eliminating  the  nodes.  This  may  be  done  in  the  following  way. 

Apply  to  the  variables  the  contact-transformation  defined  by  the 
equations 

q'  dpr‘  Pr~dqr’  (r  1>2’— -6)> 

where 


W = px  (qx  cos  qf  - q2  cos  q6'  sin  q5')  +p2  (qx  sin  qB'  + q2  cos  q3  cos  qf)  +p3q2  sin  q3 

+ P\  (<p'  cos  q5'  - q4  cos  q6'  sin  q5')  4-  p5  (q3  sin  qsf  + q4  cos  q6'  cos  qi)+p<qt  sin  qf 

It  is  readily  seen  that  the  new  variables  can  be  interpreted  physically  as 
follows : 
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In  addition  to  the  fixed  axes  Oxyz,  take  a new  set  of  moving  axes  Ox'y'z ; 
Ox'  is  to  be  the  intersection  or  node  of  the  plane  Oxy  with  the  plane  of  the 
three  bodies,  Oy'  is  to  be  a line  perpendicular  to  this  in  the  plane  of  the 
three  bodies,  and  Oz'  is  to  be  normal  to  the  plane  of  the  three  bodies.  Then 
{ql,  ql)  are  the  coordinates  of  m1  relative  to  axes  drawn  through  m3  parallel 
to  Ox',  Oy' ; (ql,  ql)  are  the  coordinates  of  m2  relative  to  the  same  axes ; ql 
is  the  angle  between  Ox'  and  Ox ; ql  is  the  angle  between  Oz'  and  Oz ; pl 
and  pl  are  the  components  of  momentum  of  ml  relative  to  the  axes  Ox',  Oy' ; 
p3'  and  pi  are  the  components  of  momentum  of  m2  relative  to  the  same  axes ; 
pi  and  pi  are  the  angular  momenta  of  the  system  relative  to  the  axes  Oz 
and  Ox’  respectively. 

The  equations  of  motion  in  terms  of  the  new  variables  are  (§  138) 

m 


dqr'  _ dH  dpi 

dt  dpi  ’ dt 

where,  on  substitution  in  H of  the  new  variables  for  the  old,  we  have 


-a?  (r=1’2'.-’6)’ 


H 


= f-1- 

V2mj 


2 mj 


Pi'*  + Pl*  + (n  'nr~~nyn  '\ » KPiV-PaV+^sV-^V)?/ COtge' 
W2  g3  gi  g4 ) 


+ 


j_  _i\ 

2t?2-2  2?72'3/ 


_P3/2+i>4/2  + 


1 

m3 


pi pl  + plpl  - 


(#2  #3  ~ 9.1 9*  y 


1 


+ plql  cosec  g6'  +g?6V}2 
{( pl9l~pl9l  +Pl9l  -Pl9l)  9l cot  9< 
+ plql  cosec  ql  + plql}* 


(qlql-  9I9I Y 

{(pi'9l  - pl9i  +PI9I  - PI9I)  9l cot  9I +PI9I cosec  9l  + plql 


{(plql  -plql  + plql  -plql)  ql  cot  ql  + plql  cosec  ql  + plql 

- m2m3  (ql*  + ql*  - m3mx  (ql*  + ql2)~h  - mxm2  {(ql  - g3')2  + (ql  - ql)*\ 

Now  ql  does  not  occur  in  H,  and  is  therefore  an  ignorable  coordinate ; the 
corresponding  integral  is 

pl  = k,  where  k is  a constant. 

The  equation  dql jdt  = dHjdk  can  be  integrated  by  a simple  quadrature 
when  the  rest  of  the  equations  of  motion  have  been  integrated ; the  equations 
for  ql  and  pl  will  therefore  fall  out  of  the  system,  which  thus  reduces  to  the 
system  of  the  10th  order 

¥=!•  %-'% 

where  pl  is  to  be  replaced  by  the  constant  k wherever  it  occurs  in  H. 

We  have  now  made  use  of  one  of  the  three  integrals  of  angular  momentum 
(namely  pl  — k)  and  the  elimination  of  the  nodes : when  the  other  two 
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integrals  of  angular  momentum  are  expressed  in  terms  of  the  new  variables, 
they  become 

f (Pz'qi  -piqz  +p±ql  - Ps  ql)  sin  q5'  cosec  q6'  - k sin  q5'  cot  qG  + pG  cos  q5'  = Al} 
(p*qi  - Pi  qj  +P*q3  - Ps'q /)  cos  q5'  cosec  q6'  + k cos  qB'  cot  q6'  + pG  sin  q5'  = A2. 

The  values  of  the  constants  Ax  and  A2  depend  on  the  position  of  the  fixed 
axes  Oxyz ; we  shall  choose  the  axis  Oz  to  be  the  line  of  resultant  angular 
momentum  of  the  system,  so  that  (cf.  § 69)  the  constants  Al  and  A2  are  zero : 
the  special  xy-plane  thus  introduced  is  called  the  invariable  plane  of  the 
system.  The  two  last  equations  then  give 

k cos  q6'  =p2'qi  -p(q2  +p^q^  - ps'q /, 

Pe'=  0. 


These  equations  determine  q6'  and  pG  in  terms  of  the  other  variables,  and 
so  can  be  regarded  as  replacing  the  equations 

dqf  _ dJf  <M.  = _dHL 

dt  dpG  ’ dt  dq6' 5 

in  the  system.  The  system  thus  becomes 

dqr'  _ dU  dpr'  _ dH 

dt  dpr' 5 dt  dqr' 

where 


(r  = 1,  2,  3,  4), 


H=(—  +J- 

V^m!  2 m3 


+ (2  ra2  + 2 m3) 


^4 


{(PiV  - Pi  qi  +Ps'qi  -plqi)  cot  qG  + k cosec  g6'}2 


^+^+teV-glvy 


1 

4 

m2 


Pl'Ps  + Pi  Pi 


{(piV  - P2V  d-psV  - p4,5r3/)  cot  gr6'  + A;  cosec  g/}2 


(q*'q*-qi'q*Y 

{(piq*  -p*qi  + piql  - plq /) cot  g6'  + A; cosec g6'} 
- m2m3  (g/2  + g4/2)-i  - m3mi  (ft'2  + 9'2/2)“i  - ^#2  {(ft7  - ^sO2  + (q-2  - q*T}~h> 


and  where,  after  the  derivates  of  H have  been  formed,  q6'  is  to  be  replaced  by 
its  value  found  from  the  equation 

k cos  ql  =p2'q1'  -ptq2  + plq*  - ps'qf 

Now  let  H'  be  the  function  obtained  when  this  value  of  qG  is  substituted 
in  H ; then  if  s denotes  any  one  of  the  variables  qf  q2,  qf  qf  pf  pf  pf  pf 
we  have 
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But  since  p6'  = 0,  we  have  dH/dq6'  =p6'  = 0,  and  therefore 

dH'  dHm 
ds  ~ ds  ’ 

in  other  words,  we  can  make  the  substitution  for  g6'  in  H before  forming  the 
derivates  of  H ; and  thus  (suppressing  the  accents)  the  equations  of  motion  of 
the  Problem  of  Three  Bodies  are  reduced  to  the  system  of  the  8th  order 

dqr  _ dH  dpr  _ dH 
dt  dpr  5 dt  dqr 

where 


(r=l,  2,  3,  4), 


H 


i + i)  ^ + + (i + i)  (p°  +p^ + k (Pips + Mi) 


+ (M3-M4)' 


-J(r 


— • 

,m1  2m  J 


qf  + l 


(,2m2  + 2 ra3) 


M4 

m. 


{k2  - (p2qi~Piq2  +P±q-i -Psq*)2} 

m2ms  (qi  + q/)~*  - m3m1  {qf  + g22)~i  - m1m2  {(ft  - q3)2  + (ft  - ft)2}“i 


Many  of  the  quantities  occurring  in  H have  simple  physical  interpretations : 
thus  (ft  ft  — ft  ft)  is  twice  the  area  of  the  triangle  formed  by  the  bodies ; and 

2 w1m2m3  (7  1 1 V 2 / 1 1 \ 2 1 1 

mx  + m2  + m3  [bmj  27723/  V2t722  2 mj  m3  ^2^4j 

is  the  moment  of  inertia  of  the  three  bodies  about  the  line  in  which  the 
plane  of  the  bodies  meets  the  invariable  plane  through  their  centre  of 
gravity. 

It  is  also  to  be  noted  that  this  value  of  H differs  from  the  value  of  H when  k is  zero  by- 
terms  which  do  not  involve  the  variables  p1,  p2,  p3J  p4 : these  terms  in  k can  therefore  be 
regarded  as  part  of  the  potential  energy,  and  we  can  say  that  the  system  differs  from  the 
corresponding  system  for  which  k is  zero  only  by  certain  modifications  in  the  potential 
energy.  It  can  easily  be  shewn  that  when  k is  zero  the  motion  takes  place  in  a plane. 


159.  Reduction  to  the  6th  order. 

The  equations  of  motion  can  now  be  further  reduced  from  the  8th  to  the 
6th  order,  by  making  use  of  the  integral  of  energy 

H = Constant, 

and  eliminating  the  time.  The  theorem  of  § 141  shews  that  in  performing 
this  reduction  the  Hamiltonian  form  of  the  differential  equations  can  be 
conserved.  As  the  actual  reduction  is  not  required  subsequently,  it  will  not 
be  given  here  in  detail. 

The  Hamiltonmn  system  of  the  6th  order  thus  obtained  is,  in  the  present 
state  of  our  knowledge,  the  ultimate  reduced  form  of  the  equations  of  motion  of 
the  general  Problem  of  Three  Bodies. 
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160.  Alternative  reduction  of  the  problem  from  the  18 th  to  the  6th  order. 

We  shall  now  give  another  reduction  * of  the  general  problem  of  three 
bodies  to  a Hamiltonian  system  of  the  6th  order. 

Let  the  original  Hamiltonian  system  of  equations  of  motion  (§  155) 
be  transformed  by  the  contact-transformation 


, dW 


a w 


qr~dpr"  Pr  dqr 

where 

W =pi  (qi  - qi)  + pi  (qs  - qi)+pi  (q>  - q») 


(r-l,  2,  ...,9), 


+ m , 


/ mlgl  + w2gA  / mlg2  + m2g5 

■^4  \^7  m1  + m2  ) v8  mx 

mxqo  + m2q6\ 

+p»  (?.  — ~^+irh  )+P7  + mssv) 


+ ps'  (m,g,  + m2q5  + m3qs)+p9'  (mLq,  + m3qe  + m3q9). 

The  integrals  of  motion  of  the  centre  of  gravity,  when  expressed  in  terms 
of  the  new  variables,  can  be  written 

qi  = qi  = qi  = Pi  = pi  = pi  = o, 

and  consequently  the  transformed  system  is  only  of  the  12th  order:  sup- 
pressing the  accents  in  the  new  variables,  it  is 


where 


dqr  _ a H dpr  _ 3 H 

dt  a pr  ’ dt  a qr 


(r=  1,  2,...,  6), 


H = ^ fe2  + pi  + pi)  + ± (p2  + pi  + Pi)  - m1m2  ( qi  + qi  + qi)~ * 


«i»j  i + ft2  + + -■  ■ , 2—  (?i?i + q*q> + m«) 

//<-!  “T  III 2 


and 


— m2m3  ■<  g42  + #52  -I-  qi  — 


mxm2 


2 m1 


m1  + m2 


( fh. V (q  2 


(qiq*  + q2q5  + q3q6) 


+ qi  + qi) 


+ 


mx  + m2’ 


, _ m3  (mx  + m2) 
mx  + m2+  m3 


H = 


The  new  variables  may  be  physically  interpreted  in  the  following  way : 
Let  G be  the  centre  of  gravity  of  mx  and  m2.  Then  (q1}  q2,  qi)  are  the 


Due  to  Radau,  Annales  de  VEc.  Norm.  Sup.  v.  (1868),  p.  311. 
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projections  of  mxm2  on  the  fixed  axes,  and  (q4,  q5,  q6)  are  the  projections 
of  Gms  on  the  axes.  Further, 

^ = Pr  (T  = 1.2,3),  and  i*'^-pr  (r-4,5.6). 


The  new  Hamiltonian  system  clearly  represents  the  equations  of  motion 
of  two  particles,  one  of  mass  y at  a point  whose  coordinates  are  (gl3  q2,  q3), 
and  the  other  of  mass  y at  a point  whose  coordinates  are  (q4,  q5,  q6) ; these 
particles  being  supposed  to  move  freely  in  space  under  the  action  of  forces 
derivable  from  a potential  energy  represented  by  the  terms  in  H which 
are  independent  of  the  p’s.  We  have  therefore  replaced  the  Problem  of 
Three  Bodies  by  the  problem  of  two  bodies  moving  under  this  system  of 
forces.  This  reduction,  though  substantially  contained  in  Jacobi’s*  paper  of 
1843,  was  first  explicitly  stated  by  Bertrand *f-  in  1852. 

We  shall  suppose  the  axes  so  chosen  that  the  plane  of  xy  is  the  invariable 
plane  for  the  motion  of  the  particles  y and  y',  i.e.  so  that  the  angular 
momentum  of  these  particles  about  any  line  in  the  plane  Oxy  is  zero. 

Let  the  Hamiltonian  system  of  the  12th  order  be  transformed  by  the 
contact-transformation  which  is  defined  by  the  equations 

(r- 12  6) 

lr  dpr  ’ Pr  3 q;  ir-i,  b), 

where 

W = (p2  sin  qi  + px  cos  q5')  q(  cos  q3'  + q{  sin  q3  {(p2  cos  q5'  - px  sin  q5f  + pff 
+ (p5  sin  q6'  + p4  cos  q6')  q2  cos  q4  + q2  sin  q4  {( p5  cos  q6'  - p4  sin  q6')2  + p*}K 

The  new  variables  are  easily  seen  to  have  the  following  physical  inter- 
pretations : qi  is  the  length  of  the  radius  vector  from  the  origin  to  the 
particle  /i,  q2  is  the  radius  from  the  origin  to  y,  q3  is  the  angle  between  q( 
and  the  intersection  (or  node)  of  the  invariable  plane  with  the  plane  through 
two  consecutive  positions  of  q4  (which  we  shall  call  the  plane  of  instantaneous 
motion  of  y),  q4  is  the  angle  between  q2  and  the  node  of  the  invariable  plane 
on  the  plane  of  instantaneous  motion  of  f,  q$  is  the  angle  between  Ox 
and  the  former  of  these  nodes,  q6'  is  the  angle  between  Ox  and  the  latter  of 
these  nodes,  p4  is  fiqf  p2  is  fqf  p3  is  the  angular  momentum  of  y round 
the  origin,  p4  is  the  angular  momentum  of  f round  the  origin,  p5’  is  the 
angular  momentum  of  //,  round  the  normal  at  the  origin  to  the  invariable 
plane,  and  p6'  is  the  angular  momentum  of  f round  the  same  line. 


The  equations  of  motion  in  their  new  form  are  (§  138) 


dqr'  _dH  dp,!  _ dH 
dt  dpr'  ’ dt  dqr' 


(r  = 1,  2,...,  6), 
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where  H is  supposed  expressed  in  terms  of  the  new  variables.  Let  this 
system  be  transformed  by  the  contact-transformation 

a w , a w 


Pr"  = 


a qf 


C[r 


dpr' 


(r  = 1,  2,  6), 


(r  = l,  2,...,  6). 


where 

W = q"  (p5'  -pe)  + q,"  (pt  + p«)  + qi'pi  + qi'p*  + q3rp3  + qTpl . 

The  equations  of  motion  now  become 

dq"  a H dpr"  = _dH 
dt  ~dp ry  dt  ~ a qr" 

But  H does  not  involve  q" , as  can  be  seen  either  by  expressing  H 
in  terms  of  the  new  variables,  or  by  observing  that  q6"  depends  on  the 
arbitrarily  chosen  position  of  the  axis  Ox,  while  none  of  the  other  coordinates 
depend  on  this  quantity.  We  have  therefore 

p6"  - - dHldq6"  = 0,  so  pQ"  = k, 

where  & is  a constant ; this  is  really  one  of  the  three  integrals  of  angular 
momentum.  Substituting  k for  p6''  in  H,  the  equation 

q6"  = dH/dk 

can  be  integrated  by  a quadrature  when  the  rest  of  the  equations  have  been 
solved  : so  the  equations  for  p§  and  q 6"  can  be  separated  from  the  system, 
which  reduces  to  the  10th  order  system 

dql_M  (r  — 1 2 « 

dt  dp"’  dt  ~ dqr"  ( 

We  have  still  to  use  the  two  remaining  integrals  of  angular  momentum ; 
these,  when  expressed  in  terms  of  the  new  variables,  are  readily  found  to  be 
represented  by 

q"  — 90°,  kp5"  = p"*-p"*; 

no  arbitrary  constants  of  integration  enter,  owing  to  the  fact  that  the  plane  of 
xy  is  the  invariable  plane. 

The  system  can  therefore  be  replaced  by  these  two  equations  and  the 
equations 

= (r  = 1 2 3 4) 
dt  dpr'”  dt  dq"  y >' 

where,  in  this  last  set,  q"  can  be  replaced  by  90°  before  the  derivates  of  H 
have  been  formed,  and  p " is  to  be  replaced  by  (p3"2  — p±2)lk  after  the 
derivates  of  H have  been  formed.  Let  H'  denote  the  function  derived  from 
H by  making  this  substitution  for  p5",  and  let  s denote  any  one  of  the 
variables  qx",  q2",  qs",  q" , p",  p2",  ps",  pT \ then  we  have 


dW 

ds 


dH  dH  dp, 
ds  dpn"  ds 


+ & 


dpi 

ds 


dH 

ds 
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and  it  is  therefore  allowable  to  substitute  for  pf  in  H before  the  derivates  of 
H have  been  formed.  The  equations  of  motion  are  thus  reduced  to  a system 
of  the  8th  order,  which  (suppressing  the  accents)  can  be  written  in  the  form 

= ^ = (r=  1,  2,  3,  4), 

at  dpr  at  dqr 

where,  effecting  in  H the  transformations  which  have  been  indicated,  we  have 


7/=v(^2+ 


Ps 


+ 


qiJ  V 


mxm2q{ 


( 2m2qxq2  ( k2-pz2-p?  . . \ m22 

-m'm*  p rs* eos^ — 2jhPa  sm?s  smqi) + q< 


m, 


f „ 2mxqxq2(  k2—p32—p?  . \ 

■m2m3iq2  + cosg3cosg4 f — sm^sm^  +- — — r-  q1 

I m1+m2\  2 psp*  2 V (m1  + m2)2rL 


-h 


-i 


The  equations  of  motion  can  further  be  reduced  to  a system  of  the 
6th  order  by  the  method  of  § 141,  using  the  integral  of  energy 

H = Constant 

and  eliminating  the  time.  As  the  reduction  is  not  required  subsequently,  it 
will  not  be  given  in  detail  here. 


161.  The  problem  of  three  bodies  in  a plane. 

The  motion  of  the  three  particles  may  be  supposed  to  take  place  in  a 
plane,  instead  of  in  three-dimensional  space ; this  will  obviously  happen  if  the 
directions  of  the  initial  velocities  of  the  bodies  are  in  the  plane  of  the  bodies. 

This  case  is  known  as  the  problem  of  three  bodies  in  a plane : we  shall 
now  proceed  to  reduce  the  equations  of  motion  to  a Hamiltonian  system  of 
the  lowest  possible  order. 

Let  (qx,  q2)  be  the  coordinates  of  mx,  (qs,  q4)  the  coordinates  of  m2,  and 
( q5 , q6)  the  coordinates  of  m3,  referred  to  any  fixed  axes  Ox,  Oy  in  the  plane 
of  the  motion ; and  let  pr  — mkqr,  where  k denotes  the  greatest  integer  in 
^(r+l).  The  equations  of  motion  are  (as  in  § 155) 


where 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


(r=  1,  2,...,  6), 


H=^l  ( P * + P (P*  + Pi)  + 2m3  (Pf+Pi)~m*ms  {(fc-g^+fe-fc)2}-* 
- to3wh  {(ge  - + (qe  - q2Y}~l  - m{tn2  {(gx  - qz)2  + (q2  - q^}^. 


These  equations  will  now  be  reduced  from  the  12th  to  the  8th  order,  by 
using  the  four  integrals  of  motion  of  the  centre  of  gravity.  Perform  on  the 
variables  the  contact-transformation  defined  by  the  equations 


(*■-1.2,...,  6), 
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where 


W = Pi  9i  + P2  qi  + Vz  $3  + p 4 ql  + ( Pi  + p-i  + Pa ) $5  + (i?2  + _p4  + Pe)  fa'- 


It  is  easily  seen  that  (qx,  q2)  are  the  coordinates  of  m1  relative  to  axes 
through  m3  parallel  to  the  fixed  axes,  ( qs q4)  are  the  coordinates  of  ra2 
relative  to  the  same  axes,  ( q5 ',  q 6')  are  the  coordinates  of  ms  relative  to  the 
original  axes,  (px'}  p2')  are  the  components  of  momentum  of  m1,  (p3,  p4)  are 
the  components  of  momentum  of  m2,  and  ( p5',  p6')  are  the  components  of 
momentum  of  the  system. 

As  in  § 157,  the  equations  for  q5',  q6',  p5',  pt / disappear  from  the  system; 
and  (suppressing  the  accents  in  the  new  variables)  the  equations  of  motion 
reduce  to  the  system  of  the  8th  order, 


where 


dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 


(r  = 1,  2,  3,  4), 


H 


=/J_ 

\2  mx 


2 m3 


(pi2  + pii)  + 


1 

2 


2m- 


(ps2  + pi 2)  + — (pips  + P2P 4) 

rrto 


- m2m3  (q32  + g42)-*  - ^3%  (q2  + q2)~h  ~ m xm2  {(qx  - q3)2  + (q2  - q4)2}  K 


Next,  we  shall  shew  that  this  system  possesses  an  ignorable  coordinate, 
which  will  make  possible  a further  reduction  through  two  units. 

Perform  on  the  system  the  con  tact- transformation  defined  by  the  equa- 
tions 

dW  _,_d  W /Ji.1  O Q A.\ 

q.r 

where 


dp, 


fr  — 


dqr’ 


V — 


W=pxqx  cos  q4+p2qx  sin  q4+p3  (q2  cos  q4-  q3  sin  ql)  +p4  (q2  sin  q4  + q3  cos  q4). 

The  physical  interpretation  of  this  transformation  is  as  follows : qx  is  the 
distance  mxm3 ; q2  and  q3  are  the  projections  of  m2m3  on,  and  perpendicular  to, 
mxm3  ; ql  is  the  angle  between  m3m1  and  the  axis  of  x ; px  is  the  component 
of  momentum  of  mx  along  m3mx ; p2  and  p3  are  the  components  of  momentum 
of  m2  parallel  and  perpendicular  to  m3mx ; and  pi  is  the  angular  momentum 
of  the  system. 


The  differential  equations,  when  expressed  in  terms  of  the  new  variables, 
become 

dqr'  _ dH  dpr'  _ dH 

dt  dpi  ’ dt  dqr' 

where 


(r  = l,  2,  3,  4), 


H 


= (i + K2  + CftV  - ftV  - vf  + (K2 + K2) 

+ ^ | Pi  Pi  - ~7  - piqz  - Pi)  | - mams  (g/2  + g3'2)-i 


m3m,  g,'-1  - {(g/  - g./)2  + g3'2} _i- 


341 


161,  162]  Problem  of  Three  Bodies 


Since  qi  is  not  contained  in  H,  it  is  an  ignorable  coordinate ; the  corre- 
sponding integral  is  pi  = k,  where  k is  a constant ; this  can  be  interpreted  as 
the  integral  of  angular  momentum  of  the  system.  The  equation  qi  — dH/dpi 
can  be  integrated  by  a quadrature  when  the  rest  of  the  equations  have  been 
integrated ; and  thus  the  equations  for  pi  and  qi  disappear  from  the  system. 


Suppressing  the  accents  on  the  new  variables,  the  equations  can  therefore 
be  written 

dqr==dJS  d£z  = _djl  / , , 

dt  dpr  * dt  dqr  ' 

where 

H = (i + i)  f + b (mi  ~ Ms  ~ fc)i + (i + i)  (p°  +p*} 

+ b \p'P*  ~ |r  - Prt*  - *)}  _ m*m°  (?»*  + ?s2)_i 

- msVhqc1  - TOiOTs  jfe  - q^  + ?a2}_i- 


This  is  a system  of  the  6th  order ; it  can  be  reduced  to  the  4th  order  by 
the  process  of  § 141,  making  use  of  the  integral  of  energy  and  eliminating 
the  time. 


162.  The  restricted  problem  of  three  bodies. 

Another  special  case  of  the  problem  of  three  bodies,  which  has  occupied  a 
prominent  place  in  recent  researches,  is  the  restricted  problem  of  three  bodies; 
this  may  be  enunciated  as  follows : 

Two  bodies  S and  J revolve  round  their  centre  of  gravity,  0,  in  circular 
orbits,  under  the  influence  of  their  mutual  attraction.  A third  body  P, 
without  mass  (i.e.  such  that  it  is  attracted  by  S and  J,  but  does  not  influence 
their  motion),  moves  in  the  same  plane  as  S and  J ; the  restricted  problem 
of  three  bodies  is  to  determine  the  motion  of  the  body  P,  which  is  generally 
called  the  planetoid. 

Let  mx  and  m2  be  the  masses  of  S and  J}  and  write 

F_mx  m2 
SP  + JP' 

Take  any  fixed  rectangular  axes  OX,  OY,  through  0,  in  the  plane  of  the 
motion  ; let  (X,  Y)  be  the  coordinates,  and  ( U,  V)  the  components  of  velocity, 
of  P.  The  equations  of  motion  are 

d^X_dF  dfY  _0P 

dV~  dX’  dt2  ~ dY’ 

or  in  the  Hamiltonian  form, 

dX  = dH  <PY_dH  dU==_dH  dV  = _dH 
dt  a U’  dt~dV ’ dt  ~ dX’  dt  dY’ 

H = ±(U2+V2)-F. 


where 
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Since  F is  a function  not  only  of  X and  Y but  also  of  t,  the  equation 
H = Constant  is  not  an  integral  of  the  system. 

Perform  on  the  variables  the  contact-transformation  which  is  defined  by 
the  equations 

dW  _ dW  dW  dW 


X dU’  x dV  ’ u~dx'  V dy 


where  W —U{x  cos  nt  — y sin  nt)  4-  V {x  sin  nt  + y cos  nt), 

and  n is  the  angular  velocity  of  SJ.  The  equations  become 

dx  _ dK  dy  _ dK  du  _ dK  dv  _ dK 

dt  du  ’ dt  dv  9 dt  dx  dt  dy  ’ 

dW 


where  (§  138) 


K = H - 


dt 


= -i-  ( u 2 -1-  v2)  + n ( uy  — vx)  — F; 

it  is  at  once  seen  that  x and  y are  the  coordinates  of  the  planetoid  referred 
to  the  moving  line  OJ  as  axis  of  x,  and  a line  perpendicular  to  this  through 
0 as  axis  of  y.  F is  now  a function  of  x and  y only,  so  K does  not  involve  t 
explicitly,  and 

K = Constant 

is  an  integral  of  the  system  ; it  is  called  the  J acobian  integral  of  the  restricted 
problem  of  three  bodies. 

Another  form  of  the  equations  of  motion  is  obtained  by  applying  to  the 
last  system  the  contact-transformation 


x — 


dW 
du  1 


dW 


pi= 


sw 


d_W 

a b‘ 


dqi  1 

where  W = qx  (u  cos  q2  + v sin  q2). 

The  new  variables  can  be  directly  defined  by  the  equations 


q1  = OP,  q2  = POJ p1 

and  the  equations  of  motion  become 

dqr  _ d H 
dt  dpr  9 

where 


5<op>' 


dPr 

dt 


= OP*jt{POX), 


dH 

dqr 


(r  = 1,  2), 


H=i(Pl>+^)-np2-F. 


Another  form*  is  obtained  by  applying  to  these  equations  the  contact- 
transformation 

dW  , dW  , -t  n 

= <ir  = (»•=!.  2), 


where 


W 


dqr’  v dp ; 

, , /•«*  f »/2  2 1)4 


Adopted  by  Poincar6  in  his  Nouvelles  methodes  de  la  Mec.  Celeste. 
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where  u denotes  a current  variable  of  integration.  These  equations  can  be 
written 


Pi 


h2  h Pi 


Pz=P2, 


q1  = cos" 


{ 1-4  ] 

1 

| 

4_i 

l / p*2  25l 

V Pi2  Pi2 

qi  ——  q%  cos  ^ ~ 

1 h 

[ 1 pi*f 
(v  ppj) 

_ 

PiV  ’ 

[\  pC)  j 

and  it  is  easily  seen  that  qi  is  the  mean  anomaly  of  the  planetoid  in  the 
ellipse  which  it  would  describe  about  a fixed  body  of  unit  mass  at  0,  if 
projected  from  its  instantaneous  position  with  its  instantaneous  velocity ; qi 
is  the  longitude  of  the  apse  of  this  ellipse,  measured  from  OJ ; pi  is  a*,  and 
pi  is  {a(l  — eff,  where  a is  the  semi-major  axis  and  e is  the  eccentricity  of 
this  ellipse.  H does  not  involve  t explicitly,  so  H — Constant  is  an  integral 
of  the  equations  of  motion,  which  are  now 

dqr'  _ dH  dpi  _ dH  _ 

dt  dpi  ’ dt  dqr'  ' T * * 

If  we  take  the  sum  of  the  masses  of  S and  J to  be  the  unit  of  mass,  and 
denote  these  masses  by  1 — p,  and  p,  respectively,  we  have 


H 


2x  1 — Lb 

~nP>~^p 


P 

JP‘ 


rr=L  (2_f 

2 \qi  pi2 


np2 


This  is  an  analytic  function  of  pi , pi,  qi,  qi , which  is  periodic  in  qi  and  qi, 
with  the  period  27 r.  Moreover,  to  find  the  term  independent  of  fi  in  H,  we 
suppose  fx  to  be  zero ; since  SP  now  becomes  qx , we  have 

qi  ~ %pi2  np'2  ’ 

Thus  finally,  discarding  the  accents,  the  equations  of  motion  of  the  restricted 
problem  of  three  bodies  can  be  taken  in  the  form 

dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 

where  H can  be  expanded  as  a power -series  in  /jl  in  the  form 

H = H0  + fjbHx  + p?H2  + . . . , 

1 


(r  = 1,  2), 


and 


Hn  = 


2pi 


np2, 


while  H\ , H2,  ...,  are  periodic  in  qx  and  q2,  with  the  period  2ir. 

The  equations  of  this  4th-order  system  can  be  reduced  to  a Hamiltonian 
system  of  the  second  order  by  use  of  the  integral  H = Constant  and  elimina- 
tion of  the  time,  as  in  § 141. 
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163.  Extension  to  the  problem  of  n bodies. 

Many  of  the  transformations  which  have  been  used  in  the  present  chapter 
in  the  reduction  of  the  problem  of  three  bodies  can  be  extended  so  as  to 
apply  to  the  general  problem  of  n bodies  which  attract  each  other  according 
to  the  Newtonian  law.  In  their  original  form,  the  equations  of  motion  of 
the  n bodies  constitute  a system  of  the  6nth  order;  this  can  be  reduced  to 
the  (6n—  12)th  order,  by  using  the  6 integrals  of  motion  of  the  centre  of 
gravity,  the  3 integrals  of  angular  momentum,  the  integral  of  energy,  the 
elimination  of  the  time,  and  the  elimination  of  the  nodes. 


Miscellaneous  Examples. 


1.  If  in  the  problem  of  three  bodies  the  units  are  so  chosen  that  the  energy  integral  is 


i(»i2+*22 *+»32)=^  + -^  + -r-a 

' 23  ' 31  ‘ 12 


1 

r ’ 


where  r12  is  the  distance  between  the  bodies  whose  velocities  are  v1  and  y2,  and  if  r is  a 
positive  constant,  shew  that  the  greatest  possible  value  of  the  angular  momentum  of  the 
system  about  its  centre  of  gravity  is  f V 2 r. 

(Camb.  Math.  Tripos,  Part  I,  1893.) 


2.  In  the  problem  of  three  bodies,  let  4>  be  Jacobi’s  function,  let  12  be  the  angle 
between  any  fixed  line  in  the  invariable  plane  and  the  node  of  the  plane  of  the  three  bodies 
on  the  invariable  plane,  let  i be  the  inclination  of  the  plane  of  the  three  bodies  to  the  in- 
variable plane,  and  let  rj  be  the  area  of  the  triangle  formed  by  the  three  bodies.  Shew  that 

dQ,  k 
di^*’ 

f 17  _ iP 

sinieifc  \mpm2 m3rj2  $2J  ’ 

where  k is  the  angular  momentum  of  the  system  round  the  normal  to  the  invariable 
plane.  (De  Gasparis.) 

3.  Let  the  problem  of  three  bodies  be  replaced  by  the  problem  of  two  bodies  /x  and  /x' 
as  in  § 160:  let  qx  and  q2  be  the  distances  of  /x  and  /x'  from  the  origin:  let  q3  and  qt  be 
the  angles  made  by  q1  and  q2  respectively  with  the  intersection  of  the  plane  through  the 
bodies  and  the  invariable  plane : let  px  and  p2  denote  /x^  and  n'q2  respectively ; and  let  p3 
and  y?4  be  the  components  of  angular  momentum  of  /x  and  /x'  respectively,  in  the  plane 
through  the  bodies  and  the  origin.  Shew  that  the  equations  of  motion  can  be  written 

dqr  _ dH  dpr_  _ dH 
dt  dpr  5 dt  dqr 

where  H= Constant  is  the  integral  of  energy. 


(r= 1,  2,  3,  4), 
(Bour.) 
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4.  Apply  the  contact-transformation  defined  by  the  equations 

ft ' = {(ft  ~ ft)2  + (ft  “ ft)2  + (ft “ ft)2}* 
ft' = {(ft  - ft)2 + (ft  - ft)2 + (ft  - ft)2}* 
ft' = ((ft  - ft)2 + (ft  - ft)2 + (ft  - ft)2}*, 
ft'  = &1  (ft  + *ft)  + h (ft  + *ft  ) + &3  (ft  + *ft)> 
ft'  = Clft  + C2ft  + C3ft> 
ft' = ml  ft  + m2  ft  + m3ft  > 

ft'  = mlft  + m2ft  + W3ftj 
ft'  = Wlft  + ?ftft  + ™3ft> 

/ = ft  (ft  + *ft)  +ft  (ft  + ^'ft)  + ft  (ft  + *ft) 

^ &1  (ft  + *ft)+&2  (ft  + ^ft)  + &3(ft+^ft)  ’ 

Pr=ipu  ^ (r=0,  1,2,...,  8), 

A;=0  °ft 

(where  i stands  for  V - 1 and  eq,  a2,  a3,  61?  &2,  &3>  ci>  c2>  c3  are  any  nine  constants  which 
satisfy  the  equations 

ft+ft+ft=0,  ^-(-62  + 53  = 0,  c1+c2  + c3=0,  ajb3-  a3bz= 1) 

to  the  Hamiltonian  system  of  the  18th  order  which  (§  155)  determines  the  motion  of  the 
three  bodies. 


Shew  that  the  integrals  of  motion  of  the  centre  of  gravity  are 
ft'  = ft'  = ft' =Pg  =Pt  =Ps' = °- 


Shew  further  that  when  the  invariable  plane  is  taken  as  plane  of  xy,  the  variable  p^  is 
zero,  and  that  the  integral  of  angular  momentum  round  the  normal  to  the  invariable  plane 
is 

plql=k,  where  Jc  is  a constant. 


Hence  shew  that  the  equations  reduce  to  the  8th  order  system 

dqr'  _ dH  dpr'  _ bH 

dt  dp?  ’ dt  bqr' 

where 

ift=2«'V2  ^2+m3  1 s>2>3  ft'2  + ft'2 ~ft'2 

Fl  ^ ' 2m2w3‘1"  q2’q3  ' 2 m1 


(r=0,  1,  2,  3), 


+ 2 ~ W K - *1?0  ) + %}  If!  («8  - %</)-f ' («2-  - s » . 

ml  1ft  ft  1 ft 

Keduce  this  to  a system  of  the  6th  order,  by  the  theorem  of  § 141.  (Bruns.) 
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164.  Bruns  theorem. 

(i)  Statement  of  the  theorem. 

We  have  seen  (§  155)  that  the  problem  of  three  bodies  possesses  10  known 
integrals : namely  the  six  integrals  of  motion  of  the  centre  of  gravity,  the 
three  integrals  of  angular  momentum,  and  the  integral  of  energy ; these  are 
generally  called  the  classical  integrals  of  the  problem.  Each  of  them  is  an 
algebraic  integral,  i.e.  is  of  the  form 

f(qi,  q*,  •••,  q9>Pi,P2,  0 = Constant> 

where  f is  an  algebraic  function  of  the  coordinates  (q1}  q2,  ...,  q9,  plt  . \ , p9) 
and  of  t. 


Efforts  have  frequently  been  made  to  obtain  other  algebraic  integrals  of 
the  problem  of  three  bodies  independent  of  these  (i.e.  not  formed  by  combina- 
tions of  them),  but  without  success;  and  in  1887  Bruns*  shewed  that  no 
such  new  algebraic  integrals  exist ; in  other  words,  the  classical  integrals  are 
the  only  independent  algebraic  integrals  of  the  problem  of  three  bodies. 

(ii)  Expression  of  an  integral  in  terms  of  the  essential  coordinates  of  the 
problem. 

We  shall  now  proceed  to  a proof  of  Bruns’  result,  considering  first  those 
integrals  which  do  not  involve  t explicitly. 


The  equations  of  motion  of  the  problem  may  (§  160)  be  written  in  the 
form 


where 


dqr  _ dH 
dt  dpr  ’ 


dpr  __  dH 
dt  dqr 


(r  = 1,  2, ... , 6)...(1), 


H = T - U, 

r=2“  (K  + ?22  + Pz)  + ( P * + Pt*  + K)> 


* Berichte  der  Kgl.  Sachs.  Ges.  dev  Wiss,  1887,  pp.  1,  55  ; Acta  Math.  xi.  p.  25.  Cf.  also 
Forsyth,  Theory  of  Differential  Equations,  Yol.  iii.  (1900),  Ch.  xvn. 
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U = mxm2  (qx2  + q22  + q32)~? 

{2  ffYl/  ( TYL 

g42+g52+g62+mi+^(g1g4+Mi+M6)  + (TOi+2mJ  (gi2+ &2 +g32)j 
+mam3|g42+g/+g62-?^(g1g4+g2g6+g3g6)+(TO^)2(g12+g22+gs2)J  \ 

171^2  , m3  (mj  + m2) 

IX  — fx  — . 

mx  + m2  mx  -+•  m2  + m3 

W 6 shall  write  — jjL.x  — yu>3  — ytt,  /jl, 4 — yitg  — yitg  — jju , 

6 m 2 

so  that  y=2f  . 

r=l  ^‘P'r 

Let  the  coordinates  of  the  three  bodies  be  (qx,  q2,  q8),  (q4)  q5',  q8),  (q7\  q8',  q9 '), 
and  let  = pr',  where  k denotes  the  greatest  integer  contained  in  ^ (r  + 2)  : 
the  integrals  whose  existence  we  propose  to  discuss  are  of  the  form 

4>  (qi->  qL  • • • > ft',  Pi,  - • , Ps)  ~ a, 

where  a is  an  arbitrary  constant  and  </>  is  an  algebraic  function  of  its 
arguments.  The  formulae  of  § 160  enable  us  to  express  the  variables 
(qi,  pL  •••,  qLpU  ...,p9')  as  linear  functions  of  (qr,  q2,  ...,  q6,  p1}  p8) : we 

shall  therefore,  on  making  these  substitutions  in  the  integral,  obtain  an 
equation 

f(qu  q2,  qe,pu  ...,p,)=a  (2). 

If  the  integral  <£  is  compounded  of  the  integrals  of  motion  of  the  centre  of 
gravity,  / will  evidently  reduce  to  a constant ; if  not,  f will  be  an  algebraic 
function  of  the  variables  (q1}  . ..,  q6,  px,  . ..,  p6).  We  have  to  enquire  into  the 
existence  of  integrals,  such  as  (2),  of  the  equations  (1). 


(iii)  An  integral  must  involve  the  momenta. 

We  shall  first  shew  that  an  integral  such  as  (2)  must  involve  some  of  the 
quantities p,  i.e.  it  cannot  be  a function  of  (qx,  q2,  ...,  q8)  only. 

For  suppose,  if  possible,  that  the  integral,  say 

/(?!,  qt)  = a, 

does  not  involve  (plt  p2,  p6).  Differentiating  with  respect  to  t,  we  have 


0=  1 ¥-qr  = i 

r=l  vq_r  r= 1 vQr  Pr 


and  therefore  the  equations 


V 

dqr 


0 


<T  = 1,  2,...,  6), 


must  be  satisfied  identically;  that  is,  f does  not  involve  (q1}  q2y  ...,  g6),  and 
so  is  a mere  constant. 
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(iv)  Only  one  irrationality  can  occur  in  the  integral. 

As  the  mutual  distances  of  the  bodies  are  irrational  functions  of 
{qx,  #2>  •••>  #e)>  the  function  U will  be  an  irrational  function  of  these 
variables.  Denoting  by  s the  sum  of  the  three  mutual  distances,  it  is  easily 
seen  that  the  mutual  distances  can  be  expressed  as  rational  functions  of  the 
seven  quantities  ( qx , q2,  . ..,  q6,  s);  in  other  words,  the  irrationalities  involved 
in  the  mutual  distances  are  all  capable  of  being  expressed  by  means  of  the 
irrationality  of  s ; we  can  therefore  suppose  that  U is  expressed  as  a rational 
function  of  (qX)  q2,  ...,  q6 , s ). 

Now  the  function  f is  algebraic,  but  not  necessarily  rational,  in  the 
variables  ( qlf  ...,  q6,  px,  ...,  p6);  let  the  equation  (2)  be  rationalised,  and  let 
the  resulting  equation  be  arranged  in  powers  of  a,  so  that  it  becomes 

am  + am-1(p1(q1)  q2 , ...,  q&,  px,  ...,  p6)  + am-2<M?i>  q6,  px,  ...-,  p9).+ ... 

where  (f>x,  </>2,  c f>m,  are  rational  functions  of  (qx,  ...,  q6,  px,  ...,pi).  If  this 
equation  is  reducible  in  the  variables  (qlf  ...,  q6,  p 1,  . .. , p6,  s),  i.e.  if  it  can  be 
decomposed  into  other  equations,  each  of  the  form 

d + ah'yjr!  (qx,  ...,q„px,  ...,p6,  s)+  ...  (qlt  q„pu  ... , p6,  s)  = 0...(4), 

where  fa,  yfr2i  ...,^  are  rational  functions  of  (q1}  ...,  qe,p1}  .-.,pa,  s),  then  one 
of  these  last  equations  will  give  the  value  of  a which  corresponds  to  equation 
(2),  and  we  shall  consider  this  equation  instead  of  (3).  As  the  type  of 
equation  represented  by  (4)  includes  the  type  represented  by  (3)  as  a 
particular  case,  we  shall  suppose  a to  be  given  by  an  equation  of  the  form  (4), 
irreducible  in  (q1}  ...,  q6,  ...,pe,  s). 

Differentiating  with  respect  to  t,  and  using  equations  (1),  we  have 

a*-1  (a/n,  H)  + al~2  (f  2,  H)  + ...+  (^,  H)  = 0 (5), 

where  (yjfr,  H)  denotes  as  usual  the  Poisson-bracket  of  yjrr  and  H. 

We  shall  first  suppose  that  the  expressions  (yjrr,  H ),  which  are  rational 
functions  of  (qx,  '...,  q6,  plt  ...,p6,s)t  are  not  all  zero.  Then  equations  (4) 
and  (5)  have  one  or  more  common  roots  a,  and  consequently  equation  (4)  is 
reducible  in  (qx,  q2,  q6,  p1}  ... , p6 , s)  ; but  this  equation  is  irreducible,  and 

therefore  this  hypothesis  is  inadmissible,  and  the  quantities  (yjrr,  H)  are  all 
zero.  This  implies  that  all  the  coefficients  (^x,  yfr2,  ...,  tyi)  in  equation  (4) 
are  integrals  of  the  equations  (1) : and  hence  the  integral  f can  he  com- 
pounded algebraically  from  other  integrals,  which  are  rational  functions  of 
{qx,  ...,  qe,pL,  ...,p6,  s). 

(v)  Expression  of  the  integral  as  a quotient  of  two  real  polynomials. 

We  need  therefore  henceforth  only  consider  integrals  of  the  type 

f(qu  q*>  q<i,Pi,  Pe,  *‘)=a 


(6), 
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where  f is  a rational  function  of  the  arguments  indicated.  The  form  of  f can 
be  further  restricted  by  the  following  observation.  If  in  the  equations  of 
motion  we  replace  qr,  pr,  t by  qrk 2,  prk~x,  and  tl&,  respectively,  where  k is  any 
constant,  the  equations  are  unaltered.  If  therefore  these  substitutions  are 
made  in  equation  (6),  this  equation  must  still  be  an  integral  of  the  system, 
whatever  k may  be. 

Now  f is  a rational  function  of  its  arguments : it  can  therefore  be  ex- 
pressed as  the  quotient  of  two  functions,  each  of  which  is  a polynomial  in 
(#i>  #2>  •••>  q&,  Pi>  ... , p6 , s).  When  in  these  polynomials  we  replace  qr,  pr,  s 
by  qrk 2,  prk~\  sk2,  respectively,  the  function  f will  (on  multiplying  its 
numerator  and  denominator  by  an  appropriate  power  of  k)  take  the  form 

f_AJc*  + Axk*-x  + ...+Ap 
B0k*  + B1k(i-1  + ...+Bq 

where  (A0,  A1}  ...,  Bq)  are  polynomials  in  (q1}  ...,  q6,  plf  ...,  p6}  s ).  Since 

dfldt  is  zero,  we  have 


Now  k is  arbitrary,  so  the  coefficients  of  successive  powers  of  k in  this 
equation  must  be  zero  ; and  therefore 

0—7?  ^A°  _ a *B0 
Ao~df 

a _ n dA0  „ dA1  . dB0  . dB1 
°-Bl~dT  + B°  dt  ~Al  dt  A°~dt 


_ dAp  dBq 
0 ” Bq  dt  p dt 


These  ( q + p + 1)  equations  are  equivalent  to  the  system 

1 dA0=  1 dAx  __  _ 1 dAp=  1 dB0=  1 dBq 
A0  dt  ~ Ax  dt  ~ ” ‘ ~~  Ap  dt  B0  dt  ‘ * Bq  dt 


from  which  it  is  evident  that  each  of  the  quantities 


Ax  A 2 Ap  Bq  Bq 

Aq  A0  A0  A0  A0 

is  an  integral : and  thus  we  have  the  result  that  any  integral  such  as  f can  be 
compounded  from  other  integrals , which  are  of  the  form 


Grijqi,  ...,qe,pi, 

@2  (<7i>  • • • > q^tPi) 


= Constant, 

,Pe,s) 
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where  each  of  the  f auctions  Gu  G.2  is  a 'polynomial  in  its  arguments , and  is 
merely  multiplied  by  a power  of  k when  the  variables  qr,  pr,  s are  replaced 
respectively  by  qrk2,  prk~x,  sk2.  We  need  therefore  only  consider  integrals  of 
this  form. 

It  may  further  be  observed  that  the  functions  G1  and  Cr2  may,  without  loss 
of  generality,  be  taken  to  be  free  from  imaginaries.  For  if  P and  iQ  denote 
the  real  and  imaginary  parts  of  an  integral 

P + iQ  = Constant, 


we  have 


dP_ 
dt  + 


i ^ = 0,  identically. 


Since  the  differential  equations  are  free  from  imaginaries,  it  follows  that 
dP/dt  and  dQ/dt  are  free  from  imaginaries:  and  so  dPjdt  and  dQ/dt  must  be 
zero  separately.  Hence  P and  Q are  themselves  integrals,  and  every  complex 
integral  can  be  compounded  from  real  integrals.  We  shall  therefore  hence- 
forth assume  that  GfG^  is  free  from  imaginaries. 


(vi)  Derivation  of  integrals  from  the  numerator  and  denominator  of  the 
polynomials. 

It  may  be  the  case  that  the  function  Gx  is  resoluble  into  a product  of 
irresoluble  polynomials  in.  (plf  p2,  ...,  p6),  the  coefficients  in  these  polynomials 
being  rational  functions  of  (qu  q2, ... , q6,  s ).  Let  yjr  be  such  a polynomial,  and 
suppose  that  it  is  repeated  X times  in  Gx : and  let  x denote  the  remaining 
factors  of  Glt  so  that 

&i  = 

When  G1  is  irreducible,  we  shall  of  course  have  Gx  — a/t,  and  % = 1 . 


The  equation 
gives 
or 


d f Gk 


dt  \G. 


= 0 


X d i/r  1 dx  1 dG2  _ ~ 
yfr  dt  % dt  6r2  dt  * 

dpjr  = , / J_  dG2  1 dx\ 
dt  ^ \XG2  dt  dt  1 ’ 


Now  dyjr/dt  is  polynomial  in  (p1}  ...,  p6),  and  yjr  is  also  polynomial  in 
(pu  ... , p6 ),  of  order  less  by  unity  than  the  order  of  d\fr/dt.  Also,  yfr  has  no 
factor  in  common  with  G2  or  Hence  we  see  that 


1 dG2  1 dx 
XG2  dt  Xx  dt 

must  be  a polynomial  in  ( p1 , ...,p6),  of  order  unity:  denote  this  polynomial 
by  ft) : then  we  have 


1 
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It  can  be  shewn  in  the  same  way  that  each  of  the  other  irreducible  factors 
of  Gx  satisfies  an  equation  of  this  kind.  Denote  the  various  factors  of  G1  by 
yjr',  , ...,  so  that 

Gx  = y y* , 

and  let  the  equations  they  satisfy  be 

1 dip  , 1 dy  _ „ 

f'  dt  ~ 10  ’ ■f"  dt  - " ’ 


then  we  have 

1 dGi 

Gi  dt  -yjr'  dt  ' y dt 
where  w is  a polynomial  in  (plt  ...,  p6),  of  order  unity,  and  rational  in 
(qx,  . ..,  q6,  s ).  Thus  Gx  satisfies  the  equation 


p dylr'  v d^" 

= +vco  + ■■■-'•>  say> 


dG \ 
dt 


= coGi, 


and  therefore  (since  GJ  G2  is  an  integral),  6r2  also  satisfies  the  equation 


As  Gx  and  G2  satisfy  the  same  differential  equation,  we  shall  in  future  use 
</)  to  denote  either  of  them  : so  <f>  is  a real  polynomial  in  (p1} . . . ,p6y  q1}  ...,q6)s), 
which  satisfies  the  equation  </>  = &><£. 

Now  (j>  is  merely  multiplied  by  a power  of  k when  qr,  pr,  s are  replaced 
respectively  by  gv&2,  prkrx,  sk 2 : since 


^ _ 1 dcj>  _ 1 ^d(f>  pr  d(j>  dU\ 

</>  dt  r=i  cj)  \dqr  p dpr  dqj  9 

we  see  that  go  is  multiplied  by  k~s  when  this  substitution  is  made.  It  follows 
that  w cannot  contain  a term  independent  of  (p1}  ...,  p6),  since  such  a term 
would  be  multiplied  by  an  even  power  of  k ; go  is  therefore  of  the  form 


ft)  = o)xpx  + ft)2p2  4 . . . 4 MePe, 

where  each  of  the  quantities  cor  is  homogeneous  of  degree  —1  in  the  quantities 

(?i>  ...» ?6,  *)• 

Further,  let  one  of  the  terms  in  (f>  be  of  order  m in  (p1}  ...  ,p^)  and  of  order 
n in  (qlt  . ..,  q6,  s ),  while  another  term  is  of  order  m ! in  (p1}  ...,p6)  and  of 
order  n'  in  (qly  , q6,  s):  since  these  terms  are  multiplied  by  the  same 
power  of  k when  the  above  substitution  is  made,  we  have 

— m + 2n  = — m'  + 2 n', 

so  m — m'  is  an  even  number.  Hence  </>  can  be  arranged  in  the  form 

4>  = (f>0  + </>2  4 <jf>4  4-  . . . , 

where  0O  denotes  the  terms  of  highest  order  in  (p1}  ...,p6),  </>2  denotes  terms 
of  order  less  by  two  units  in  (p1}  ...,p6)  than  these,  and  so  on  : and  each  of 
the  quantities  <f>r  is  a polynomial  in  (p1}  ...,  pe,  qls  ...,  q6)  s),  homogeneous  in 
(Pu  —,Pn)  and  also  in  (qly  q6,  s). 
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We  shall  now  shew  that  when  <j>0  does  not  involve  s,  </>  can  be  made  into  an 
integral  by  multiplying  it  by  an  appropriate  rational  function  of  (q1}  . ..,  q6). 


For  suppose  that  <p0  does  not  involve  s:  the  equation 


dcf> 

dt 


= co(f) 


or 


d(f>2 
dt  dt 


— (VlPl  + + • • • + (06p6 ) (<£o  + (j>2  + • • •) 


gives,  on  equating  the  terms  of  highest  degree  in  (pu  ...,p6), 

2 = Pl+  ■■■+<»&*)  <t>o- 

r=l  Pr  0(±r 

Now  (f) o may  contain  p6  as  a factor  : in  order  to  take  account  of  this  case, 
write  $ o ==  p6k<j) d,  where  <f)0'  does  not  contain  p6  as  a factor,  and  where  as  a 
special  case  we  may  have  k=  0,  <jy0' = <j)Q.  Substituting  p6k<j>0'  for  <j>0  in  the 
differential  equation,  it  becomes 

2 IT  Ihy'  = + ' • * + & • 

r=l  Pr  vQr 


Let  cj) 0"  denote  those  terms  in  <f>0'  which  do  not  involve  p6 ; equating  the 
terms  which  do  not  involve  p6  on  the  two  sides  of  this  equation,  we  have 


| Pr^o" 
r= 1 pr  ^Qr 


= (©iPi  + •••  + ®5p5)  <£0". 


It  may  be  that  <£0"  is  a mere  function  of  qu  q2,  ...,  q6,  say  equal  to  j K;  in 
this  case  we  have 


or 


and  therefore 


1 dR-  7? 

Pr  dqr 

_ i a r 

^ r ~ R dqr 

^r<°r)=kM 


(r  — 1,  2,  5) 

(r=l,  2,  ..,,5), 
{r,s=  1,  2,  ...,  5). 


Supposing  next  that  <£ 0"  does  involve  some  of  the  quantities  (p1}  ...,p5), 
it  may  involve  p5  as  a factor : to  take  account  of  this  case,  we  write 
(j)0"  = p^c^f' } where  </>0///  does  not  involve  p5  as  a factor.  The  equation  now 
becomes 

2 — =(&>iPi+  ...  +C05p6)<po"- 

r—1  pr  oqr 

Let  </>0iv  denote  the  terms  in  </> 0"'  which  do  not  involve  pB:  equating  the 
terms  which  do  not  involve  p5  on  the  two  sides  of  this  equation,  we  have 

2 — (<0iPi+  ...  + cotP*)  W. 

r=l  pr  oqr 
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Proceeding  in  this  way,  we  ultimately  arrive  at  the  alternatives,  that 
either 

, qs,  Ply  p»y  homo- 


or  else  a function  ^ exists,  which  is  polynomial  in  qx, 
geneous  in  qx>  ...,  q6  and  also  in  px,  p2,  and  is  free  from  any  factors  which  are 
mere  powers  of  px  and  p2,  and  which  satisfies  the  differential  equation 

pi  dqx  p2  oq2 


Now  let  ^ = ap}  + bp}  + cp } xp2  + . . . ; 

equating  coefficients  of  p}+1  and  p}+1  on  the  two  sides  of  the  last  equation, 
we  have 

J ._da_  _J_36 

Hxadqx'  6,2  p2b  dq2 


The  quantities  a,  b,c, ...  are  polynomials  in  (qx,  q2,  ...,q6):  they  may  have 
a common  polynomial  factor  Q,  so  that 

a = a'Q,  b = b'Q,  etc. 


Let 

yfr'  = dp}  + b'p}  + c'p}~1p2  + . . . , 

so  that 

-4- 

II 

<o 

Then 

1 

'yjr' 

\pxdqx  p2  dq2)  ^ \px  dqx  p2dqj  Q\pxdqx  p2dq2l 

( 1 3Q\  ( 1 dQ\ 

~ V 1 Qpi  dqj  Pl  + V 2 Qp2  3 qj  ^ 

= cox'px  + co}p2,  say, 

where 

,13  d ,1  3 b' 

Wl~^a'dq,’  ~>26'022’ 

so 

Pi  oqx  p2dq2 

The  left-hand  side  of  this  equation  is  a polynomial  in  (qx,  q2,  ...,  qG , 
px , p2);  but  if  a contains  qx,  then  cox'  contains  d,  or  some  factor  of  it,  as 
a denominator.  Hence  \jr'  must  contain  a,  or  some  factor  of  it,  as  a factor. 
But  this  is  inconsistent  with  the  supposition  that  a\  b',  . . . , have  no  common 
factor.  Hence  d cannot  involve  qx ; and  therefore  co}  is  zero.  Similarly 
ft)2'  is  zero. 


Thus 

and  therefore 


= J^3Q  1 dQ 

Wl  Qpi  dqx ’ 0)2  Qp*dq2> 

02* = 4 


W.  D. 
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Similarly  we  can  shew  in  general  that 


0 0 


and  hence  we  can  write 


1 dR 

Rdqr’ 

where  R is  some  rational  function  of  (q1}  q2, . 
Thus  we  have 


?«)• 


or 


, , , « prldR 

co1p1  + co2p2  + ...  +(06p6=  2,  — 

r- 1 pr  OQr 

_ £ 1 dqr 

r=  1 0gr  dt 

1 dJ? 

M’ 


and  therefore 


1 d(f> 
cj)  dt 

R 


Constant. 


Thus  </>  can  be  transformed  into  a constant,  by  multiplying  it  by  an 
appropriate  rational  function  of  qlt  q2,  ...,  q6,  namely  1/R ; which  is  the 
required  result. 

If  therefore  the  terms  <f>0  in  G1  and  G2  do  not  involve  s,  we  can  transform 
G-!  and  G2  into  integrals,  by  multiplying  them  by  appropriate  rational  functions 
of  (q1}  q2f. q6) ; and  hence,  if  it  can  be  shewn  that  the  terms  <£0  in  Gx  and  G2 
do  not  involve  s,  we  shall  have  the  result  that  any  algebraic  integral  of  the 
problem  of  three  bodies  can  be  compounded  from  integrals  which  are  poly- 
nomial in  (pl}  p2, ...,  p6)  and  rational  in  qlf  q2,  qe,  s. 

(vii)  Proof  that  <j>0  does  not  involve  the  irrationality  s. 

The  case  in  which  </>0  involves  s is  not  included  in  the  above  investiga- 
tion. We  shall  however  now  proceed  to  shew  that  no  real  function  </>0,  which 
satisfies  an  equation 

r=l  pr  OQr 

can  involve  s ; and  hence  that  the  functions  <£0  occurring  in  our  problem  do 
not  involve  s,  so  that  the  above  result  is  quite  general. 

For  suppose  that  a function  </>0  exists,  which  involves  s and  satisfies  the 
above  differential  equation.  When  the  8 values  of  s are  substituted  suc- 
cessively in  <jf>0,  </> o will  take  a number  of  distinct  values;  let  these  values  be 
denoted  by  </>0',  <f>0" , . . . ; they  satisfy  equations  of  the  form 


v Pr  3<#>o'  _ ,/  . , 

2,  7J— - — (O  <p0  , 

r = l Pr  oqr 


V 1 Pr  _ //  . " 
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where  co',  co", . . . are  the  values  of  co  when  the  values  of  s corresponding  to 
cf) o',  . . . respectively  are  substituted  in  it. 

Let  <f>  = <£0  W'--- 

Then  we  have 


v= 1 pr  dqr  r=l  Pr 


\(j)o  dqr  <f>o"  dqr 


= Co'  + (o"  + ... 

= n, 

where  fl  is  a linear  function  of  (pi, p2,  ...,p6),  the  coefficients  being  rational 
functions  of  (qlf  q2,  ...,  q6). 


Now  <I>,  from  the  manner  of  its  formation,  is  a rational  function  of 

(<Zi>  <?a>  • • • > <7e)>  involving  s : and  it  is  clearly  a polynomial  in  (p1}p2, p6). 

So  we  can  apply  to  <I>  the  results  already  obtained,  which  shew  that  (on 

multiplying  <f>  by  some  rational  function  of  q1}  q2,  . ..,  q6)  12  is  zero,  and 

therefore  that  <!>  satisfies  the  equation 

6 y)  0d> 

2 =o 

r= 1 pr  tyr 


This  is  a partial  differential  equation  for  <E> : there  are  6 independent 
variables,  and  5 independent  solutions  can  at  once  be  found,  namely  the 

quantities  (fTEl  _ , ...  ( <hTl _ \ < follows  that  $ is  a function 

V Pi  ) V Pi  Pe  J 

only  of  the  quantities 


q*Pi  _ qiPf  fqvp i 

. ftl  Pz  / ’ * ‘ \ /*! 


/*6  / 


p2,  • • . , 


Now  the  factors  of  <f>  differ  from  each  other  only  in  that  different 
roots  5 are  used  in  their  formation : so  when  such  a relation  exists  between 
(<?i>  q<2,  • ••,  q&)  that  two  of  these  roots  s become  equal  to  each  other,  then 
two  factors  of  $ will  become  equal  to  each  other ; hence  if  <I>  = 0 be  regarded 
as  an  equation  in  plt  at  least  two  roots  will  become  equal  to  each  other. 
When  this  relation 

/(?i.  ?*,•••,?«)=<> 

exists  between  {qltq^,  ■■■,  qs),  we  shall  therefore  have  94>/0pj  = O;  and  similarly 
d<§/dp2, ...,  dQ/dpe  will  each  be  zero. 

Since  <E>  is  homogeneous  in  (p1}  p2, . ..,  p6),  the  equation 

0<J>  03>  0<3>  ^ 

Pi + Pz^~  + ...  + p6^~  = 0 
dpi  r dp2  r dp6 

is  equivalent  to  <1?  = 0 : so  <3>  = 0 does  not  constitute  an  equation  independent 
of  the  equations  d^jdpx  = 0,  . . . , d<&/dp6  = 0. 
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If  small  variations  are  given  to  the  variables  which  satisfy  the  equa- 
tion = 0,  their  increments  are  connected  by  the  equation 


‘ /0<E>  * , 0<f>  . \ _ 

\{dqrBqr+dprSpr)~0, 


but  if  (qu  q.2,  q6,  plt  p6)  satisfy  the  equations  d<&/dpr=0,  this  equa- 

tion becomes 

6 3<T) 

2 ^Sqr  = 0, 

r= 1 

and  this  relation  between  the  increments  $qr  must  therefore  be  equivalent 
to  the  relation 

1 y~Sqr  = 0. 

r = 1 V<lr 

Hence  the  equations 

9/% i df/dq,  _ _ 9//9gs 

d&/dqi  8<t >/dq2  0<t>/5y6  ’ 

6 p 0<J) 

are  consequences  of  the  equations  d<&/dpr  = 0 ; and  so,  since  X — 5—  is  zero, 

r= 1 pr  OQr 

we  have  (for  sets  of  values  of  qlf  q2y  q6,  p1}  pe  which  satisfy  these 
equations) 

2 Prdf-=  0. 

r = 1 pr  dqr 

6 p df 

The  equations  f — 0 and  2 — =0  are  therefore  algebraically  deriv- 

r= 1 Pr  OQr 

able  from  the  equations  d<&/dpr  = 0.  Now  the  actual  values  of  (qlf  q6)  are 
of  no  importance  in  this  algebraical  elimination ; so  we  can  replace  qr  by 
(qr  + prt/pr)  in  all  the  equations:  and  thus  we  see  that  the  equations 

are  algebraical  consequences  of  the  equations 

0 t 0 

d-<f>(qlt  ...,qs,Pl,...,pe)-~^<S>(qu  ...,qe,Pl,...,pe)=0 


(r  = I,  2,  ...,  6). 


Hence  the  result  of  eliminating  t between  the  equations 

| /(*+£*.....«.+£*)- 0, 
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must  be  an  algebraical  combination  of  the  equations 
0 t 0 

^*(51,  — ,q»,Pi,  — $6,  Pi,  ...,p«)  = o 

(r  = 1,  2,  ...,  6). 

Now  one  such  algebraical  combination  of  these  equations  is 

...,  q6,p1}  ...,p6)=  0; 

for  it  can  be  derived  by  multiplying  the  equations  by  (p1 , . . . , p6)  in  turn,  and 
adding  them.  We  shall  shew  that  it  is  the  eliminant  which  has  just  been 
mentioned. 


For  let  the  eliminant  in  question  be  denoted  by  'P ; then  the  equation 

£ /0¥,  \ A 


r—\ 


must  be  a combination  of  the  equations 


t 


and  S -^-Spr+i  2 1 

^ V * 


H — Bps  + — Bt ) =0. 

Ps  Ps  1 


r=l  pr  dqr  r= 1 s=l  pr  dqrdqs 

Since  the  latter  equation  involves  Bt,  we  see  that  it  cannot  enter  into  the 
combination  : and  so  we  must  have 

dV/dqe 


dW/dq,  __  d^/dq2  _ 


™ = (r  = 1 2 6) 

df/dqs  ’ dpr  nrdqr  ' ’ ’ ’ ’ 


The  identity  of  these  equations  with  those  which  have  already  been 
found  for  <l>  shews  that  the  equations  <E>  = 0 and  T'  = 0 are  equivalent.  Hence 
<3>  = 0 is  the  eliminant  of  the  equations 

fUi  + — t,  ....  qs  + — t)  = 0, 

and  aV(^+S<’-’?6  + Si)  = 0- 

Now  the  equations/^,  q2,  q6)  = 0,  which  are  the  conditions  that  the 

equation  for  s may  have  equal  roots,  can  easily  be  written  down : and  this 
result  enables  us  then  to  find  all  possible  polynomials  <E>,  and  hence,  by 
factorisation  of  <£>,  to  find  all  possible  polynomials  </>0. 

The  8 roots  s are  the  8 values  of  the  expression  ±r1±r2±r3,  where 
*i,  r2,  r3  denote  the  mutual  distances : so  we  may  have  two  roots  s equal  as 
a result  of  any  one  of  the  equations 

*i  = 0,  *2  = 0,  r3  = 0,  r2  = ± r3,  r3=±r1}  rx=  ±r2,  rx  ± r2  ± r3  = 0. 

The  equation  rx  = 0 gives 

q\  + qi  + qi  = 0 ; 
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and  the  eliminant  of 


and 


is 


,,+  »)  +(5,+!;)  +(3i+9-'0’ 


d_ 

dt 


<Hl  fl2  H* 
so  the  value  of  <I>  arising  in  this  connexion  is 


$ = (Mi  _ S&Y  + + (Mi  _ M?Y ; 


\ Hz 


Hi  ) 


\ Hi 


Hz  / 


\ Hz  H*  / 

this  expression  is  not  resoluble  into  real  factors,  and  therefore  no  real 
polynomials  </>0  can  arise  from  this  source. 

A similar  result  can  be  deduced  in  connexion  with  the  equations 
r9—  0 and  r*  — 0. 


Consider  next  the  equation 


r2=±r3‘ 


it  can  be  written  in  the  form 

2 m2 


q2  + q52  + qe2+ 
qf  + qf  + q*2- 


m1  + m2 
2 m1 


(qiq*  + q*q*  + qzq*)  + 


m1  + m2 


(q2  + q2  + q2) 


ml  + m2 


(TYL  \ ^ 

(qi+q*  + qi) 


or 


2 (M*  + Ms  + M«)  - + (?12  + S*2  + qf)  = 


Replacing  qr  by  (qr  + prt\ Hr),  and  forming  the  discriminant  with  respect 
to  t of  the  equation  thus  obtained,  we  find 


S’  = -j 2 (M4  + Ms  + Me)  + ^ + (2i2  + ft2  + 2e2) 


2 (KP±  + Mh  + + ('Sl  + + Pi 


+ 


\Hi  H\  HzHs  HzHv  mi  + mz  \Hi  Hz  Hz 

[<hPi  + Mi  + » + Mj  + Me  + Mi  + ”H-TO2  /»  + M?  + W)  1 2. 

1/44  Mi  Ms  Ms  Me  Ms  “1+  ™2  V Mi  Ms  M3  /; 


)} 


This  expansion  cannot  be  factorised  into  polynomials  <j>0,  linear  in 
(Pi>  Pz>  • ••>  pe)]  so  no  functions  <j>0  can  arise  from  this  source. 

Similarly  it  can  be  shewn  that  no  polynomials  (/>0  can  arise  in  connexion 
with  the  equations  rs=±  r1}  rx=±  r2. 

Lastly,  the  rationalised  form  of  the  equations 

n ± r2  ± rs  = 0, 

is  (r32  — r22  + rj2)2  — 4r32rx2  = 0. 
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When  is  zero,  this  case  reduces  to  that  which  was  last  discussed : and 
since  the  polynomial  <E>  is  not  resoluble  in  this  special  case,  it  cannot  be 
resoluble  in  the  general  case. 

Thus  finally,  no  real  polynomials  cj)0,  involving  s,  can  exist 

Summarising  the  results  obtained  hitherto,  we  have  shewn  that  any 
algebraic  integral  of  the  differential  equations,  which  does  not  involve  t,  is 
an  algebraic  function  of  integrals  </>,  each  of  which  can  be  written  in  the 
form 

</>0  + <f>2  + </>4  + • • • , 

where  <£0  is  a homogeneous  polynomial  in  the  variables  p,  say  of  degree  k, 
and  a homogeneous  algebraic  function  of  the  variables  q,  say  of  degree  l : 
<j)2  is  a homogeneous  polynomial  in  the  variables  p}  of  degree  ( k — 2),  and 
a homogeneous  algebraic  function  of  the  variables  q,  of  degree  (l—  1);  <£4  is 
a homogeneous  polynomial  in  the  variables  p,  of  degree  ( k — 4),  and  a 
homogeneous  algebraic  function  of  the  variables  q,  of  degree  (l-  2) ; and 
so  on. 

(viii)  Proof  that  </>0  is  a function  only  of  the  momenta  and  the  integrals 
of  angular  momentum. 

We  shall  now  proceed  to  shew  than  an  integral  </>,  characterised  by  these 
properties,  is  an  algebraic  function  of  the  classical  integrals. 

The  equation 

g = 0,  or  = o; 

at  r=i  \pr  oqr  dqr  dpj 

gives  on  replacing  <£  by  <£0  + </>2  + <£4  • • . , and  equating  terms  of  equal  degree, 

q _ n?  tyo  Pr 
r= 1 dqr  pr 

0=1;  + <tyo  dU 

r==1  dqr  pr  dpr  dqr  ’ 


0 = x _j_  ^k~2 

r—i  dqr  Pr  dpr  dqr  ’ 

0 = ^ dfadU' 
r-\dpr  dqr 


The  first  of  these  equations  is  a linear  partial  differential  equation  for  <f>0 
which  can  at  once  be  solved,  and  gives 

</>0  —fo  {T 2,  P3,  . . . , Pq,  Ply  p2,  • • . J Pe)> 
p qrPi Pjft l 

JT  r 

Pi  Pr 


where 


(r  = 2,  3, . . . , 6). 
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Let  the  expression  of  <j>2  in  terms  of  the  variables  qx,  P2, ... , P6,  px, ...  ,p6) 


be 

we  have 


or 


$2  — y*2  (^l»  T2,  P3,  ...,  P6,  pi}  ...  , Pq), 


Vljp+t  |^|2r;  Wher eqr=f^  + ^Ml 

cqi  dqx  r=2cqrdq1  * px  iirpx 

= ^2  H'lPr 

dqi  r= 2 dqr  prPi  ’ 

Pi  ^ Prdfa  = ^ d(J>0dU 

Pi  dqx  r=1  pr  dqr  r=1  dpr  dqr  ’ 


Integrating  we  have 

f*  = X(P*>P*.->Pe.Pi,-,Pe)-  [~  2 

J Pi  r= 1 

so  there  can  be  no  logarithmic  terms  in  J Xdqlt  where 


ft  4 

dpr  hr’ 


X = 2 — J expressed  in  terms  of  qu  P2t P6,  p„ 

r=l  tyr  Oqr 

= (ty±+  I M + I /M  a/o  ^aP 


p63 


a^i  s=2  aps  Mi/  aji  r=2  Va^r  apr  ^r/  3gr 

| %dJI+%  df  (grdU  qidU\ 

r= 1 a^r  agr  r=2  3Pr  Vi  3?!  Pr  dqr)  ' 


If  F denotes  the  expression  of  U in  terms  of  the  variables 

$1>  T2}  ...,  Pq,  Pi,  , ^>6; 


we  have 


a u Pxdv  , -i  a P"  aF  4 3F^r 

tT-'Td  (r>1)  and  • 

3?r  Ah  3Pr  3ji  0?!  r=2  ePr  fir 


The  terms  in  X which  may  give  rise  to  logarithmic  terms  in  jxdqx 
now  seen  to  be 

4 dfo  {PrV  . Prqi  4 ff_P±+M}  dV 


are 


0 f Pr_ 
r \prj 


+ 


r=2  3 Pr\prpx  prPl  s=2  3 Ps  ps  prpxdP, 

so  the  terms  which  may  be  logarithmic  in  jxdqx 


are 


X 


Pr  df0 


r—2 


PrPl  3 P7 


PrPsPldP, 

, | df  Pi  a 

r=2  dPr  prpx  3 P 


qiVdqi. 

r d 


Now  F is  a sum  of  three  terms,  each  of  the  form  (A  + Bqx  + Gqf)  L 
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Taking  each  of  these  terms  separately,  we  have  for  the  transcendental  part 
of  the  last  expression 

i I*  ■ «*■+* 

r=  2 dPr  /jirPi  V — (7  (52  — 4.4  0)^ 


6 6 

-n 


a/0  _prps 


i 


05 


sin" 


2Cqx  + 5 


r=2  s=2  dPr  /jLrfJLsp1  2G  V — (7  0jPs  (52  — 4J.C)* 
Pi  _J_dA^-i  2%+5 


sm 


*=2  0Pr  2(?V  - 0 dPr  (52  - 4>AG) 


Thus  for  each  of  the  fractions  (A  + Bqx  + Gqi)~%,  we  must  have 


dfo_  Pr. _ V V 3/b  PPs  i 4 0/q  f 05  __  0 

r=2  dPr  fArPi  r = 2 s=2  CPr  flrflsp1  dPs  r= 2 dPr  prpl  dPr 


G t 


Now  for  the  first  of  these  fractions,  namely  (gy2  + g22  + qf)~^,  we  have 


4=^(p/+pa 


1P_  piP^Pz  , piP‘iPz 
2 n — ..  ^ 2 + ..  ^ 2 » 


/W2  MsPl2 


C=l  + ^ + ^ 
/^225l 


so  the  first  of  the  three  equations  will  be 


1 , Bl  , /"i2532 
pipi  y<Pi2 


|>  _04_  Pr 


•=2  0A 


^ a/o  Pr 
r= 2 05»-  prPi  V/X22_Pi 


+ ^l2 


/ 8/o  pLp  . ^ PlPf 

V0P2  /x22_p  0P3  ya325i/ 


= 0, 


or 


2 

r=2 


% Pr_  / » §4_  n 

0P r pr  \dP-2  P2  dPs  pi  / 


or  (since  px  = p2  = pi) 


2 Pr  ^ 


r=4 


34 

0Pr 


o. 


•(A), 


and  on  solving  this  equation  we  see  that  f0  is  a function  of 

Pi,p2,  ...,p6,  P2,  Pz,  (p^q5-p5q,\  and  (p4q6-p6qi). 

Since  the  three  expressions  (41  + Bqx  + Gqi)  are  linear  functions  of  the 
three  quantities  (qi  + qi  + qi\  (q^  + Ms  + M«)>  fe2  + qi  + qi\  we  can  for 
our  present  purpose  replace  them  by  these  three  quantities : so  the  second 
expression  (A  + Bqx  + Gqi)  may  be  taken  to  be  (qxq^  + q2q5  + Ms)>  or 

(pP* 


! PP  4 

Pi  PPi 


^ + ! Ml)  IP1**  + PP«gA  + ItEl  | Ml]  (£?»  + MMh\ 

h)  \ pi  pi  ) \ Ih  Ppi  ) \ Pi  Pi)  \ Pi  PPi  ) ’ 


so  for  this  expression  we  have 


P _ pP±  , pP 5 Pi  . 4X2P2p5  flP 6p3  fPP 3p6 
Pi  pi  ppi  pi  ppi 


C=  PPi  j PP*P*  | PPsPe 
PPi  ppi  ppi  ’ 
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and  the  corresponding  equation  is 


Vo 

3P; 


(p*pt-piPs)  + {pap» -Pipe) 


d/o  (m 
ap4 


j-pn 


(B). 


The  third  expression  ( A + Bq1  + Cqf)  may  be  taken  to  be  qi 2 + g62  + g62 ; 
the  corresponding  equation  proves  to  be  the  same  as  equation  (A),  and  may 
consequently  be  neglected.  We  have  therefore  only  to  consider  equations 
(A)  and  (B) : simplifying  (B)  by  means  of  (A),  they  may  be  written 


dPA 


3£> 
3 PR 


J4  _ 

~3P6 


Ow  -pp5)  pr  + (m>*>  -Pii?e)  - Pi  (pi  Jji  +P2  + P>  |pj  = 0 ; 

these  equations  are  obviously  algebraically  independent ; and  the  Jacobian 
conditions  of  existence  are  satisfied  identically  for  them,  since  the  coefficients 

of  the  derivates  ^ do  not  involve  the  quantities  P.  These  two  equations 

therefore  form  a complete  system,  with  5 independent  variables  P2,  P3,  P4, 
P5,  P6:  so  there  must  be  5 — 2 = 3 independent  solutions,  and  any  other 
solution  will  be  a function  of  these  three  solutions  and  of  p1)  p2,  ••^Pe- 
lt is  easily  verified  that  three  independent  solutions  are 
P^Ps  ~ P 3^2  + P^Pq  ~ P &Ps  > 

PzPi  + PeP4  ~ PiPe, 

- P2px  + P4_p5  - P5p„ 

PiL/fi,  PiMfoi,  pxF/^, 
f L = q2p3  - q3p2  + q5p6  - q*p5, 

M = q3pi  - qxp3  + q6p4  - q4p6, 

[F  = qxp2  - q2px  + q4p5  - q5p4) 
and  the  three  equations 

L = Constant,  M = Constant,  N = Constant, 

are  the  three  integrals  of  angular  momentum  of  the  system.  We  have 
therefore  the  result  that  cj>0  is  a function  of  L,  M,  F,  px,  p2,  ...,£>6  only. 

(ix)  Proof  that  </>0  is  a function  of  T,  L,  M,  F. 

Since  <£0,  when  expressed  in  terms  of  qx,  q2y  ...,  q6)  p1}  --->P6  is  a poly- 
nomial in  p1}  p2f  it  is  clear  that  <£0  is  a polynomial  in  its  arguments 

L,  M,  F,  pX)  jo6.  We  shall  write 

(j>0  = G(L,  M,  F,  px,  p6), 


or 


where 
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so  we  have 


#0=  | 0(7  dpr  = y dGdJJ 

dt  r==i  0pr  dt  r=i  0pr  0gr 


and  the  equation  for  /2  is 


/■-*« 


J Yrdqly 


where  Yr  stands  for  dU/dqr,  supposed  expressed  in  terms  of  qlf  P2,  ...»  Be, 
Pi>  "‘iPt-  We  have  therefore 

K e dG[v^_  fa  (dG  fdV  v dV  pr\  ■ Pi  0F  0(7  , , Pl  0_F  0(7 

Pir= 


idprJ  * Jpi{dpi\dqi  dPr  Prj  f*1dP2dp2  ^dPedpe 


i J dq i r=2  J 0-Py  \dpr  prPi  dp\J 


^d_G  [dV 
Pi 


^fpdG  y+  | (d^  _PiPrdG]J_  jyd^ 


.=2  \dpr  H'rPi  dpj  dP7 
mpnfi2 


Pi  dp1 

_ ix  i 0 (7  v 

_Pi  3P1  ^ (^L  + 

dB 


q.  £ _ PaPr  3(7 


r=2  V0pr  PrPi  0Pi^  ^4 


m,  m,  — 2N 


dPr 


+BWr+2Ggidp) 


ae 

apr 


(P2  - 4AO)  (4  + .%  + O^x2)* 
where  the  symbol  X indicates  summation  over  the  3 values  of  the  expression 
(A  + Bq1  + CqY). 

Now7  the  term  %(P2>  ---j  Pe,  Pi,  •••>  Pe)  cannot  give  rise  to  terms 
involving  ( A + Bq1  + Gq i2)  in  the  denominator : so  the  quantities  multiplying 
each  of  the  expressions  (A  4-  Bq1  + Cqff  must  themselves  have  the  same 
character  as  <f>2,  i.e.  they  must  be  polynomial  in  {px,  p6)  when  expressed 
in  terms  of  (qlt  q2y  q6,Pi,  p6)-  We  see  therefore  that  the  expression 

A 0P  _i  — 

frdG  | (d G wag\  0Pr  2gl  8Pf+2  9Pr+  gl9Pr 

Pi  0Pi  r=2  Wr  PrPidpJ  B2  - 4<AC 

must  be  a polynomial  in  (plt  ...,p6),  when  expressed  in  terms  of  (Pl,  p6, 
qu  • ••,  S'e)-  Taking  first  A + Bq1  + Cq^  = gf2  + q22  + qs2,  this  expression 
becomes 

pidG_  | / dG  plPr  dG\ 

Pl  dp1  , = 2 V0Pr  PrPi  3pJ 

~Pr  {M-iV+PtO  + giCPaPs+PaPt)}  +Pr  {/*  ( Ptfh  + Psjh ) + qi(p?+Pt+P»)\ 

2 jj3,2P/  +p12Ps2  + (|>2PS  - P-J\f\ 
or  (omitting  a factor  /x) 

1 0(7  I /dG  filPr  dG 

Pl  dpi  r= 2 \3pr  prPi  3px 

x -Pr  [pi  (ql  + qj)  - thqph  - PsM»)  + (qrpi  -pfgi)  (pigi  + p3g« +p3gs) 

2px  [(^px  -p2?x)2  + (qspi  - psqif  + (Ms  - Psffs)2) 
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i dG 
0r  Ik  dpi 

2 {(qiPl  - qipYf  + (q3pi  - qip3f  + (qzPi  - q^p-Yf) 

The  last  fraction  must  therefore  represent  a polynomial  in  p1}  p2,  ...,  p6; 
so  the  denominator  must  be  a factor  of  the  numerator. 


Now  G is  a polynomial  in  L , M,  N,  so  (|^  — and  ~ 

\dp2  p2px  dp1J  \dp3  y3p i dp1 


3ps  PsPi  djh 


are  polynomials  in  L,  M,  N and  involve  qlt  q2,  q3  only  by  means  of  L,  M,  N ; 
so  either  they  contain  no  terms  in  q1}  q2,  q3 — in  which  case  the  denominator 
cannot  be  a factor  of  the  numerator — or  else  they  contain  some  terms  free 
from  qlt  q2,  q3 — in  which  case  also  the  denominator  cannot  be  a factor  of 
the  numerator.  The  condition  can  therefore  only  be  satisfied  by  supposing 
that 

dG  P1P2  dG  _ Q dG  P1P3  dG 


dp2  P2P1  dp1 


dp3  p,3p1  dp1 


= 0. 


i 


As  might  be  expected  from  considerations  of  symmetry,  the  conditions 
arising  from  the  other  sets  of  values  of  A , B,  G give 


dG  P'lPr  dG 

dpr  PrPl  dpi 


(r  = 4,  5,  6). 


The  function  G therefore  satisfies  these  five  equations,  which  are 
evidently  a complete  system  of  five  independent  equations  with  six  inde- 
pendent variables,  and  consequently  possess  only  one  independent  solution ; 
this  solution  is  easily  found  to  be 


or  T. 


The  function  G therefore  involves  (p1}  . . . , p6)  only  by  means  of  the  expression  T : 
and  since  G is  polynomial  in  (p1}  ...,  p6),  it  must  also  be  polynomial  in  T. 


Since  </>0  is  homogeneous  in  (q1,  q2,  ...,  q6),  and  also  in  (p1}  p2,  ... , p6),  and 
the  expressions  ( L , M,  N)  are  each  linear  in  ( qlf  ...,  q6),  while  T does  not 
involve  (qu  ...,  q6)  and  is  of  degree  2 in  (ply  . ..,_p6),  it  is  clear  that  if  T is 
involved  in  </>0  at  all,  it  must  be  as  a factor : so  we  can  write 

0O  = h (L,  M,  N)  T™, 

where  h is  a homogeneous  polynomial  in  its  arguments. 

(x)  Deduction  of  Bruns  theorem,  for  integrals  which  do  not  involve  t. 

The  equation  which  determines  the  function  f2  is 

f2  = x(P„...,Pe,Pl,...,ps)-^U. 


iM  tut - — ~ 
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But  we  have 


- I- = - dS  f = m h (z>  M>  N>  Tm~i  ■ 

Pityi  Ih  ST  9pi 


and  therefore 

/2  = %(P2,...,  P6,_px,  ...,p6)-mh(L,M,N)  T™-1  TJ. 

Thus 


0 = 00  + $2  + 04  + • • • • 

= h(L,M,N)(Tm-mTm-1U)  + x(P 2, P6, Pi,^..,p<d  + 04  + 06  + ...  • 

The  integral  0 can  therefore  be  compounded  from  two  other  integrals, 
namely : 

1°  the  integral  /*,  (Z,  if,  N)(T—  U)m,  wThich  is  itself  compounded  from 
the  classical  integrals, 

and  2°  the  integral  </>',  where 

4>'  = 0(/  ■+■  0 2 + 0/  + • • • 
and  0o/==%  (-^2,  ...,P6,Pu 

& =<h-  m(”V1>fe  (x- 

<£/  = <£„  + OT  (m~  ^,(m~  2)  h (L,  M,  N)  Tm~"  U3, 

O i 


But  0'  is  an  integral  of  the  same  character  as  0,  except  that  its  highest 
term,  0O',  is  of  order  two  degrees  less  in  (j^,  ...,  pG)  than  the  highest  term, 
0O,  of  0.  Now  we  have  shewn  that  0 can  be  compounded  from  the  classical 
integrals  together  with  the  integral  0'.  Similarly  0'  can  be  compounded 
from  the  classical  integrals  together  with  an  integral  0"  which  has  the  same 
character  as  0,  but  is  of  order  less  by  4 units  than  0 in  the  variables  p. 
Proceeding  in  this  way,  we  see  that  0 can  be  compounded  of  the  classical 
integrals  together  with  an  integral  0{n),  whose  order  in  (p1}  ...,  pG)  is  either 
unity  or  zero.  If  0(n)  is  of  order  unity  in  (p1}  ...,  p6),  then  in  the  equation 

0<w>  = 0 0<n>  = h (Z,  M,  N ) Tk 

we  must  evidently  have  k = 0;  in  this  case,  therefore,  0(n)  is  compounded  of 
the  classical  integrals.  If  0(n)  is  of  order  zero  in  (plf  . ..,  pQ ),  it  is  a function 
of  (ql9  q6)  only  : but  we  have  already  shewn  that  such  integrals  do  not 
exist : and  so  in  any  case  0 can  be  compounded  algebraically  from  the 
classical  integrals.  Hence  we  have  Bruns’  theorem,  that  every  algebraic 
integral  of  the  differential  equations  of  the  problem  of  three  bodies , which  does 
not  involve  the  time , can  be  compounded  by  purely  algebraic  processes  from  the 
classical  integrals. 
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(xi)  Extension  of  Bruns1  result  to  integrals  which  involve  the  time. 

We  now  proceed  to  consider  those  algebraic  integrals  of  the  problem  of 
three  bodies  which  involve  the  time  explicitly. 

For  this  purpose  we  shall  take  the  equations  of  motion  as  a system  (§  155) 
of  the  18th  order : we  have  therefore  to  investigate  integrals  of  the  form 

f(<h>  q9,Pi>  •••,#»  t)=a, 

where  f is  an  algebraic  function  of  its  arguments,  and  a is  a constant. 

The  function  f is  not  necessarily  rational  in  its  arguments.  Let  the  last 
equation  be  rationalised,  so  far  as  the  variable  t is  concerned,  so  that  it  can  be 
arranged  in  the  form 


arn  + am- (q1}  ...,q9,p1,...,p9,t)  + am~2fa  (qlt  . . . , q9  ,pu  . . . ,p9,  t)  + . . . 

+ •••»  q*,Pi,  0 = 0, 

where  the  functions  <£  are  rational  functions  of  t and  algebraic  functions  of 
their  other  arguments  (qlt  ...,  q9,  p1} ... , p9).  This  equation  may  be  supposed 
irreducible  in  t,  i.e.  such  that  it  cannot  be  factorised  into  other  equations 
which  are  of  lower  degree  in  a and  are  rational  in  t : for  if  it  is  reducible, 
we  can  suppose  it  replaced  by  that  one  of  its  irreducible  factors  which 
corresponds  to  the  original  equation  f=a. 

Differentiating  with  respect  to  t,  we  have 

nm- 1 dfi  , m-2  ^2  , d<bm  q 

° dt  +“  dt  +"'+  dt 


Now  the  quantities  d<pr/dt,  when  expressed  in  terms  of  ( q1}q2 , . -^q^Pi,  •••,p9,t), 
are  rational  functions  of  t : so  that  the  previous  equation  would  be  reducible 
in  t if  this  equation  did  not  vanish  identically.  It  follows  that  this,  equation 
does  vanish  identically:  that  is, 

§-°  ("-1'2 ”>■ 


The  expressions  <j>r  are  therefore  themselves  integrals:  and  hence  the 
integral  f can  be  compounded  from  other  integrals  </>,  which  are  rational 
functions  of  t and  algebraic  functions  of  (q1}  ...yq9,p1,  ...,  p9). 

Let  such  an  integral  </>  be  resolved  into  factors  linear  in  t : so  that  it  can 
be  written 

(t-yh)n'(t-f2)n>...  (t-1rtf* 


where (P,  <j>lf  are  algebraic  functions of(^,  ••.,q9,ply...ip9). 

Since  this  expression  is  an  integral,  we  have 


P dt  t — fa  \ dt  ) 


164] 


867 


The  Theorems  of  Bruns  and  Poincare 


When  =£> 
dt 


#1 

dt 


d(f>k  d^\ 
dt  ’ dt 


are  replaced  by  their  values  (P,E), 


E),  ...,  (ty,  E),  this  equation  must  become  an  identity:  but  this  can 
happen  only  if 


iP  = 0 l-^!  = 0 1-^  = 0 1-^  = 0 i dfn 

dt  ’ dt  ’ ’ dt  ’ dt  ’ dt  ’ 


i.e.  if  each  of  the  expressions 

P,  t — <f>1}  t — 2)  •••>  t — cfik,  t — '^r1,  . ..,  t — yjri 

is  an  integral.  Hence  any  algebraic  integral  of  the  problem  of  three  bodies 
which  involves  t can  be  compounded  (1)  of  algebraic  integrals  which  do  not  involve 
t and  (2)  of  integrals  of  the  form 

t — (j)  = Constant, 

where  <£  is  an  algebraic  function  of  (qx,  q2,  ...,  q9,  p1}  ...,pd). 

Now  it  is  known  that 

t-^±l Mi±!Mr  = Constant, 

P i+Pi  + Pv 

is  an  integral : hence  any  algebraic  integral  of  the  problem,  which  involves  t, 
can  be  compounded  of 

(1)  algebraic  integrals  which  do  not  involve  t ; 

(2)  integrals  of  the  form 

mlgl  + m2g4  + ^=Co 

Pi+pi  + Pi 

where  </>  is  an  algebraic  function  of  (q1}  ...,  q9,  p1}  ...,  p9);  and 

(3)  the  classical  integral 

t m^  + m^^  m3q7 

Pi+p*  + p7 

But  the  integrals  in  classes  (1)  and  (2)  are  algebraic  integrals  which  do 
not  involve  the  time ; and  hence,  by  the  result  already  obtained,  they  are 
combinations  of  the  classical  integrals. 


Thus  finally  every  algebraic  integral  of  the  differential  equations  of  the 
problem  of  three  bodies,  whether  it  involves  the  time  or  not , can  be  compounded 
from  the  classical  integrals. 


Bruns’  theorem  has  been  extended  by  Painleve  * who  has  shewn  that  every  integral  of 
the  problem  of  n bodies  which  involves  the  velocities  algebraically  (whether  the  coordinates 
are  involved  algebraically  or  not)  is  a combination  of  the  classical  integrals. 


Bull.  Astr.  xv.  (1898),  p.  81. 
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165.  Poincares  theorem . 

We  shall  next  establish  another  theorem  on  the  non-existence  of  a certain 
type  of  integrals  in  the  problem  of  three  bodies,  which  is  in  many  respects 
analogous  to  that  of  Bruns,  and  was  discovered  in  1889  by  Poincare*. 

(i)  The  equations  of  motion  of  the  restricted  problem  of  three  bodies. 

In  the  restricted  problem  of  three  bodies,  the  equations  of  motion  of  the 
planetoid  can  (§  162)  be  written  in  the  form 

dqr  _ dH  dpr  _ dH 

dt  dpr  5 dt  dqr 

where  H — H0  + /jl  Hx  + p2H2  + . . . , 

1 


(r=l,  2), 


Ha 


2pi 


- np2, 


and  H1 , H2,  ...  are  periodic  in  qu  q2,  with  period  2tt. 

The  Hessian 

d2H0  d2H0 
dpx2  dpxdp2 

fHo  d2Ho 

dpxdp2  dpi 1 

is  evidently  zero : as  this  circumstance  would  prove  inconvenient  in  the 
proof  of  Poincare’s  theorem,  we  shall  modify  the  form  of  the  equations  so  as 
to  obtain  a system  for  which  the  corresponding  Hessian  is  not  zero. 

Write  H 2 = K,  and  let  H = h be  the  integral  of  energy ; then  we  have 

dqr  = fdK  dpr^_  fdK 

dt  2 h dpr  ’ dt  2h  dqr  r 5 '* 

and  therefore,  taking  a new  function  H equal  to  K/2h,  we  can  write  the 
differential  equations  of  the  restricted  problem  of  three  bodies  in  the  form 

dqr  dH  dpr__dH 

dt  dpr’  dt  d qr  { ~ ’ h 

where  for  sufficiently  small  values  of  ya,  H can  be  expanded  as  a power-series 
in  the  parameter  yu-, 

H = H0+  fjuH1  + fPH2  + . . . , 


and 


the  Hessian  of  H0  is  not  now  zero,  and  (H1}  H2,  ...)  are  periodic  in  qlt  q2, 
with  period  2tt. 


Acta  Math.  xm.  (1890),  p.  259.  Nouv.  M6th.  de  la  Mec.  Cel.  Yol.  i.  (1892),  p.  233. 
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(ii)  Statement  of  Poincare  s theorem. 

Let  $ denote  a function  of  ( qx,  q2,  p1}  p2,  g)  which  is  one-valued  and 
regular  for  all  real  values  of  qx  and  q2,  for  values  of  g which  do  not  exceed 
a certain  limit,  and  for  values  of  px  and  p2  which  form  a domain  D,  which 
may  be  as  small  as  we  please ; and  suppose  that  $ is  periodic  with  respect  to 
qx  and  q2,  having  the  period  r.  Under  these  conditions  the  function  $ can 
be  expanded  as  a.  power-series  in  g,  say 

$ = $0  + /^i  + g2®*  + 

where  $0,  $!,  $2,  ...  are  one- valued  analytic  functions  of  {q1}  q2,  px,  p2), 
periodic  in  qx  and  q2.  Poincare’s  theorem  is  that  no  integral  of  the  restricted 
problem  of  three  bodies  exists  {except  the  Jacobian  integral  of  energy  and 
integrals  equivalent  to  it),  which  is  of  the  form 

$ = Constant, 

where  $ is  a function  of  this  character.  The  proof  which  follows  is  applicable 
to  any  dynamical  system  whose  equations  of  motion  are  of  the  same  type  as, 
those  of  the  restricted  problem  of  three  bodies. 

The  necessary  and  sufficient  condition  that  <0  = Constant  may  be  an 
integral  is  expressed  by  the  vanishing  of  the  Poisson-bracket  {H,  <I>) ; so  that 

(H0, $0)  + g {(Hi,  <E\>)  + (H0,  $0}  + ^ {(H2,  $0)  + (Hi,  $0  + (H0,  $2)}  + . . . = 0, 

and  therefore  {H0,  $0)  = 0 

(H1}  $0)  + {H0,  $0  = 0. 

(iii)  Proof  that  $0  is  not  a function  of  H0. 

We  shall  first  shew  that  $0  cannot  be  a function  of  H0.  For  suppose 
a relation  of  the  form  $0  = y/r  {H0)  to  exist.  From  the  equation  H0  = H0  {pi,p2) 
we  have  on  solving  for  px  an  equation  of  the  form  px  = 0{HO,  p2),  and  0 will 
be  a one-valued  function  of  its  arguments  unless  dH0/dpx  is  zero  in  the 
domain  D.  Replacing  px  by  its  value  6 in  the  function  $0  {qx,  q2}  p1}  p2),  we 
have  an  equation  of  the  form 

3>o  (qi,  q*>  Pi,  P2)  = ^{qi,  q*,  H0,  p2) ; 

and  as  $0  is  a one-valued  function  of  its  arguments,  yfr  will  be  a one-valued 
function  of  {q1}  q2,  H0,  p2);  but  by  hypothesis,  the  function  ^ depends  only 
on  H0.  It  follows  that  ^ is  a one-valued  function  of  H0,  so  long  as  the 
variables  px , p2  remain  in  the  domain  D,  and  provided  dH0/dpx  is  not  zero  in  D ; 
or  more  generally  provided  one  of  the  derivates  dH0/dpx  and  dH0/dp2  is  not 
zero  in  D,  a condition  which  is  evidently  satisfied  in  general.  Since  ^ is  a 
one- valued  function,  the  equation  yjr  {PL)  = Constant  will  be  a one-valued 
integral  of  the  differential  equations,  and  therefore  $ — yjr  {H)  = Constant 
will  also  be  a one-valued  integral,  and  will  be  expansible  as  a power-series  in 

24 
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fx : it.  will  moreover  be  divisible  by  p,  since  <I>0  — ^ (H0)  is  zero.  If  then  we 
write 

the  equation  <f>'  = Constant  will  be  a one-valued  analytic  integral : writing 

<£'  = <£0'  + 

the  function  <f>0'  will  not  in  general  be  a function  of  H0 : if  however  it  is 
a function  of  H0 , we  perform  the  same  operation  again,  thus  arriving  at 
a third  one-valued  analytic  integral,  whose  part  independent  of  p will  not  in 
general  be  a function  of  H0 ; and  so  on.  It  is  evident  that  in  this  way  we 
shall  ultimately  obtain  an  integral  which  does  not  reduce  to  a function  of  H0 
when  p is  zero,  unless  <E>  is  a function  of  H,  in  which  case  the  two  integrals 
H and  <1>  are  not  distinct. 

If,  therefore,  there  exists  an  integral  <I>  which  is  one-valued  and  analytic 
and  distinct  from  H,  but  which  is  such  that  <f>0  is  a function  of  ff0 , we  can 
always  derive  from  it  another  integral,  of  the  same  character  but  such  that 
it  does  not  reduce  to  a function  of  H0  when  p vanishes.  We  can  therefore 
always  suppose  that  <I>0  is  not  a function  of  H0 . 


(iv)  Proof  that  ^>0  cannot  involve  the  variables  q1}  q2. 

If  the  function  <I>0  involves  the  variables  q1}  q2,  then  since  it  is  periodic  in 
these  variables  we  can  write 

<!>„=  2 Amumtei^+m^=  2 

ml,m2  to,,  to2 


where  mx  and  m2  are  positive  or  negative  integers,  i denotes  V — 1,  the 
quantities  Amijm2  are  functions  of  p1}  p2,  and  f represents  the  exponential 
co-factor  of  Am^m2.  Since  H0  does  not  involve  qlt  q2,  we  have 


nr  fT.  x _ dH0d<&0  dH0d<&0 
{ °’  o)  dpi  dq , + Sp2  dq2  ■ 


But  we  have  d<$0/d qr=  2 imr  Amu  m,2  £ so  the  equation  ( ff0 , <I>0)  = 0 

to„  m2 

becomes 

and  therefore  (as  this  equation  is  an  identity) 


Amij  m2 

Hence  we  must  have  either 


dH0  dH0\ 

m j.  ~ — + m2  — =0. 

dpi  dp2  J 


A mu  m2  = 0 or  dH0/dp1  + m2  dH0/dp2  = 0 ; 
but  the  latter  alternative  is  possible  only  when  m1  and  m2  are  both  zero,  or 
when  the  Hessian  of  H0  is  zero,  which  is  not  the  case.  It  follows  that  all 
the  coefficients  Am^m2  are  zero,  except  d.0>0;  and  consequently  <b0  does  not 
involve  the  variables  q1  and  q2. 
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(v)  Proof  that  the  existence  of  a one-valued  integral  is  inconsistent  with 
the  result  of  (iii)  in  the  general  case. 

Consider  now  the  equation 

(Hu  <f>0)  + (H0,  $0  = 0, 


or 


x d3>dJf_  | a^  = 0 

r=i  dpr  dqr  r= 1 dpr  dqr 


As  the  functions  H1  and  ^ are  periodic  with  respect  to  q1} 
be  expanded  in  series  of  the  form 

Hx 


they  can 


2 -BmiiOTse*<’»iSi+“»9!>=  2 say, 


% m2 


V rj  pi(mlql+m2q2)  _ V H Y 

**  Wrt,,m2  & — — ' b> 


mi,  m2  mlt  m2 

where  mx  and  m2  are  positive  or  negative  integers,  and  the  coefficients  Bm^ h 
and  Cmumz  depend  only  on  px,  p2.  We  have  therefore 

— j x B “• - * 

o — it*  J->rn1,m2 
Cqr  mum2 


mr  £ 


a^r 


=»  2 a 


ml,m2 


mi,m2 


so  the  equation 


I*  a^o  a^i  _ ^ a^o  ^ = q 

r=X  3^  r=l  0(^7. 


becomes  2 Bmiimt(  2 m. 


^o\ 

a^J 

or  (since  this  equation  is  an  identity) 


mi,  m2 


r=  1 


2 Cm1,m2  f ( 2 mr  ^ ^ — 0, 


mi,  m2 


r= 1 


ml5  m2 


( a^0 . 


a 


ml5  m2 


air0  0#o\ 

h vn2  ^ — ) . 

dp2J 


This  equation  is  valid  for  all  values  of  px,  p2\  and  therefore  for  values  of 
px  and  p2  which  satisfy  the  equation 


we  must  have  either 


a h,  dH0 

mx  - h m2  — — = 0, 

dpi  a p2 


Pmu  rn2  = 0,  or  mx  d<$>0/dpx  + m2  d <&0/dp2  = 0. 

We  shall  say  that  a coefficient  Bmi}tn2  becomes  secular  when  p1}  p2  have 
values  such  that  mx  dH0/dp1  + m2  dH0/dp2  = 0. 

As  H is  a given  function,  the  coefficients  BmuW/2  are  given.  In  the  general 
case  of  dynamical  systems  expressed  by  differential  equations  of  the  kind  we 
are  considering,  no  one  of  these  coefficients  will  vanish  when  it  becomes 
secular,  and  we  shall  take  this  case  first : so  that  the  equation 

m1  aT>0/api  + m2  a<E>0  /a_p2 = o 

is  a consequence  of  the  equation  mx  dH0/dp1  + ra2  dH0/dp2  = 0. 

Now  let  kx,  k2  be  two  integers : suppose  that  we  give  to  px  and  p2  values 
such  that  the  equation 

dH0  = dH0 
kxdpx  k2dp2 
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is  satisfied.  We  can  find  an  infinite  number  of  pairs  of  integers  mx,  m2  such 
that  mxkx  + m2Jc2  is  zero:  and  for  each  of  these  systems  of  integers  the 
expression  mxdH0/dpx  + m2dH0/dp2  is  zero,  and  consequently 

mx  d <£%%>!  + m2  d&o/dpz 
is  zero.  Comparing  these  two  equations,  we  have 

dH0/dpx  _ dHJdp2 

03>o/0pi  d<f>0/dp2  ’ 

so  the  Jacobian  d(H0,  <&0)/d(px,  p2)  is  zero  for  all  values  of  px,  p2  for  which 
dH0/dpx  and  dH0jdp2  are  commensurable  with  each  other.  Thus  in  any  domain, 
however  small,  there  are  an  infinite  number  of  systems  of  values  of  px,  p2  for 
which  this  Jacobian  is  zero : as  the  Jacobian  is  a continuous  function,  it  must 
therefore  vanish  identically,  and  consequently  d>0  must  be  a function  of  H0. 
But  this  is  contrary  to  what  was  proved  in  (iii),  and  therefore  the  funda- 
mental assumption  as  to  the  existence  of  the  integral  must  be  erroneous ; 
that  is,  the  Hamiltonian  equations  possess  no  one-valued  analytic  integral 
other  than  H = h,  provided  no  one  of  the  coefficients  Bmurri2  vanishes  when  it 
becomes  secular. 

(vi)  Removal  of  the  restrictions  on  the  coefficients  Bmurrl2. 

We  have  now  to  consider  the  case  in  which  at  least  one  of  the  coefficients 
Bmi,m2  vanishes  when  it  becomes  secular.  We  shall  say  that  two  pairs  of 
indices  (mx,  m2)  and  (ml,  ml)  belong  to  the  same  class  when  they  satisfy  the 
relation  mjml  = m2/m2/,  and  that  in  this  case  the  coefficients  Bmi>m2  and 
Bm^m;  belong  to  the  same  class. 

We  shall  first  shew  that  the  result  obtained  in  (v)  as  to  the  non-existence 
of  one-valued  integrals  is  true  provided  that  in  each  of  the  classes  there  is  at 
least  one  coefficient  Bmit  m2  which  does  not  vanish  on  becoming  secular.  For 
suppose  that  the  coefficient  Bmitm2  is  zero,  bub  the  coefficient  Bm^mj  is  not 
zero.  If  px,  p2  have  values  such  that  ra10Ho/0p1  -f  m2dH0/dp2  is  zero,  we  have 
mx  dH0/dp1  + m2'  dH0/dp2  — 0,  and  consequently 

/ 0O> o , 0Oo\  / 0^0  , d<!>0\  A 

v™1  dPi  + m 2 dPJ  ~ °’  r1  dp, + ~0, 

and  although  the  relation  mx  d<^>0/dp1  + m2  0<I>o/0p2  = 0 cannot  be  inferred  from 
the  former  of  these  equations,  it  can  be  inferred  from  the  latter : the  proof  is 
in  other  respects  the  same  as  in  (v). 

Now  a class  is  completely  defined  by  the  ratio  of  the  indices  mx,  m2 ; let 
X be  any  commensurable  number,  and  let  G be  the  class  of  indices  for  which 
m1/m2  = X.  We  shall  say  for  brevity  that  this  class  G belongs  to  a given 
domain,  or  is  in  this  domain,  if  a set  of  values  of  px,  p2  can  be  found  in  this 
domain  such  that 


dH0  , dH0 
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We  shall  shew  that  the  theorem  is  still  true  if  in  every  domain  8,  however 
small,  which  is  contained  in  D,  there  are  an  infinite  number  of  classes  for 
which  not  all  the  coefficients  of  the  class  vanish  when  they  become  secular. 


For  take  any  set  of  values  of  plf  p2,  such  that  for  these  values  we  have 


dB0  dHj 

dp1  dp 


Suppose  that  X is  commensurable,  and  that  for  the  class  which  corresponds 
to  this  value  of  X,  all  the  coefficients  of  the  class  do  not  vanish  when  they 
become  secular : the  preceding  reasoning  then  applies  to  this  set  of  values, 
and  so  for  these  values  of  px  and  p2  the  Jacobian  d(H0,  &0)/d(px,  p2)  is  zero. 
Blit,  by  hypothesis,  there  exists  in  every  domain  8,  however  small,  which  is 
contained  in  D,  an  infinite  number  of  such  sets  of  values  of  p1}  p2.  The 
Jacobian  consequently  vanishes  at  all  points  of  D,  and  therefore  <3>0  is  a func- 
tion of  H0 ; so,  as  before,  there  exists  no  one-valued  integral  distinct  from  H. 


(vii)  Deduction  of  Poincare  s theorem. 

In  the  four  preceding  sections,  we  have  considered  equations  of  the  type 

d+b  = d-H  dpr  _ _ dll  , , 

dt  dpf  dt  dqr  V ’ h 

in  which  H can  be  expanded  in  the  form 

H = H0  + pH1  + /jl2H2  + ..., 

where  the  Hessian  of  H0  with  respect  to  px  and  p2  is  not  zero,  H0  does  not 
involve  qx  and  q2,  and  Hx,  H2y  ...  are  periodic  functions  of  qx,  q2:  and  we  have 
shewn  that  no  integral  of  these  equations  exists  which  is  distinct  from  the 
equation  of  energy  and  is  one-valued  and  regular  for  all  real  values  of  qx  and 
q2,  for  values  of  fi  which  do  not  exceed  a certain  limit,  and  for  values  of  p1  and 
p2  which  form  a domain  D ; provided  that  in  every  domain,  however  small, 
contained  in  D,  there  are  an  infinite  number  of  ratios  m1lm2  for  which  not  all 
the  corresponding  coefficients  BmuW/2  vanish  when  they  become  secular. 

This  result  can  be  at  once  applied  to  the  restricted  problem  of  three 
bodies : for  we  have  seen  in  (i)  that  the  equations  of  motion  in  this  problem 
are  of  the  character  specified,  and  on  determining  the  function  Hx  by  actual 
expansion  we  find  that  the  last  condition  is  satisfied.  Poincare’s  theorem  is 
thus  established. 


This  theorem  has  been  extended  by  Poincare  to  the  general  problem  of  three  bodies : 
cf.  Nouv.  Mfth.  de  la  Mfc.  Cd.  I.  p.  253 ; it  has  also  been  extended  by  Painleve,  C.  R.  cxxx. 
(1900),  p.  1699,  who  has  shewn  that  no  integrals  exist  which  are  one-valued  and  analytic 
in  the  velocities  and  involve  the  coordinates  in  any  way. 


CHAPTEE  XV. 


THE  GENERAL  THEORY  OF  ORBITS. 

166.  Introduction. 

We  shall  now  pass  to  the  study  of  the  general  form  and  disposition  of  the 
orbits  of  dynamical  systems.  For  simplicity  we  shall  in  the  present  chapter 
chiefly  consider  the  motion  of  a particle  which  is  free  to  move  in  a plane 
under  the  action  of  conservative  forces,  but  many  of  the  results  obtained  can 
be  readily  extended  to  more  general  dynamical  systems. 

It  has  already  been  observed  (§  104)  that  the  determination  of  the  motion 
of  a particle  with  two  degrees  of  freedom  under  the  action  of  conservative 
forces  is  reducible  to  the  problem  of  finding  the  geodesics  on  a surface  with 
a given  line-element;  an  account  of  the  properties  of  geodesics  might 
therefore  be  regarded  as  falling  within  the  scope  of  the  discussion.  Many  of 
these  properties  are  however  of  no  importance  for  our  present  purpose  : and 
as  the  theory  of  geodesics  is  fully  treated  in  many  works  on  Differential 
Geometry,  we  shall  only  consider  those  theorems  which  are  of  general 
dynamical  interest. 

The  principal  results  which  have  been  obtained  hitherto  relate  to  periodic 
orbits  (§§  167-171),  to  the  stability  of  a given  orbit  (especially  of  a periodic 
orbit)  with  respect  to  small  displacements  from  it  (§§  172-176),  and  to  the 
stability  of  a given  group  of  orbits  with  respect  to  the  time,  i.e.  the  question 
as  to  how  far  the  orbits  preserve  their  general  character  after  the  lapse  of  a 
very  great  time  (§§  177-179). 

167.  Periodic  solutions. 

Great  interest  has  attached  in  recent  years  to  the  investigation  of  those 
particular  modes  of  motion  of  dynamical  systems  in  which  the  same  con- 
figuration of  the  system  is  repeated  at  regular  intervals  of  time,  so  that  the 
motion  is  purely  periodic.  Such  modes  of  motion  are  called  periodic  solutions. 
The  term  periodic  solution  is  also  used  in  cases  where  a relative  rather  than 
an  absolute  configuration  is  periodically  repeated : thus  in  the  problem  of 
three  bodies,  a solution  is  said  to  be  periodic  if  the  mutual  distances  of  the 
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bodies  are  periodic  functions  of  the  time,  although  the  bodies  may  not  neces- 
sarily occupy  the  same  absolute  positions  at  the  end  of  a period  as  at  its 
beginning. 

Considering  specially  the  motion  of  a particle  in  a plane  or  on  a fixed 
smooth  surface  under  the  action  of  conservative  forces,  it  is  evident  that  a 
family  of  periodic  orbits  will  exist  in  the  neighbourhood  of  each  position  of 
stable  equilibrium  of  the  particle,  namely  the  orbits  corresponding  to  the 
normal  vibrations  of  the  particle  about  this  equilibrium  position.  If  the 
position  of  equilibrium  is  unstable,  it  may  happen  that  the  periods  of  both 
the  modes  of  normal  vibration  are  imaginary,  in  which  case  no  periodic  orbits 
exist  in  the  vicinity,  or  that  the  period  of  one  of  the  modes  of  normal 
vibration  is  real,  in  which  case  these  real  normal  vibrations  give  a family  of 
periodic  orbits : these  orbits  will  evidently  however  be  unstable,  whereas  the 
orbits  in  the  neighbourhood  of  the  position  of  stable  equilibrium  are  stable. 

168.  Poincare’s  normal  variables  for  a known  periodic  orbit. 

The  equations  which  define  a periodic  orbit  are  most  conveniently  ex- 
pressed in  a form  due  to  Poincard*. 

Let  the  motion  of  the  dynamical  system  considered  be  defined  by  the 
equations 

dqr  dH  dpr  dH  , 

-di  = dfr’  (r=  , )’ 

where  the  function  H does  not  involve  the  time  t explicitly ; and  let 

?1  = <M0>  22=<M0>  Pi  = fi  (0>  Pi  = "'h  (<)> 

be  the  equations  which  define  a known  periodic  orbit  of  this  system.  There 
is  clearly  no  loss  of  generality  if  we  suppose  the  coordinates  ( qlf  g2,  p1}  p2)  to 
be  such  that  after  the  lapse  of  a period  the  variables  q1}  q2y  px  resume  their 
initial  values,  while  p2  increases  by  2tt. 

From  these  equations  t can  be  eliminated  : let  the  result  of  the  elimination 
be  written  in  the  form 

qi  = 0i  (p2),  = 02  (p-i),  Pi  = 03  (Pi), 

so  that  the  functions  0U  02,  6Z  have  the  period  2ir. 

Perform  on  the  system  the  contact-transformation  defined  by  the  equations 


2r  = 


dW 


p„= 


dW 


(r  = l,2). 


where 

W 


d JV  ' ~ r s Qr 

= QaPi  + QiPi  +Pi0i  0>„)  - Qi63  (Pi)  + J j<?2  (Pi)  - (Pi)  dPi- 


Nouvelles  Methodes  de  la  Mec.  Cel.  ii.  p.  369. 
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The  equations  of  this  transformation  can  be  written 
Qi  = qi-  @1  (^2)5 

Q,  = q,-  0t  (ft)  + (5.  - e,  (ft)}  - ^ - (ft  ~ 0 3 (ft)} 

Pi = Pi  ~~  @3  (Pz)> 

T*  = p 2. 


The  equations  of  motion  of  the  dynamical  system,  in  terms  of  the  new 
variables,  are 


dQr  _ dH  dPz=_dH 
dt  dPr’  dt  dQr 


(r=  1,  2), 


and  from  the  above  equations  of  transformation  it  is  evident  that  the  periodic 
solution  is  now  defined  by  the  equations 

Qi  = 0,  Q.2  — 0,  Pj  = 0,  P2=f2(0- 

This  form  of  the  equations  of  the  orbit  will  be  called  Poincare's  normal  form. 


169.  A criterion  for  the  discovery  of  periodic  orbits. 

We  shall  now  shew  that  the  existence  and  position  of  periodic  orbits  can  be 
determined  by  a theorem*  analogous  to  those  theorems  which  furnish  the 
position  of  the  roots  of  an  algebraic  equation  by  considerations  depending  on 
the  sign  of  expressions  connected  with  the  equation.  We  shall  for  simplicity 
suppose  the  dynamical  problem  considered  to  be  that  of  the  motion  of  a 
particle  of  unit  mass  in  a plane  under  the  action  of  conservative  forces : the 
result  can  be  extended  to  more  general  systems  without  difficulty  f. 

Let  (a,  y)  be  the  coordinates  of  the  particle  at  time  t,  referred  to  any 
lixed  rectangular  axes  in  the  plane,  and  let  V (oc,  y)  be  its  potential  energy 
function,  so  that  the  equation  of  energy  is 

J(P  + 2/2)+  V(x,  y)  = h , 
where  h is  the  constant  of  energy. 

The  differential  equations  of  motion  of  the  particle  form  a system  of  the 
fourth  order,  and  their  general  solution  consequently  involves  four  arbitrary 
constants.  One  of  these  constants  is,  however,  merely  the  constant  additive 
to  t,  which  determines  the  epoch  in  the  orbit,  so  there  are  only  00 3 really 
distinct  orbits.  This  triple  infinity  of  orbits  can  be  arranged  in  sets,  each 
containing  a double  infinity  of  orbits,  by  associating  together  those  orbits  for 
which  the  constant  of  energy  has  the  same  value  h : such  a set  of  00 2 orbits 
can  be  defined  analytically  by  the  principle  of  least  action  (§  100),  namely 


* Whittaker,  Monthly  Notices  R.A.S.  lxii.  (1902),  p.  186. 

t For  the  extension  to  the  restricted  problem  of  three  bodies,  cf.  Monthly  Notices  R.A.S. 
lxii.  (1902),  p.  346. 
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that  the  orbit  between  two  given  points  (x0,  y 0)  and  (x1}  y x)  is  such  as  to  make 
the  value  of  the  expression 

f lh~v  (p>  y)P  + (^y)2}* 

stationary  as  compared  with  other  curves  joining  the  given  terminal  points 
Oo>  Vo)  and  (x1}  yi). 


Consider  any  simple  closed  curve  G in  the  plane  of  xy ; and  let  another 
simple  closed  curve  C'  be  drawn,  enclosing  G and  differing  only  slightly  from 
it.  We  may  regard  G'  as  defined  by  an  equation  of  the  form 

&p=<j)  (y), 

where  Bp  is  the  normal  distance  between  the  curves  C and  G'  (measured  out- 
wards from  C,  and  consequently  always  positive)  and  y is  the  inclination  of 
this  normal  distance  to  the  axis  of  x.  Then  if  / be  the  value  of  the  integral 

j{h-V  { x , y)}i  {(c lx)2  + (dyy}i, 

when  the  integration  is  taken  round  the  curve  G,  and  if  I + BI  denote  the 
value  of  the  same  integral  when  the  integration  is  taken  round  the  curve  G' 
(so  that  the  symbol  B denotes  an  increment  obtained  in  passing  from  G to  G'), 
we  have 

s/=J {(day  + (dyy}i  8{h-r(x,y)}i+j(h-r(x,y)}i  s {{dxy  + (dyy}K 


But  we  have 


S [h  - V (x,  y)}i  = - i {A  ■ - V <«,  y))-*  + «y) 


= -i{h-V(x,  y)}-i  (■ ^ cos 7 + sin 7)  8p, 

8 {{dxy  + {dyy\i  = 8p.dy  = & {{dxy  + {dyy\K 

where  p is  the  radius  of  curvature  of  the  curve  C at  the  point  ( x , y). 


and 


Thus  we  have 


BI  = J {(dxy+(dyy\%{h  — V (x,  y))~% 


[h-V  (x,  y) 


1 dV 


This  equation  shews  that  if  the  quantity 
h-V(x,  y)  , dV 


- i cos7  “ 2 sin  7 


8V 

dy 


is  negative  at  all  points  of  G,  then  BI  is  negative,  and  so  the  integral  I has 
its  value  diminished  when  any  curve  surrounding  G and  adjacent  to  G is 
taken  instead  of  G as  the  path  of  integration. 
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Now  suppose  that  another  simple  closed  curve  D can  be  drawn  enclosing 

C,  and  such  that  at  all  points  of  D the  quantity 

h-V  ./  dV  . dV\ 

^_^C0S7_+Sin7__j 

is  positive.  Then,  in  the  same  way,  it  can  be  shewn  that  the  integral  / is 
diminished  when  any  simple  closed  curve  D',  enclosed  by  D and  adjacent  to 

D,  is  taken  instead  of  D as  the  path  of  integration. 


When,  therefore,  we  consider  the  aggregate  of  all  simple  closed  curves 
situated  in  the  ring-shaped  space  bounded  by  G and  D — which  is  assumed  to 
contain  no  singularity  of  the  function  V (x,  y ) — it  is  clear  that  the  curve 
which  furnishes  the  least  value  of  I cannot  be  G or  D,  and  cannot  coincide 
with  G or  D for  any  part  of  its  length.  There  exist,  therefore,  among  the 
simple  closed  curves  of  this  aggregate,  one  or  more  curves  K for  which  the 
value  of  I is  less  than  for  all  other  curves  of  the  aggregate.  Since  K does 
not  coincide  with  G or  D along  any  part  of  its  length,  it  follows  that  the 
curves  adjacent  to  K are  all  members  of  the  aggregate  in  question,  and  hence 
that  the  curve  K furnishes  a stationary  value  of  I as  compared  with  all  the 
curves  adjacent  to  it.  The  curve  K is  therefore  an  orbit  in  the  dynamical 
system.  We  have  thus  arrived  at  the  theorem : If  one  closed  curve  be 
enclosed  by  another  closed  curve , and  if  the  quantity 


h-  V(x,  y) 


dV 


dV 


_icos7^_isin7__ 


be  negative  at  all  points  of  the  inner  curve  and  positive  at  all  points  of  the  outer 
curve , then  in  the  ring-shaped  space  between  the  two  curves  there  exists  a periodic 
orbit  of  the  dynamical  system,  for  which  the  constant  of  energy  is  h.  As  the 
quantity 


h—V(x,  y) 


dV 


dV 


can  be  immediately  calculated  for  every  point  on  the  curves  G and  D,  de- 
pending as  it  does  only  on  the  potential-energy  function  and  the  curves 
themselves,  this  result  furnishes  a means  of  detecting  the  presence  of  periodic 
orbits. 


170.  Lagrange’s  three  particles. 

We  shall  now  consider  specially  certain  periodic  solutions  of  the  problem 
of  three  bodies. 

Let  the  equations  of  motion  of  the  problem  be  taken  in  the  reduced  form 
obtained  in  § 160,  and  let  us  first  enquire  whether  these  equations  admit  of  a 
particular  solution  in  which  the  mutual  distances  of  the  bodies  are  invariable 
throughout  the  motion. 
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The  mutual  distances  are 

k2-p32-p42  . . \ 

cos  q4 ^ - sin  q3  sm  q4  J 


879 


<h 

and 


2^4 


m* 


(mj+  m2)2  ^ j * 


{&■+ 


2m1n1g2/  &2  — P»—  Pa  • . , 

cos  o3  cos  q4 — sm  g3  sm  q4  + 

ml  + m2\  * * 2p3p4  * 2 1 


m. 


(mj+  w2)2  ^ 


it  follows  that,  in  the  particular  solution  considered,  the  quantities 


qls  q2 ) and  cos  q3  cos  q4  — 


k2  - pj  - pi 
2 PzP* 


sm  g3  sm  g4 


must  be  constant,  and  hence  the  functions  U,  dU/dqj , dU/dq2  must  be  constant, 
where  U = 'tmlm2r12~1. 

The  equations 

. dH  p1  . dH  p2 

^ dp1  p * dp2  p 

shew  that  p1  and  p2  must  be  permanently  zero  : while  the  equations 


n-  • -JA-TLJR 
Pl  3?1  Ml  3ji  ’ 

shew  that  p3  and  p 4 must  be  constant. 
Moreover,  the  equations 


0-  • 4 M 

p*  dq*  tfq?  dq2  ’ 


0 = ».  = — 


dH 

dqs’ 


0 = pt  = - 


as- 

S?4 


shew  that  the  expressions 


and 


— ( cos  g3  cos  q4  - 


— ( cos  q3  cos  g4  - 


k2-p£-p? 

2p3pt 

k2-p32-p 42 


sm  ^3  sm  q4 


2p3i?4 


are  zero,  so  we  have 


tan  #3  cot  q4  = cot  ^3  tan  q4  = 


sm  g3  sm  q4 


p£+p?-k2 

2p3p4 


and  therefore  p32  + p42  —k2  — ± 2 p3p4, 

or  k2  = (p3±pf, 

an  equation  which  shews  that  the  instantaneous  planes  of  motion  of  the 
bodies  p and  p coincide  with  the  plane  through  these  bodies  and  the  origin  : 
in  other  words,  the  motion  of  p and  p takes  place  in  a plane : and  therefore 
the  motion  of  mly  m2,  m3  takes  place  in  a plane. 

It  follows  that,  the  centre  of  gravity  0 of  the  system  being  supposed  at 
rest,  the  particles  m1}  m2,  m3  (which  we  shall  denote  by  P,  Q,  P)  must  move 
in  circular  orbits  round  0.  We  have  now  to  see  if  such  a motion  is  possible. 

One  condition  which  must  obviously  be  satisfied  is  that  the  resultant 
attraction  of  any  two  of  the  particles  on  the  third  must  act  in  the  line  joining 
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the  third  particle  to  the  centre  of  gravity.  This  condition  is  satisfied  if  the 
three  particles  are  in  the  same  straight  line.  If  they  are  not  in  a straight 
line,  it  gives 


jrfr  sin  PRO  = ^ sin  QRO, 


and  two  similar  equations. 


But  since  0 is  the  centre  of  gravity  of  the  particles,  we  have 

m1  sin  PRO  _ sin  QPR  __  QR 
m2  sin  QRO  sin  PQR  PR  ’ 

and  this  combined  with  the  preceding  equation  gives  PR  = QR  : similarly 
we  find  PR  = PQ. 

Hence  either  the  bodies  must  be  collinear,  or  else  the  triangle  formed  by 
them  must  be  equilateral. 

Considering  first  the  collinear  case,  let  the  distances  of  the  bodies  from 
their  centre  of  gravity  (measured  positively  in  the  same  direction)  be  aXi  a2, 
az  respectively : we  shall  suppose  that  ax  < a2  < a3,  which  does  not  lessen  the 
generality  of  the  discussion.  Since  the  force  acting  on  P must  be  that  cor- 
responding to  circular  motion  round  0,  we  have 

n2ax  — — m2  (a2  — ax)~2  — m3  (as  — ax)~2, 
where  n is  the  angular  velocity  of  the  line  PQR ; and  similarly 
n2a2  = — m3  (a3  - a2)~2  + mx  (a2  — ax)~ 2,  n2as  = mx  (a3  - af~2  + m2  (a3  — a2)~2. 

From  these  equations  we  readily  find 

mjc2  {(1  + k)s  — 1}  + m2  (1  + k)2  (A;8  — 1)  + m3  [k*  — (1  + &)3)  = 0, 
where  k denotes  the  ratio  (a3  — a2)l(a2—  ax). 

This  is  a quintic  equation  in  k , with  real  coefficients.  Since  the  left-hand 
side  of  the  equation  is  negative  when  k is  zero,  and  positive  when  k — + oo  , 
there  is  at  least  one  positive  real  root ; such  a root  determines  uniquely  real 
values  for  the  ratios  ax:  a2:  a3;  and  if  n is  given,  the  distances  ax,  a2,  a3  can 
be  completely  determined.  It  follows  that  there  are  an  infinite  number  of 
solutions  of  the  problem  of  three  bodies , in  which  the  bodies  remain  always  in  a 
straight  line  at  constant  distances  from  each  other ; the  straight  line  rotates 
uniformly,  and  when  its  angular  velocity  has  been  ( arbitrarily ) assigned,  the 
mutual  distances  of  the  bodies  are  determinate. 

Considering  next  the  equilateral  case,  let  a be  the  length  of  one  side  of 
the  triangle  formed  by  the  bodies,  and  let  n be  its  angular  velocity.  Since 
the  force  acting  on  m3  is  that  which  corresponds  to  a circular  orbit  round  0, 
we  have 

cos  PRO  + ^ cos  QR0  = n\  OR, 
a2  a2 


a condition  which  reduces  to 


mx  + m2  + m3  = n2as. 


881 


170,  171]  The  General  Theory  of  Orbits 

The  conditions  relating  to  the  motion  of  Q and  of  R reduce  to  the  same 
equation : and  hence  a motion  of  the  kind  indicated  is  possible,  provided  n 
and  a are  connected  by  this  relation.  Hence  there  are  an  infinite  number  of 
solutions  of  the  problem  of  three  bodies , in  which  the  triangle  formed  by  the 
bodies  remains  equilateral  and  of  constant  size , and  rotates  uniformly  in  the 
plane  of  the  motion : the  angular  velocity  of  its  rotation  can  be  arbitrarily 
assigned , and  the  size  of  the  triangle  is  then  determinate. 

The  two  particular  types  of  motion  which  have  now  been  found  will  be 
called  Lagrange’s  collinear  particles  and  Lagrange’s  equidistant  particles 
respectively  *. 

Example.  Shew  that  particular  solutions  of  the  problem  of  three  bodies  exist,  in  which 
the  bodies  are  always  collinear  or  always  equidistant,  although  the  mutual  distances  are 
not  constant  but  are  periodic  functions  of  the  time. 

These  are  evidently  periodic  solutions  of  the  problem,  and  include  Lagrange’s  particles 
as  a limiting  case. 

171.  Stability  of  Lagrange's  particles:  periodic  orbits  in  the  vicinity. 

It  has  been  observed  (§  167)  that  in  the  neighbourhood  of  any  configuration  of  stable 
equilibrium  or  steady  motion  there  exists  in  general  a family  of  periodic  solutions,  namely 
the  normal  vibrations  about  the  position  of  equilibrium  or  steady  motion.  We  shall  now 
apply  this  idea  to  the  case  of  the  Lagrange’s-particle  solution  of  the  restricted  problem  of 
three  bodies,  and  thereby  obtain  certain  families  of  periodic  orbits  of  the  planetoid. 

Let  S and  J be  the  bodies  of  finite  mass,  m1  and  m2  their  masses,  0 their  centre  of 
gravity,  n the  angular  velocity  of  SJ,  x and  y the  coordinates  of  the  planetoid  P when  0 is 
taken  as  origin  and  OJ  as  axis  of  x.  The  equations  of  motion  of  the  planetoid  are  (§  162) 
dx  _dK  dy  _dK  du  _ dK  dv  _ dK 

dt  du  ’ dt  dv  ’ dt  dx  ’ dt  dy  ’ 

where  K=\(u2-\-v2)Jrn  (uy  — vx)  — mJSP—mJJP. 

Let  (a,  b)  denote  the  values  of  (x,  y)  in  the  position  of  relative  equilibrium  considered, 
so  that  for  the  collinear  case  we  have  b= 0,  and  for  the  equidistant  case  we  have 
a=^(ml  — m2)l/(m1  + m2),  b=^f3l,  where  l denotes  the  distance  SJ,  so  that  (§  46) 

m1  + m2=n2l3. 

The  values  of  u,  v in  the  position  of  relative  equilibrium  are  easily  seen  to  be  —nb  and 
na  respectively. 

Write  x=a  + £,  y = b + rj,  u=  -nb  + 6,  v=na  + (j>, 

where  |,  rj,  6,  <£,  are  supposed  to  be  small  quantities : neglecting  a constant  term,  we  have 

K=\{62  + 02)  + n (rjO  - £<£)  - n2  (a£  + brj) 

On  expanding  and  retaining  only  terms  of  the  second  order  in  the  small  quantities,  we 
obtain  an  expression  for  K with  which  the  equations  for  the  vibrations  about  relative 

* They  were  discovered  by  Lagrange  in  1772.  For  references  to  extensions  of  these  results 
to  the  problem  of  n bodies,  cf.  Whittaker,  British  Association  Report , 1899,  p.  121. 
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equilibrium  can  be  formed  : we  shall  for  definiteness  consider  vibrations  about  the  equi- 
distant configuration : in  this  case  the  expression  for  K becomes 

K=i,{6‘‘+'p)+n(rle-&)+ 8(m^m2)  {4  (m, +m2)  (£* + ,*)  - 3m,  (f + V3,)2  - 3ms  (|  - V3,)2}. 

The  equations  of  motion  are 

t dK  . dK  h dK  • dK 

d£’  dr,' 

Solving  these  equations  in  the  manner  described  in  Chapter  VII,  we  find  that  the  period 
of  a normal  vibration  is  2i r/X,  where  X is  a root  of  the  equation 

X*-nV+(fi-i*)* 4=0,  where 

The  two  values  of  X2  given  by  this  equation  will  be  positive  provided  they  are  real,  since 
(if  - k2)  is  positive:  and  they  will  be  real  provided  4 (f £ — k‘l)  < 1,  or  (m^rag)2  > 27  m-pn^ ; 
a relation  which  is  satisfied  provided  one  of  the  masses  S,  J is  sufficiently  large  compared 
with  the  other.  When  this  condition  is  satisfied , there  exist  two  families  of  'periodic  orbits  of 
the  planetoid  in  the  vicinity  of  its  equidistant  configuration  of  relative  equilibrium : the 
periods  are,  to  a first  approximation,  2 and  r/X2  where  Xx2  and  X22  are  the  roots  of  the 
equation  in  X2, 

X4-7i2X2  + (f£-£2)#=0. 

A similar  discussion  leads  to  the  result  that  the  collinear  Lagrangd  s-particle  configurations 
are  unstable;  but  the  equation  for  the  periods  of  normal  modes  of  vibration  has  always  one 
real  root , and  consequently  in  the  neighbourhood  of  a position  of  relative  equilibrium  of  the 
planetoid  on  the  line  SJ  there  exists  a family  of  unstable  periodic  orbits. 

Example.  Shew  that,  for  one  of  the  modes  of  normal  vibration  of  the  planetoid  in  the 
vicinity  of  the  equidistant  configuration,  the  constant  of  relative  energy  is  greater  than  in 
the  configuration  of  relative  equilibrium,  while  for  the  other  mode  the  constant  is  less  than 
in  the  configuration  of  relative  equilibrium.  (Charlier.) 

172.  The  differential  equation  of  the  normal  displacement  from  an  orbit. 

We  shall  now  proceed  to  consider  the  stability  of  orbits  in  general. 

Suppose  that  some  particular  solution  of  the  motion  of  a particle  of  unit 
mass  in  a plane,  under  the  action  of  forces  derived  from  a given  potential 
energy  function  V,  is  known ; and  consider  a solution  which  is  immediately 
adjacent  to  this  known  solution,  and  for  which  the  constant  of  energy  has 
the  same  value. 

Let  u denote  the  normal  distance  between  the  two  orbits  at  a point  P on 
the  known  orbit;  let  s denote  the  arc  of  this  orbit  from  some  fixed  origin 
to  the  point  P,  t the  time  at  which  the  particle  passes  through  P,  v the 
velocity  at  P,  and  p the  radius  of  curvature  of  the  orbit  at  P.  We  shall 
regard  the  position  of  any  point  on  the  adjacent  orbit  as  specified  by  the 
quantities  (u,  s). 

The  kinetic  energy  of  the  particle  when  describing  the  adjacent  orbit  is 

T — Jti2  + 2 (1  +ulpfs\ 
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and  its  Lagrangian  equations  of  motion  are  therefore 

dV 


/-  u\  s2 

u-ll  +-)-  = - 
\ pj  p 


du 

/-  u\2 ..  2 /,  u\  . ( u\us2  dp  dV 

{1+p  s+-p{1+^)us-{1  + p)7i=-^’ 

these  equations  possess  a known  integral,  namely  the  integral  of  energy 

\u2  + -J-  ^1  + ^ s2  + V=  h,  where  h is  a constant. 

Writing  s = v + A,  where  A is  a small  quantity,  the  first  and  third  of 
these  equations  become 

v 2 uv2  2vA  _ dV 
p p2  p du 

uv 2 


hv2  + vA  H 1 -V=h. 

P 

Let  V be  expanded  as  a series  in  the  form 

/9F\  u2  /02F\ 
VSa/o  2"!  W, 


v=r0  + u 


+ ..., 


SO 


dV  (dV\ 


du  \du  Jo 


+ u 


\ du2)  o 


where  ( dV/du\  and  ( d2V/du2\  are  functions  of  s,  and  in  particular 
(dV/du)0  = v2/p. 

Substituting  in  the  two  preceding  equations,  we  have 


uv* 


2vA 


u — 


= — u 


\du2) 0 


A 2 uv2  A 

vA  4 = 0. 

P 


Eliminating  A,  we  obtain  the  equation 
..  f fd2V\  3v2) 

u+ml+7lu=0 

or  (taking  s instead  of  t as  the  independent  variable) 

d2u  1 dv  du  (1  /82F\  3}  _ 

ds 2 + v ds  ds+  ( v 2 \du2)0  p2)  U ’ 

and  this  is  the  differential  equation  of  the  adjacent  orbit. 

From  this  equation  we  can  at  once  deduce  consequences  relating  to  the 
stability  of  the  known  orbit.  For  by  Sturm’s  theorem*,  if  we  have  any 
differential  equation  of  the  form 

d2u  T/. 

M+I(t)u=0’ 


Cf.  Darboux,  Th.  gen.  des  Surfaces,  Yol.  hi. 
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where  for  a certain  range  of  values  of  t the  quantity  I (t)  lies  between  two 
positive  real  quantities  a2  and  b 2,  then  any  solution  u which  is  zero  for 
a value  t0  within  the  range  will  be  zero  again  for  some  value  t within  the 
range,  where  (t  — t0)  lies  between  7 r/a  and  7 r/6,  provided  the  range  is 
sufficiently  large  to  comprehend  this  interval.  It  follows  that  if  the  quantity 
(d2V/du2)0  + Sv2/p2  is  positive  at  all  points  of  the  known  orbit,  this  orbit  will 
be  stable *,  i.e.  any  adjacent  orbit  which  intersects  it  once  will  not  diverge 
greatly  from  it,  but  will  intersect  it  again  infinitely  often.  This  expression 
can  therefore  be  called  the  coefficient  of  stability  for  the  orbit. 

173.  Kortewegs  theorem. 

Suppose  now  that  the  known  orbit,  with  respect  to  which  the  normal 
displacement  u is  measured,  is  a periodic  orbit  whose  perimeter  is  S : then  if 
u — <f)(s)  is  the  equation  of  an  adjacent  orbit,  it  is  evident  that  u = <f>  (s  + nS), 
where  n is  any  integer,  is  also  the  equation  of  an  adjacent  orbit : the  orbits 
represented  by  these  two  equations  are  in  fact  congruent,  but  the  corre- 
sponding tracing  points  are  separated  by  one  or  more  periods. 

In  any  orbit  adjacent  to  the  known  orbit  let  un,  un+1 , un+2  (where  n is  an 
integer)  denote  respectively  the  normal  displacements  in  the  nth,  ( n 4-  l)th, 
and  ( n -f  2)th  period,  at  the  same  place  in  the  orbit,  so  that  we  can  write 

un  = </>  (s  + (n  - 1)  S),  un+1  = (f>(s  + nS),  un+2  = <j>  (5  + (w+  1)$), 
where  u = (s)  is  a solution  of  the  equation 

d2u  1 dv  du  (I  /02F\  8)  _ 

ds 2 + v ds  ds  + { v 2 \du2  )0  p2)  U 

Since  un,  un+ly  un+2  are  three  solutions  of  this  linear  differential  equation, 
they  must  satisfy  a relation  of  the  form 

un+ 2 = kun+ 1 + hxuny 
where  k and  kx  are  independent  of  s. 

We  shall  first  shew  that  these  constants  k and  kx  are  independent  of  the 
choice  of  the  adjacent  orbit  and  of  the  number  n , so  that  they  will  be  the 
same  for  any  other  set 

u'm  = y/r  (s  4-  (m  — 1)  S),  u'm+1  = yfr  (s + mS),  u'm+2  = yfr  (s  + (m  + 1)  S). 

For  um'  is  a linear  function  of  the  two  solutions  un  and  wn+1,  say 

Um  — C\Un  + c2un+i, 

* In  the  discussion  of  stability  in  §§  172-176,  all  powers  of  the  displacement  above  the  first 
are  neglected  in  forming  the  differential  equations  of  the  adjacent  orbits.  The  effect  of  the 
neglected  terms  on  the  stability  has  been  studied  by  Levi-Civita,  Annali  di  Mat.  v.  (1901),  p.  1, 
who  has  found  that  the  neglected  terms  give  rise  to  instability  in  certain  cases  which  appear  to 
be  stable  when  only  first-order  terms  are  considered : this  happens  when  is  a commensur- 

able number,  where  a is  the  characteristic  exponent  (§  175)  and  T is  the  period  of  the  solution. 
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and  therefore  on  adding  periods  to  the  argument  s,  we  have 

U m+\  ~ @1  “1"  ^2^1+2)  W*  m+ 2 = ^i^n+2  "h  C^^n+S' 

But  from  the  equations 


vn+ 2 


kun+1  d“  &i  Un , 


'Un+s  — k Un+ 2 "h  ki  U , 


n+i 


we  have  CiUn-^2  ~h  C^lin+s — k(,Ci'U'n+i  ~k^2^Jn+j)  4"  ki(CiV/n-\-  C^Unjrx) 
and  therefore  u'm+ 2 = kum+1  + h um , 

which  shews  that  the  constants  occurring  in  the  linear  relation  between 
um+ 2,  um+1,  u'm,  are  the  same  as  those  occurring  in  the  linear  relation 
between  un+2y  un+1,  un. 

Next,  we  shall  find  the  value  of  the  constant  k1.  From  the  equations 


1 dv  dun  jl  /02F\  3 


(Pu^  ^ _j_ 

ds2  v ds  ds 


v 2 \du2Jc 


0 


d2unjr 1 ^ 1 dv  dun+1  ^ 
ds 2 v ds  ds 


1 (d*V\  ± 3l  n 

— ' - — ' + un+l  — 0 


we  have 
and  hence,  on  integrating, 


n d2un+1  1 dv  f 
un+l  J,S  «»  fa*  + vds{ 


d?u, 

~ds2 


v 3 \ du2)  0 p‘ 
dun 


vn+ 1 


ds 


— 'LL 


dun+1\  _ „ 
ds 


ln+i 


du 

ds 


n du 

U> 


n+i  C 

V 


ds 


where  c is  a constant. 


Changing  s to  s + >8,  we  have 

du 


n+ 1 


du. 


l,W+2  C 


and  therefore 
dun 

Un+1  ~di  U 


dun+l 

n ~dT 


dun+1 

Un- j_2  ; W 


ds 


n+2 

n+1  ds 


— (kun+  1 -f-  kiU<k) 


du, 


n+i 


— U. 


-Jr  I o, 
-^[un  dg 


— U, 


ds  n+1 
du„\ 


du, 


tt+l 


ds 


♦*>i) 


ds  J 


so  that  has  the  value  — 1.  We  thus  have  the  theorem*  that  if  un , un+1 , wn+2 
denote  the  normal  displacements  in  an  orbit  adjacent  to  a known  periodic 
orbit  in  three  consecutive  revolutions , the  ratio  k = (un+2  + un)/un+1  has  a constant 
value , which  is  the  same  for  all  adjacent  orbits. 


174.  The  index  of  stability. 

The  constant  ratio  k = (un+2  + un)/un+1,  where  uny  un+ly  un+i  are  the  normal 
displacements  from  a periodic  orbit  in  three  consecutive  revolutions,  is  called 
the  index  of  stability  of  the  periodic  orbit,  for  reasons  which  will  now  appear. 
* Korteweg,  Wiener  Sitzungsber.  xcm.  (1886). 
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The  nature  of  the  integral  of  the  difference-equation 

^n+2  JcUn+ 1 + Un  = 0 
depends,  as  is  well  known,  on  the  reality  or  non-reality  of  the  roots  of  the 
quadratic  equation 

X2  — k\  + 1 = 0, 

i.e.  it  depends  on  whether  \k\  > 2 or  |/r|  < 2. 

Supposing  first  that  k is  positive  and  greater  than  two,  we  know  that 
two  independent  solutions  of  the  difference-equation  are  of  the  form 

S S 

u = \s  cf>(s)  and  u = X~^  ^ (s), 

where  X and  1/X  denote  the  roots  of  the  quadratic  (which  in  this  case  are 
real  and  positive)  and  </>  ( s ) and  a/r  ( s ) are  functions  of  s which  have  the  period 
S : choosing  these  functions  so  as  to  make  the  solutions  u satisfy  the 
equation 

d?u  1 dv  du  f 1 /02F\  3 ) _ 

ds2  "**  v ds  ds  |tt2  \0w2/o  p2)  U 

(which  gives  linear  differential  equations  of  the  second  order  for  the  functions 
c f > and  yjr),  we  have  two  independent  particular  solutions  of  the  latter 
equation : the  general  solution  is  a linear  combination  of  these  particular 
solutions,  and  consequently  the  general  equation  of  the  orbits  adjacent  to 
the  known  orbit,  when  k > 2,  is  of  the  form 

s _s 

u — Kx  X s <f>  (5)  + K2  X Syjr  ( s ), 

where  Kx  and  K2  are  arbitrary  constants,  and  <p(s)  and  s ) have  the 

period  S. 

Similarly  if  k < — 2,  the  roots  X and  1 /X  are  negative,  and  the  general 
equation  of  the  orbits  adjacent  to  the  known  orbit  is  of  the  form 

u = Kx  (- Xp  <f>  (s)  + K2(-\)s^  (s), 

where  Kx  and  K2  are  arbitrary  constants,  and  where  cf>  and  are  functions 
of  s which  satisfy  the  equations 

(j)  (s  + S)  = - </>  (5),  yjr  (s  + S)  = - yjr  (s). 

Next  suppose  that  | k\  < 2,  so  that  — 2 < k < 2 : let  eie  and  e~ie  be  the  roots 
of  the  quadratic  in  X,  so  that  6 is  now  real  and  in  fact  is  cos-1  \k.  In  the 
same  way  we  now  find  that  the  general  equation  of  orbits  adjacent  to  the 
known  orbit  is 

u - K cos  ^ $ ( s ) + K sin  + A^j 

where  K and  A are  arbitrary  constants  and  where  </>  and  ^ are  functions  of  s 
with  the  period  S. 

From  these  results  important  consequences  relative  to  the  stability  of  the 
known  periodic  orbit  can  be  deduced.  For  if  \k\>  2,  it  follows  from  the 
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character  of  the  expressions  obtained  for  u that  the  divergence  from  the 
periodic  orbit  (or  if  </>  and  yjr  have  real  zeros,  the  oscillation  about  it)  becomes 
continually  greater  as  s increases;  while  if  |&|  < 2,  the  normal  displacement 
is  represented  by  circular  functions  of  real  arguments,  and  consequently  will 
remain  within  fixed  limits.  We  thus  obtain  the  theorem  that  a periodic 
orbit  is  stable  or  not,  according  as  the  associated  index  of  stability  is  less  or 
greater  (in  absolute  value)  than  two. 

Example.  Discuss  the  transitional  case  in  which  the  index  of  stability  has  one  of  the 
values  ±2 : shewing  that  the  equation  of  the  adjacent  orbits  is  of  one  of  the  forms 

u=Kt{(l)  (s)  + 5^  (s)}  + K2 \Js  ( s ), 

u=K1(j)(s)  + K2\l/(s\ 

where  (f)  and  \js  either  have  the  period  S or  satisfy  t.he  equations 

0 («  + £)= ^(s+S)=-yJ,(s); 

and  that  the  known  orbit  may  be  either  stable  or  unstable.  (Korteweg.) 

175.  Characteristic  exponents. 

The  stability  of  types  of  motion  of  more  general  dynamical  systems  may 
be  discussed  by  the  aid  of  certain  constants  to  which  Poincare  has  given  the 
name  characteristic  exponents *. 

Consider  any  set  of  differential  equations 

§ = ^ (t  = l,  2, 

where  (Xlf  X2,  ...,  Xn)  are  functions  of  (xu  x2}  ...,  xn)  and  possibly  also  of  t, 
having  a period  T in  t;  and  suppose  that  a periodic  solution  of  these 
equations  is  known,  defined  by  the  equations 

xi  — <f>i  (l)  (i  = lj  2,  . . . , n), 

where  fc  (t  + T)  = fa  (t)  (i=  1,  2,  ...,  n). 

In  order  to  investigate  solutions  adjacent  to  this,  we  write 

^ = C=l,:2, 

where  (fl3  f2,  ...,  %n)  are  supposed  to  be  small,  and  are  given  by  the  variational 
equations  (§  112) 

= (i=l,  2,  ....  n). 

Jc= l vxk 


dfi 

dt 


As  these  are  linear  differential  equations,  with  coefficients  periodic  in  the 
independent  variable  t,  it  is  known  from  the  general  theory  of  linear 
differential  equations  that  each  of  the  variables  & will  be  of  the  form 


n 


2 eakt  Sik, 

k= 1 


.ction 


* Acta  Math.  xm.  (1890),  p.  1 ; Nouv.  Meth.  de  la  Mec.  Cel.  i.  (1892).  , orbit  are 
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where  the  quantities  ft  denote  periodic  functions  of  t with  the  period  T, 
and  the  n quantities  are  constants,  which  are  called  the  characteristic 
exponents  of  the  periodic  solution. 

If  all  the  characteristic  exponents  are  purely  imaginary,  the  functions 
(fi,  £>>  •••>  ?n)  can  evidently  be  expressed  as  sums  and  products  of  purely 
periodic  terms ; while  this  is  evidently  not  the  case  if  the  characteristic 
exponents  are  not  all  purely  imaginary.  Hence  the  condition  for  stability  of 
the  periodic  orbit  is  that  all  the  characteristic  exponents  must  be  purely 
imaginary. 

We  shall  now  find  the  equation  which  determines  the  characteristic 
exponents  of  a given  solution. 


In  one  of  the  orbits  adjacent  to  the  given  periodic  orbit,  let  (ft,  ft*,...,  ft) 
denote  the  initial  values  of  (fj,  f2,  •••>  ?n)  and  let  ft  + ^ be  the  value  of  & 
after  the  lapse  of  a period.  As  the  quantities  (^rl5  i/r2,  ...,  \jrn)  are  one-valued 
functions  of  (ft,  ft,  ... , ft),  which  are  zero  when  (ft,  ft,  ...,  ftt)  are  all  zero, 
we  have  by  Taylor’s  theorem  (neglecting  squares  and  products  of  ft , ft, ... , ft) 


If  cik  is  one  of  the  characteristic  exponents,  one  of  the  adjacent  orbits  will 
be  defined  by  equations  of  the  form 

£ = «■**  ft,  = = 

so  that  ft  + = eakTSik  (0)  = eafcrft  ‘ (i  = 1,  2,  ...,  n), 

( i f*-1) 

and  consequently  a set  of  values  of  ft,  ft,  ...,  ft  exists  for  which  the 
equations 


(i=  1,  2,  ...,  n) 

are  satisfied : the  quantity  a*  must  therefore  be  a root  of  the  equation  in  a 


aft 


+ 1- 

a^i 

8/3, 

aft 

d\fr2 

a ft 

a^2  aT 

m,+  e -• 

a^2 

8/3„ 

dyfr„ 

a^n 

8/3, 

8/3,  

characteristic  exponents  are  therefore  the  roots  of 
known  pv 


= 0. 


this  determinantal 
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176.  Properties  of  the  characteristic  exponents. 

When  t is  not  contained  explicitly  in  the  functions  (X1}  X2,  ...,  Xn ),  it  is 
evident  that  if 

Xi=4>i(t)  0‘=1,  2,  n) 

is  a solution  of  the  equations,  then 

Xi=<t>i(t  + €)  (i—  1,  2,  n) 

is  also  a solution,  where  e is  an  arbitrary  constant.  The  equations 


therefore  define  a particular  solution  of  the  variational  equations  ; but  as 
dcj)i  ( t + e)/de  is  evidently  a periodic  function  of  t,  it  follows  that  the  coeffi- 
cient eakt  reduces  in  this  case  to  unity : and  hence  when  t is  not  contained 
explicitly  in  the  original  differential  equations,  one  of  the  characteristic 
exponents  of  every  periodic  solution  is  zero. 

Suppose  next  that  the  system  possesses  an  integral  of  the  form 
F (xly  x2,  . . . , xn)  = Constant 

where  F is  a one-valued  function  of  {x1,  x2,  ...,  xn ) and  does  not  involve  t. 
In  the  notation  of  the  last  article,  we  have 


F {4>i  (0)  + A + = F [0*  (0)  -l-  /3i\, 

where  for  brevity  F (x/)  is  written  in  place  of  F(x1}  x2,...,  xn).  Differentiating 
this  equation  with  respect  to  fti,  we  have 


dF  dy]r1  dF  dyjr2 
dx1  d/3i  dx2  dfii 


...  + 


dld'h  = 0 (, 

dxn  9/3,  v 


1,  2, ...,  n), 


where  in  dF/dx1,  dF/ dx2,  etc.,  the  quantities  (x1,  x2,  ...,  xn)  are  to  be  replaced 
by  (0),  02 (0),  ...,  0n(O).  From  these  equations  it  follows  that  either  the 
Jacobian  dCfa,  yjr2,  ...,  ^frn)/d  (/31}  /32,  ...,  /3n ) is  zero,  or  else  the  quantities 
dF/dxL,  dF/dx2,  ...,  dF/dxn  are  all  zero  when  £ = 0.  If  the  latter  alternative 
is  correct,  we  see  that  (since  the  origin  of  time  is  arbitrary)  the  equations 

dF/dx1  = 0,  dF/dx 2 =0,  . . . , dF/dxn  = 0 


must  be  satisfied  at  all  points  of  the  periodic  solution : this  is  evidently 
a very  exceptional  case,  and  the  former  alternative  must  be  in  general  the 
true  one : but  when  the  Jacobian  is  zero,  the  determinantal  equation  for  the 
characteristic  exponents  is  evidently  satisfied  by  the  value  eaT=  1,  i.e  by 
a = 0 : so  that  one  of  the  characteristic  exponents  is  zero.  Thus  if  the 
differential  equations  possess  a one-valued  integral,  one  of  the  characteristic 
exponents  is  zero. 


A comparison  of  §§  173,  174  with  the  theory  of  characteristic  exponents 
shews  that  in  the  motion  of  a particle  in  a plane  under  the  action  of 
conservative  forces,  the  characteristic  exponents  of  any  periodic  orbit  are 
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(0,  0,  a,  — a),  where  the  characteristic  exponent  a is  connected  with  the  index 
of  stability  & and  the  period  T by  the  equation 

k=2  cosh  aT; 

the  orbit  is  stable  or  unstable  according  as  a is  purely  imaginary  or  not. 


Example  1.  If  the  differential  equations  do  not  involve  the  time  explicitly,  and  possess 
p one-valued  integrals  Fly  ...,  Fp  which  do  not  involve  t,  shew 'that  either  (jt?  + l)  charac- 
teristic exponents  are  zero,  or  that  all  the  determinants  contained  in  the  matrix 


are  zero  at  all  points  of  the  periodic  solution  considered. 


(*‘=1,  2,  k = l,  2,  ...,  n), 

(Poincare.) 


Example  2.  If  the  differential  equations  form  a Hamiltonian  system,  shew  that  the 
characteristic  exponents  of  any  periodic  solution  can  be  arranged  in  pairs,  the  exponents 
of  each  pair  being  equal  in  magnitude  but  opposite  in  sign.  (Poincare.) 


177.  Attractive  and  repellent  regions  of  a field  of  force. 

The  general  character  of  the  motion  of  a conservative  holonomic  system 
is  illustrated  by  a theorem  which  was  given  by  Hadamard*  in  1897.  For 
simplicity,  we  shall  suppose  that  the  system  consists  of  a particle  of  unit 
mass,  which  is  free  to  move  on  a given  smooth  surface  under  forces  derivable 
from  a potential  energy  function  V ; a similar  result  will  readily  be  seen  to 
hold  for  more  complex  systems. 

Let  ( u , v)  be  two  parameters  which  specify  the  position  of  the  particle  on 
the  surface,  and  let  the  line-element  on  the  surface  be  given  by  the  equation 

ds 2 = Edv?  + 2 Fdudv  + Gdv2 


where  (E,  F,  G ) are  given  functions  of  u and  v.  The  kinetic  energy  of  the 
particle  is 

T = ^ ( Eu 2 + 2 Fuv  + Gif), 
and  the  Lagrangian  equations  of  motion  are 


(dT\ 

dT  _ 

dV 

d 

(dT\ 

\duJ 

du 

du’ 

dtl 

\dv) 

dr 

dv 


dv 

dv  ’ 


which  can  be  written 


(EGr  — F'2)  ii  — 


n dV  „ dV  .9 
G 3-  + F -5-  + v? 
du  dv 


„dF  rdE 


dE\ 
dv  ) 


Journ . de  Math.  (5),  in.  p.  3B1. 
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We  have,  by  differentiation, 
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Tv  dV.dV. 
V = u + ■=-  v 
du  dv 


V= 


dV ..  dV ..  d2V  . 


duUJrdv 


v + — - u2  + 2 
ou2 


d2V  . . d2V 


dudv 


uv 


dv2 


v\. 


Substituting  for  u and  v their  values  from  the  preceding  equations, 
we  have 

d_v\2  _ 2FdVdV  , „ /0FN 


V—  — (EG  — F2)-1 

where 

<3>  (u,  v)  = 


E 


dv  J 


du  dv 


d2V 


du2 


+ (EG-F*y 


G 


du 


n 


+ ( u , v) 


dVf  dF  dE  lffdE 


dV/  dE  dE  d F\) 


dv  V 


du 


)t: 


2 ^ + (EG-F2 
dudv 


'd2V 

~ + (EG-F>)- 


Ht 


du  \ du 


dE 
dv , 


¥(e? 

dv  V dv 


dv 

du 


s)}].4* 

(t°s+^S-e3 


JV(FdF  ip9(?  1P5(J 

+ W\FH~vEdi  ~^Fdu 


V\ 


The  quantities  occurring  in  this  equation  can  be  expressed  in  terms  of 
deformation-covariants *.  The  principal  deformation-co variants  connected 
with  the  surface  whose  line-element  is  given  by  the  equation 

ds2  = Edu 2 + 2 Fdudv  + Gdv2 
are  the  differential  parameters 

A<*  ♦)-(*»-  *">-  {E^-±-F^±+f^)  + a gf } 

4 W . (EG  - FT-  {*©)’-  » 1 1 + O © 

*■  <*>  - [s  |<“  - *->*  («  R - * W 

+ |-  {(.£(?  - i©i  ( - F ^ + E ty) 
ov  ( V ou  dv) 

where  <£  and  yjr  are  arbitrary  functions  of  the  variables  u and  v. 

With  this  notation,  the  preceding  equation  becomes 

F=-A1(F)  + <D(2i,  v). 

* The  definition  of  a deformation-covariant  is  given  in  the  footnote  on  page  109. 
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Utilising  the  equation  of  energy 

Eu2  + 2 Fuv  + Gv2  = 2 (h  - F), 
and  observing  that  the  expression 

<P(u,v)  <f>{dV/dv,-dV/du) 


Eu 2 + 2 Fuv  + Gv 2 ^ (0  F/0v)2  - 2^  (0  V/dv)  (0  F/0w)  + G (0  F/0w)2 
contains  the  quantity  ( udV/du  + vdV/dv)  as  a factor,  we  can  write 

2(fc-F)/, 


F=-MF)  + 


+ (Xlt  + yU.'V)  F, 


Ai(F) 

where  \ and  ft  contain  in  their  denominators  only  the  quantity 


and  where  /F  denotes  the  expression 

<f>  (0  F/0v,  - 0 V/du)/(EG  - F2) ; 
we  readily  find  that  Iv  can  be  expressed  in  the  form 

Iv=  MF)  A2(F)-iA(F,  A^F)). 


Consider,  on  the  orbit  of  the  particle,  a point  at  which  F has  a minimum 
value;  at  such  a point  F is  zero  and  V is  positive  : as  Ax  (F)  is  essentially 
positive  (since  the  line-element  of  the  surface  is  a positive  definite  form),  it 
follows  that  /F>  0,  the  inequality  becoming  an  equality  only  when  AX(F)  is 
zero,  i.e.  at  an  equilibrium-position  of  the  particle. 

As  the  particle  describes  any  trajectory,  the  function  F will  either  have 
an  infinite  number  of  successive  maxima  and  minima  (this  is  the  general  case) 
or  (in  exceptional  cases)  the  function  will,  after  passing  some  point  of  the 
orbit,  vary  continually  in  the  same  sense.  Suppose  first  that  the  former  of 
these  alternatives  is  the  true  one : then  if  we  divide  the  given  surface  into 
two  regions,  in  which  Iv  is  positive  and  negative  respectively,  it  follows  from 
what  has  been  proved  above  that  the  former  of  these  regions  contains  all  the 
points  of  the  orbit  at  which  F has  a minimum  value,  i.e.  it  contains  in  general 
an  infinite  number  of  distinct  parts  of  the  orbit,  each  of  finite  length ; whereas 
in  the  other  region,  for  which  Iv  is  negative,  the  particle  cannot  remain  per- 
manently. These  two  parts  of  the  surface  are  on  this  account  called  the 
attractive  and  repellent  regions.  Each  of  these  regions  exists  in  general,  for 
it  is  easily  found  that  any  isolated  point  of  the  surface  at  which  V is  a mini- 
mum (i.e.  any  point  where  stable  equilibrium  is  possible)  is  in  an  attractive 
region,  and  any  point  at  which  F is  a maximum  is  in  a repellent  region. 


It  is  interesting  to  compare  this  result  with  that  which  corresponds  to  it  in  the  motion 
of  a particle  with  one  degree  of  freedom,  e.g.  a particle  which  is  free  to  move  on  a curve 
under  the  action  of  a force  which  depends  only  on  the  position  of  the  particle.  In  this 
case  the  particle  either  ultimately  travels  an  indefinite  distance  in  one  direction  or 
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oscillates  about  a position  of  stable  equilibrium.  The  attractive  region,  in  motion  with  two 
degrees  of  freedom,  corresponds  to  the  position  of  stable  equilibrium  in  motion  with  one 
degree  of  freedom. 

Consider  next  the  alternative  supposition,  namely  that  after  some  definite 
instant  the  variation  of  V is  always  in  the  same  sense.  We  shall  suppose  that 
the  surface  has  no  infinite  sheets  and  is  regular  at  all  points,  and  that  V is 
an  everywhere  regular  function  of  position  on  the  surface ; so  that,  since  the 
variation  of  V is  always  in  the  same  sense,  F must  tend  toward  some  definite 
finite  limit,  F and  V tending  to  the  limit  zero.  Considering  the  equation 
F=  — A1(F)  + 2 (h- V)Iv/A1(V)  + (\u  + gv)  V, 

we  see  that  if  Ax  ( F)  is  not  very  small,  X and  p are  finite  and  the  last  term 
on  the  right-hand  side  of  the  equation  is  infinitesimal ; and  consequently 
either  there  exist  values  of  t as  large  as  we  please  for  'which  Iv  is  positive  (in 
which  case  the  part  of  the  orbit  described  in  the  attractive  region  is  of  length 
greater  than  any  assignable  quantity)  or  else  AX(F)  tends  to  zero.  But 
Ai  (F)  can  be  zero  only  when  dV/du  and  dV/dv  are  zero ; if  therefore  (as  is  in 
general  the  case)  the  surface  possesses  only  a finite  number  of  equilibrium 
positions,  the  particle  will  tend  to  one  of  these  positions,  with  a velocity 
which  tends  to  zero.  A position  of  equilibrium  thus  approached  asymptotically 
must  be  a position  of  unstable  equilibrium  : for  the  asymptotic  motion  re- 
versed is  a motion  in  which  the  particle,  being  initially  near  the  equilibrium 
position  with  a small  velocity,  does  not  remain  in  the  neighbourhood  of  the 
equilibrium  position ; and  this  is  inconsistent  with  the  definition  of  stability. 

Thus  finally  we  obtain  Hadamard’s  theorem,  which  may  be  stated  as 
follows:  If  a 'particle  is  free  to  move  on  a surface  which  is  everywhere  regular 
and  has  no  infinite  sheets , the  potential  energy  function  being  regular  at  all 
points  of  the  surface  and  having  only  a finite  number  of  maxima  and  minima 
on  it,  either  the  part  of  the  orbit  described  in  the  attractive  region  is  of  length 
greater  than  any  assignable  quantity,  or  else  the  orbit  tends  asymptotically  to 
one  of  the  positions  of  unstable  equilibrium. 

Example.  If  all  values  of  t from  — oo  to  + qo  are  considered,  shew  that  the  particle 
must  for  part  of  its  course  be  in  the  attractive  region. 

178.  Application  of  the  energy  integral  to  the  problem  of  stability. 

A simple  criterion  for  determining  the  character  of  a given  form  of  motion 
of  a dynamical  system  is  often  furnished  by  the  equation  of  energy  of  the 
system.  Considering  the  case  of  a single  particle  of  unit  mass  which  moves 
in  a plane  under  the  influence  of  forces  derived  from  a potential  energy 
function  F (x,  y),  the  equation  of  energy  can  be  written 

i(^+y2)  = h-  V{x,  y). 

Now  the  branches  of  the  curve  F (x,  y)  = h separate  the  plane  into  regions 
for  which  (F (x,  y)  — h)  is  respectively  positive  and  negative  ; but  as  (#2-f  y2) 
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is  essentially  positive,  an  orbit  for  which  the  total  energy  is  h can  only  exist  in 
the  regions  for  which  V (x,  y)  < h.  If  then  the  particle  is  at  any  time  in  the 
interior  of  a closed  branch  of  the  curve  V (, x , y ) = h,  it  must  always  remain 
within  this  region.  The  word  stability  is  often  applied  to  characterise  types 
of  motion  in  which  the  moving  particle  is  confined  to  certain  limited  regions, 
and  in  this  sense  we  may  say  that  the  motion  of  the  particle  in  question  is 
stable. 

The  above  method  has  been  used  by  Hill*,  Bohlinf,  and  Darwin J,  chiefly 
in  connexion  with  the  restricted  problem  of  three  bodies. 


179.  Application  of  integral-invariants  to  investigations  of  stability. 

The  term  stability  was  applied  in  a different  sense  by  Poisson  to  a system  which,  in 
the  lapse  of  time,  returns  infinitely  often  to  positions  indefinitely  near  to  its  original 
position,  the  intervening  oscillations  being  of  any  magnitude.  It  has  been  shewn  by 
Poincare  that  the  theory  of  integral-invariants  can  be  applied  to  the  discussion  of  Poisson 
stability. 


Considering  a system  of  differential  equations 

dXy  XT  / \ 

~T7  = %r  i x2  > • • • J xn) 


for  which 


(f=  1,  2,  ...,  n\ 


is  an  integral-invariant,  we  regard  these  equations  as  defining  the  trajectory  in  n dimen- 
sions of  a point  P whose  coordinates  are  (x1}  x2,  ...,xn).  If  the  trajectories  have  no 
branches  receding  to  an  infinite  distance  from  the  origin,  it  can  be  shewn  § that  if  any  small 
region  R is  taken  in  the  space,  there  exist  trajectories  which  traverse  R infinitely  often : 
and,  in  fact,  the  probability  that  a trajectory  issuing  from  a point  of  R does  not  traverse 
this  region  infinitely  often  is  zero,  however  small  R may  be.  Poincare  has  given  several 
extensions  of  this  method,  and  has  shewn  that  under  certain  conditions  it  is  applicable  in 
the  restricted  problem  of  three  bodies. 


Miscellaneous  Examples. 


1.  Shew  that  the  motion  of  a particle  in  an  ellipse  under  the  influence  of  two  fixed 
Newtonian  centres  of  force  is  stable.  (Novikoff.) 


2.  A particle  of  unit  mass  is  free  to  move  in  a plane  under  the  action  of  several  centres 
of  force  which  attract  it  according  to  the  Newtonian  law  of  the  inverse  square  of  the 
distance : denoting  the  resulting  potential  energy  of  the  particle  by  V (x,  y),  shew  that  the 
integral 


2tt 


II 


7)2  7)2 

3-2  + ¥)logR 


V(x,  y)]\^dxdy, 


where  the  integration  is  taken  over  the  interior  of  any  periodic  orbit  for  which  the  constant 
of  energy  has  the  value  h (the  centres  of  force  being  excluded  from  the  field  of  integration 
by  small  circles  of  arbitrary  infinitesimal  radius),  is  equal  to  the  number  of  centres  of  force 
enclosed  by  the  orbit,  diminished  by  two.  ( Monthly  Notices  R.A.S.  lxii.  p.  186.) 


* Amer.  J.  Math.  i.  (1878),  p.  75.  t Acta  Math.  x.  (1887),  p.  109. 

X Acta  Math.  xxi.  (1897),  p.  99. 

§ Poincar6,  Acta  Math.  xm.  (1890),  p.  67  ; Nouv.  Meth.  in.  Ch.  xxvii. 
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3.  Let  a family  of  orbits  in 


plane  be  defined  by  a differential  equation 
d*y 


dx  2 


=<t>(x,  y), 


where  ( x , y)  are  the  current  rectangular  coordinates  of  a point  on  an  orbit  of  the  family  ; 
and  let  bn  denote  the  normal  distance  from  the  point  (#,  y)  to  some  definite  adjacent  orbit 
of  the  family.  Shew  that  bn  satisfies  the  equation 

I B m 

and  t is  a variable  defined  by  the  equation 

, /%\2 

dt  ^\dx)  • 

< ' (Sheepshanks  Astron.  Exam.) 

4.  A particle  moves  under  the  influence  of  a repulsive  force  from  a fixed  centre : shew 
that  the  path  is  always  of  a hyperbolic  character,  and  never  surrounds  the  centre  of  force ; 
that  the  asymptotes  do  not  pass  through  the  centre  in  the  cases  when  the  work,  which  has 
to  be  done  against  the  force  in  order  to  bring  the  particle  to  its  position  from  an  infinite 
distance,  has  a finite  value;  but  that  when  this  work  is  infinitely  great,  the  asymptotes 
pass  through  the  centre,  and  the  duration  of  the  whole  motion  may  be  finite. 

(Schouten.) 


5.  Shew  that  in  the  motion  of  a particle  on  a fixed  smooth  surface  under  the  influence 
of  gravity,  the  curve  of  separation  between  the  attractive  and  repellent  regions  of  the 
surface  is  formed  by  the  apparent  horizontal  contour  of  the  surface,  together  with  the  locus 
of  points  at  which  an  asymptotic  direction  is  horizontal. 

6.  A particle  moves  freely  in  space  under  the  influence  of  two  Newtonian  centres  of 

attraction ; shew  that  when  its  constant  of  energy  is  negative,  it  describes  a spiral  curve 
round  the  line  joining  the  centres,  remaining  within  a tubular  region  bounded  by  two 
ellipsoids  of  rotation  and  two  hyperboloids  of  rotation,  whose  foci  are  the  centres  of  force : 
and  that  when  the  constant  of  energy  is  zero  or  positive,  the  particle  describes  a spiral 
path  within  a region  which  is  bounded  by  an  ellipsoid  and  two  infinite  sheets  of  hyper- 
boloids of  the  same  confocal  system.  (Bonacini.) 


CHAPTER  XVI. 


INTEGRATION  BY  TRIGONOMETRIC  SERIES. 


180.  The  need  for  series  which  converge  for  all  values  of  the  time; 
Poincare  s series. 


We  have  already  observed  (§  32)  that  the  differential  equations  of  motion 
of  a dynamical  system  can  be  solved  in  terms  of  series  of  ascending  powers 
of  the  time  measured  from  some  fixed  epoch ; these  series  converge  in 
general  for  values  of  t within  some  definite  circle  of  convergence  in  the 
£-plane,  and  consequently  will  not  furnish  the  values  of  the  coordinates 
except  for  a limited  interval  of  time.  By  means  of  the  process  of  continua- 
tion* it  would  be  possible  to  derive  from  these  series  successive  sets  of  other 
power-series,  which  would  converge  for  values  of  the  time  outside  this 
interval ; but  the  process  of  continuation  is  too  cumbrous  to  be  of  much 
use  in  practice,  and  the  series  thus  derived  give  no  insight  into  the  general 
character  of  the  motion,  or  indication  of  the  remote  future  of  the  system. 
The  efforts  of  investigators  have  therefore  been  directed  to  the  problem  of 
expressing  the  coordinates  of  a dynamical  system  by  means  of  expansions 
which  converge  for  all  values  of  the  time.  One  method  of  achieving  this 
result f is  to  apply  a transformation  to  the  £-plane.  Assuming  that  the 
motion  of  the  system  is  always  regular  (i.e.  that  there  are  no  collisions  or 
other  discontinuities,  and  that  the  coordinates  are  always  finite),  there  will 
be  no  singularities  of  the  system  at  points  on  the  real  axis  in  the  £-plane,  and 
the  divergence  of  the  power-series  in  t — 10  after  a certain  interval  of  time 
must  therefore  be  due  to  the  existence  of  singularities  of  the  solution  in  the 
finite  part  of  the  £-plane  but  not  on  the  real  axis.  Suppose  that  the  singu- 
larity which  is  nearest  to  the  real  axis  is  at  a distance  h from  the  real  axis ; 
and  let  t be  a new  variable  defined  by  the  equation 


2 h.  1 + r 
to  = — log  n 

7 r 1 — t 


A band  which  extends  to  a distance  h on  either  side  of  the  real  axis  in  the 
£-plane  evidently  corresponds  to  the  interior  of  the  circle  |t|  = 1 in  the 


* Whittaker,  Modern  Analysis , § 41.  f Due  to  Poincare,  Acta  Math.  iv.  (1884),  p.  211. 


397 


180,  181]  Integration  by  Trigonometric  Series 

r-plane ; the  coordinates  of  the  dynamical  system  are  therefore  regular 
functions  of  t at  all  points  in  the  interior  of  this  circle,  and  consequently 
they  can  be  expressed  as  power-series  in  the  variable  t,  convergent  within 
this  circle.  These  series  will  therefore  converge  for  all  real  values  of  r 
between  — 1 and  1,  i.e.  for  all  real  values  of  t between  — oo  and  + oo  . Thus 
these  series  are  valid  for  all  values  of  the  time. 


181.  Trigonometric  series. 

The  series  discussed  in  the  preceding  article  are  all  open  to  the  objection 
that  they  give  no  evident  indication  of  the  nature  of  the  motion  of  the 
system  after  the  lapse  of  a great  interval  of  time  : they  also  throw  no  light 
on  the  number  and  character  of  the  distinct  types  of  motion  which  are 
possible  in  the  problem : and  the  actual  execution  of  the  processes  described 
is  attended  with  great  difficulties.  Under  these  circumstances  we  are  led  to 
investigate  expansions  of  an  altogether  different  type. 


If  in  the  solution  of  the  problem  of  the  simple  pendulum  (§  44)  we 
consider  the  oscillatory  type  of  motion,  and  replace  the  elliptic  function 
by  its  expansion  as  a trigonometric  series*,  we  have 


7 T 


sin  2 


q*  (2s—i)  m (2s  — \)  it  fx  {t  — £0) 


K g=i  1 — q2 


sm 


2 K 


where  6 denotes  the  inclination  of  the  pendulum  to  the  vertical  at  time  t ; 
K and  £„  can  be  regarded  as  the  two  arbitrary  constants  of  the  solution,  and 
jjl  is  a definite  constant,  while  q denotes  e~nK'/K,  where  K'  is  the  complete 
elliptic  integral  complementary  to  K.  This  expansion,  each  term  of  which 
is  a trigonometric  function  of  t,  is  valid  for  all  time.  Moreover,  when  the 
constant  q is  not  large,  the  first  few  terms  of  the  series  give  a close  approxi- 
mation to  the  motion  for  all  values  of  t.  The  circulating  type  of  motion  of 
the  pendulum  can  be  similarly  expressed  by  a trigonometric  series  of  the 
same  general  character. 

Turning  now  to  Celestial  Mechanics,  we  find  that  series  of  trigonometric 
terms  have  long  been  recognised  as  the  most  convenient  method  of  expressing 
the  coordinates  of  the  members  of  the  solar  system ; these  series  are  of  the 
type 

ZanVin2,  ...,nk  cos  (n161  + 7l202  + ...  + nk6k\ 

where  the  summation  is  taken  over  positive  and  negative  integer  values  of 
nlt  n2 , ...,  nk,  and  6r  is  of  the  form  \rt  + er;  the  quantities  a,  X,  and  e being 
constants.  Delaunay  f shewed  in  1860  that  the  coordinates  of  the  moon  can 
be  expressed  in  this  way;  Newcomb { in  1874  obtained  a similar  result  for 
the  coordinates  of  the  planets,  and  several  later  writers  § have  designed 

* Whittaker,  Modern  Analysis , § 203. 

t Theorie  du  mouvement  de  la  lune.  Paris,  1860.  J Smithsonian  Contributions , 1874. 

§ e.g.  Lindstedt,  Tisserand,  and  Poincar^. 
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processes  for  the  solution  of  the  general  Problem  of  Three  Bodies  in  this 
form  ; these  processes  are  also  applicable  to  other  dynamical  systems  whose 
equations  of  motion  are  of  a certain  type  resembling  those  of  the  Problem  of 
Three  Bodies.  In  the  following  articles  we  shall  give  a method*  which  is 
applicable  to  all  dynamical  systems  and  leads  to  solutions  in  the  form  of 
trigonometric  series : the  method  consists  essentially,  as  will  be  seen,  in  the 
repeated  application  of  contact-transformations,  which  ultimately  reduce  the 
problem  to  the  equilibrium-problem. 


(r=  1,  2,  ...,  n)y 


182.  Removal  of  terms  of  the  first  degree  from  the  energy  function. 
Consider  then  a dynamical  system,  whose  equations  of  motion  are 
dqr  _ dH  dpr  _ dH 

dt  dpr  ’ dt  dqr 

where  the  energy  function  H does  not  involve  the  time  t explicitly. 

The  algebraic  solution  of  the  2 n simultaneous  equations 

^ = 0 ^ = 0 

dpr  ’ dqr 

will  furnish  in  general  one  or  more  sets  of  values  (a1}  a2,  an,  b1}  h2,  ...,  hn) 
for  the  variables  (qx,  q2,  ...,  qn,  p1}  ...,pn)',  and  each  of  these  sets  of  values 
will  correspond  to  a form  of  equilibrium  or  (if  the  above  equations  are  those 
of  a reduced  system)  steady  motion  of  the  system. 


(r  = l,  2,  ...,  n) 


Let  any  one  of  these  sets  of  values  (a1}  a2,  ...,  an,  bly  b2,  ...,  bn)  be 
selected ; we  shall  shew  how  to  find  expansions  which  represent  the  solution 
of  the  problem  when  the  motion  is  of  a type  terminated  by  this  form  of 
equilibrium  or  steady  motion.  Thus  if  the  system  considered  were  the 
simple  pendulum,  and  the  form  of  equilibrium  chosen  were  that  in  which 
the  pendulum  hangs  vertically  downwards  at  rest,  our  aim  would  be  to  find 
series  which  would  represent  the  solution  of  the  pendulum  problem  when  the 
motion  is  of  the  oscillatory  type. 

Take  then  new  variables  (qf  q2,  ...,qn',  Pi,  • ••,  pn),  defined  by  the 

equations 

qr  = ar  + qr',  pr  = br  + pr'  (r  = 1,  2,  ...,  n)\ 
the  equations  of  motion  become 

dq^  dH  dpf  dH  , 1 . 

dt  =r>/’  1i  =-% / (r  = 1,  2,  w), 

and  for  sufficiently  small  values  of  the  new  variables  the  function  H can  be 
expanded  as  a multiple  power  series  in  the  form 

H = H0  + H1  + H2  + Hs  + ..., 


Whittaker,  Proc.  Lond.  Math.  Soc.  xxxiv.  (1902),  p.  206. 
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where  Hk  denotes  terms  homogeneous  of  the  &th  degree  in  the  variables 

(^l  > • • • > tfn  y Pi  > • • • > Pn  )• 

Since  H0  does  not  contain  any  of  the  variables,  it  can  be  omitted  : and  the 
fact  that  the  differential  equations  are  satisfied  when  (qx,  q2, qn',  px, ... ,pn' ) 
are  permanently  zero  requires  that  Hx  should  vanish  identically.  The 
expansion  of  H therefore  begins  with  the  terms  H2,  which  (suppressing  the 
accents  of  the  new  variables)  can  be  written  in  the  form 

H2  = ( arrq; 2 + 2 arsqrqs)  + 2 brsqrps  4-  £2  (crrpr2  4-  2crs prps), 

where  ars  = asr,  crs  = csr, 

but  brs  is  not  necessarily  equal  to  bsr.  If  the  terms  H3,  H4,  were  neglected 
in  comparison  with  H2,  the  equations  would  become  those  of  a vibrational 
problem  (Chapter  VII.). 

183.  Determination  of  the  normal  coordinates  by  a contact-transformation . 

We  shall  now  apply  a contact-transformation  to  the  system  in  order  to 
express  H2  in  a simpler  form*, — in  fact,  to  obtain  variables  which  correspond 
to  normal  coordinates  for  small  vibrations  of  the  system. 

Consider  the  set  of  2 n equations 


d tt  / 

SVr  + 0^7  -^2  \X1> 

...,  xn,  yx, 

o 

II 

0 ir  . 

— sxr  +■—  h2  (xlt  X2, 

3yr 

...,  xn,  yx, 

o 

II 

or  — syr  = arxxx  + ar2x2  4-  ...  4-  arnxn  + brly1+  ...  + brnyn 
sxr  — blrxx  4-  b2rx 2 4- ...  4-  bnrxn  4-  crxyx  4-  ...  4-  crnyn 

On  solving  these  equations,  we  obtain  for  s the  determinantal  equation 
which  in  § 84  was  denoted  by  f(s)  = 0 : we  shall  suppose  that  H2  is  a positive 
definite  form,  and  (as  in  § 84)  we  shall  denote  the  roots  of  the  equation  by 
±isx,  ±is2 , ...,  ±isn;  the  quantities  sx,  s2,  ...,  sn,  are  all  real,  and  for 
simplicity  we  shall  suppose  no  two  of  them  to  be  equal. 

To  each  root  there  will  correspond  a set  of  values  for  the  ratios  of  the 
quantities  (xx,  x2 , xn,  yx , ...,  yn) ; let  the  set  which  correspond  to  the  root 
isr  be  denoted  by  (, rxx , rx2 , ...,  rxn,  ryx,  ...,  ryn),  and  let  the  set  which  corre- 
spond to  the  root  — isr  be  denoted  by  (_ rxx , _rx2,  ...,  -rXn,  -ryXy  ...,  _ ryn ),  so 
that  we  have 

isr  ry p — Mpi  rxx  4-  Op2  rx2  4"  • • • 4*  avn  rXn  4~  bpX  ryx  4-  ...  4-  bpn  ryn , 
isr  yXp  — bXp  rxx  4-  b2p  rx2  4~ ...  4*  bnp  rxn  4*  CpX  ryx  -I-  ...  4"  Cpn  ryn  • 

* In  obtaining  the  transformation  of  this  article  a method  is  used  which  was  suggested  to  the 
author  by  Professor  Bromwich  of  Queen’s  College,  Galway,  and  which  furnishes  the  transforma- 
tion more  directly  than  the  method  originally  devised. 


(r=l,2,  ...,7l). 


400 


Integration  by  Trigonometric  Series  [ch.  xvi 


Multiply  these  equations  by  kxp  and  kyp  respectively,  add  them,  and  sum 
with  respect  to  p ; we  thus  obtain  the  equation 

n 

isr  X Op  kyp  - kxp  ryp)  = H (r,  k), 
p= i 

where 

H ( r , k)  = axx  rxx kxx  + aX2  (rXx kx2  + kXlrx2)  + ...  + bxx  (rxx  kyx  + kxx  ryx)  + . . . 

+ cllrylkyx+ 

so  that  H (r,  k ) is  symmetrically  related  to  r and  k. 

Interchanging  r and  k,  we  have 


and  therefore 


isk  'X  (kxp  rVp  rXp  kVp)  — H O’  ^)> 
P= 1 

n 

Or  d"  $k)  X (kxp  rVp  rXp  IcVp)  ~ 0- 
P=1 


-r'A'p i 


So,  unless  sr  + sk  is  zero,  we  have 

n 

X (rxp  kyp  kxp  ryp)  = 0, 
p= i 

and  consequently  5”  (r,  A;)  is  zero : if  sr  + sk  is  zero,  we  have  kxp 
kyp  = -ryp,  and  therefore 

n 

isr  X (rxp  -rVp  “ -rXp  rVp)  = H (v,  - r). 

p=l 

If  now  we  define  new  variables  (qx,  q2, ...,  qn\  pX}  ...,  pn')  by  the  equations 

qr  = iXr<h'  + &rq2'  + ...  + n®r<ln  + -1  xrPl  + • • • + -nxrPn  I ^ j g ^ 

Pr  = i yrqi  + 2 yrq*  + • • • + nyrqn  + -i  yrpi  + . . . + -nyr  Pn> 

and  if  8 and  A denote  any  two  independent  modes  of  variation,  it  is  evident 

n n 

that  the  coefficient  of  8qr'Apk  in  ^ (8qiApt-  Aqi8pi)  is  X {rxi-kyi  — -kxiryi), 

i—i  i=i 

n 

which  is  zero  when  r is  not  equal  to  k.  Thus  X (BqiApi  — A qi8pi)  contains  no 

z=i 

terms  except  such  as  (8qr'Apr'  — A qr'8pr'),  and  the  coefficient  of  this  term  is 

n 

X (rxi -rVi  — —fli  ryi)-  Now  hitherto  the  actual  values  of  rxi,  ryx  have  not 

i=i 

been  fixed,  as  only  their  ratios  are  determined  from  their  equations  of 
definition;  we  can  therefore  choose  their  values  so  that 


2 Oz  -ryi  ~ —rXl  ryi)  = 1 


i=i 


<V=1,  2, 


and  then  we  shall  have 


2 (8qlApi-Aql8pi)=  X (8qr'Apr'  - Aqr'8pr'), 

1=1  r= 1 

so  that  (§  128)  the  transformation  from  the  variables  (ql}  q2,  ...,  qn,  px,  ...,pn) 
to  the  variables  (qX)  q2,  qn',  px,  ...,  pn')  is  a contact-transformation. 
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Moreover,  if  in  H 2 we  substitute  for  ( q1}  q2,  ...,  qni  px,  ...,  pn)  in  terms  of 
(qi,  qf  ...,  qn',  Pi,  Pn),  we  obtain  ' 

= X H{r,  - r ) qr'pr' 

r- 1 


or 


H2  = iX  srqr'pr'. 

r—1 


Now  apply  to  the  variables  (<?/,  q2,  . ..,  qn',  px 
transformation  defined  by  the  equations 

„ dw  , dw 

Vr  3 p"’  Pr  ~ dqr' 

where  W = 2 {prQr  + i 4 isrqr 

r= 1 V Sr 


Pn)  the  contact- 
ed 1,  2,  n), 


which  gives 


H2  = ^%  (pr"2  + S)^Clr"'2)- 
r—1 


As  all  the  transformations  concerned  have  been  linear,  we  see  that 
Hz,  H4,  ...  will  be  homogeneous  polynomials  of  degrees  3,  4,  ...  in  the  new 
variables : and  thus,  omitting  the  accents,  we  have  the  result  that  the 
equations  of  motion  of  the  dynamical  system  have  been  brought  to  the  form 

dqr  dH  dpr  dH 

1=  Wr’  -£=~Wr  (r  ’ 

where  H — H2  + H3  + H4  + ..., 

in  which  Hr  is  a homogeneous  polynomial  of  degree  r in  the  variables,  and  in 
particular 

H2  = \ I + s*qr*). 


r—1 


It  is  clear  that  if  we  neglect  H3,  H 4,  ...  in  comparison  with  H2,  and 
integrate  the  equations,  the  solution  obtained  will  be  identical  with  that 
found  in  § 84. 

184.  Transformation  to  the  trigonometric  form  of  H. 

The  system  will  now  be  further  transformed  by  applying  to  it  a contact- 
transformation  from  the  variables  (qx,  q2,  ...,  qn,  pX}  ... ,pn ) to  new  variables 
(qx,  q2,  ...,  qn\pi , ... , pn' ),  defined  by  the  equations 


dW 


dw 


Pr~d q/’  qr~d pr 


(r  = 1,  2,  ...,  n), 


where 
so  that 


n 

W=  2 

r= 1 


Pr 


pr  = (2srqr')$  sin  pr', 


(r  — 1,  2 n). 

26 


W.  D. 


qr  = (2qry  sr~^  cos  pf 
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The  differential  equations  become 

dqI  = dH 
dt  dpr'  ’ 


dpr' 

dt 


=-dS  (r=i-2 n>’ 


where 


H — sxqx  4*  s2ql  4-  ...  4-  snqnf  4-  Hz  + H 4 4- 


and  now  Hr  denotes  an  aggregate  of  terms  which  are  homogeneous  of 
degree  Jr  in  the  quantities  qr',  and  homogeneous  of  degree  r in  the 
quantities  cos  pi,  sinj?/. 


Since  a product  of  powers  of  cos  pi,  sin£>/  can  be  expressed  as  a sum  of 
sines  and  cosines  of  angles  of  the  form  (nxpx'  4-  n2p2  4-  ...  4-  nnpn'),  where 
nlf  n2y  . ..,  nn  have  integer  or  zero  values,  it  follows  that  Hr  can  be  expressed 
as  the  sum  of  a finite  number  of  terms,  each  of  the  form 


(«iPi'  + n!lpi'+  ...  +nnp„), 

COb 

where  mx  4-  m2  4-  . . . + mn  = Jr,  \nr\^2mr, 

and  therefore  | nx  | + I n2 1 4-  ...  4-  | nn  | ^ r. 


The  function  H is  thus  expressed  in  the  form 

sin 


tt  v a mlt  m2,...,mn  „ /mx  tm2  / mn 


cos 


{nxpl  4-  n2pl  + . . . + nnpn'), 


where  for  each  term  we  have 

I Wi  | + | «*  | + • • • -f  | nn  | ^ 2 (mx  + m.2  + ...  4-  mn), 


and  the  series  is  clearly  absolutely  convergent  for  all  values  of  pi,  p2 , ... , pn', 
provided  ql,  ql,  ...,  ql  do  not  exceed  certain  limits  of  magnitude.  From  the 
absolute  convergence  it  follows  that  the  order  of  the  terms  can  be  rearranged 
in  any  arbitrary  way:  we  shall  suppose  them  so  ordered  that  all  the  terms 
involving  the  same  argument  nxpx'  + ...  + nnpn'  are  collected  together,  so 
that  H takes  the  form 

H — Cf/o,o,...,o  4“  n2,...,nn  OOS  (PiPi  d-  ••  • d"  rinpn  ) 

d-  2 bnl}n2,...,nn  sin  (ni Pi  d-  . . . 4-  nnpnr), 

where  the  coefficients  a and  b are  functions  of  qx',  q2}  ...,qn'  and  the  expansion 
of  a»lfna,...,nn  or  bnun2,...,nn  powers  of  ql,  ql , ...,  qn'  contains  no  terms  of  order 
lower  than  J [|  nx  | 4-  | n2 j 4-  ...  4-|wn|};  and  where  the  summations  extend 
over  all  positive  and  negative  integer  and  zero  values  of  nx,  n2 , ...,  nn,  except 
the  combination 

nx  = n2=  ...  = nn  = 0. 

Moreover,  the  expansion  of  a0>0>...>0  (which  will  be  called  the  non-periodic  part 
of  H,  the  rest  of  the  expansion  being  called  the  periodic  part)  begins  with 
the  terms 

sxqx'  4-  s2ql  4-  ...  4-  snqn' ; 


and,  when  qx',  qi,  . . . , qn'  are  small,  these  are  the  most  important  terms  in  H , 
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since  they  contribute  terms  independent  of  g/,  q2,  ...,  qn'  to  the  differential 
equations. 

For  convenience  we  shall  often  speak  of  qf  q2,  . qn'  as  M small,”  in  order 
to  have  a definite  idea  of  the  relative  importance  of  the  terms  which  occur. 
It  will  be  understood  that  g/,  q2,  . ..,  qn'  are  not,  however,  infinitesimal,  and 
in  fact  are  not  restricted  at  all  in  magnitude  except  so  far  as  is  required  to 
ensure  the  convergence  of  the  various  series  which  are  used. 

To  avoid  unnecessary  complexity,  we  shall  ignore  the  terms 
. ^^nun2,.,.,nn  sin  (yiiPi  + . . . + nnpn') 
in  H,  as  they  are  to  be  treated  in  the  same  way  as  the  terms 
Sa%,n2,...,nMcos(n1g)1/-l-  ...  + nnpn'), 

and  their  presence  complicates,  but  does  not  in  any  important  respect  modify, 
the  later  developments. 

The  form  to  which  the  problem  has  now  been  brought  may  therefore  be 
stated  as  follows  (suppressing  the  accents  in  the  variables)  : The  equations  of 
motion  are 

dqrJJI  dpr__dH  r _! 

dt  dpr*  dt  a qr  h 

where  H = a0j0,..., 0 + tanuU^nn  cos  (n1p1  -f  n2p2  + . . . + nnpn), 

and  the  coefficients  a are  functions  of  q1 , g2,  ...,  qn  only ; moreover , the  periodic 
part  of  H is  small  compared  with  the  non-periodic  part  aM>  _>0;  a term  which 
has  for  argument  (w^-f  n2p2-\-  ...  +nnpn ) has  its  coefficient  at  least 

of  order  i { | nx  | + | n2 1 + ...  + | nn  \ } in  the  small  quantities  gx,  g2,  . . . , qn ; and 
the  expansion  o/a0j0j  50  begins  with  the  terms  (&Lq1  + s2q2  + ...  + snqn). 

It  follows  from  this  that  when  the  variables  qlf  g2,  ...,  qn  are  small  they 
vary  very  slowly,  while  the  variables  p1,  p2)  ...  ,pn  vary  almost  proportionally 
to  the  time. 

185.  Other  types  of  motion  which  lead  to  equations  of  the  same  form. 

The  equations  which  have  now  been  obtained  have  been  shewn  to  be 
applicable  when  the  motion  is  of  a type  not  far  removed  from  a steady  motion 
or  an  equilibrium-configuratioti,  e.g.  the  oscillatory  motion  of  the  simple 
pendulum,  or  those  types  of  motion  of  the  Problem  of  Three  Bodies  which 
have  been  studied  in  § 171.  But  these  equations  can  be  shewn  to  be 
applicable  also  to  motion  which  is  not  of  this  character,  and  in  particular  to 
motion  such  as  that  of  the  planets  round  the  sun,  or  the  moon  round  the 
earth*. 

For  let  the  equations  of  motion  of  the  Problem  of  Three  Bodies  be  taken 

* Delaunay,  Theorie  de  la  Lune;  Tisserand,  Annales  deVObs.  de  Paris,  Memoires,  xvm.  (1885). 

26—2 


404 


Integration  by  Trigonometric  Series  [ch.  xyi 


in  the  form  obtained  in  § 160;  and  let  the  contact-transformation  which  is 
defined  by  the  equations 


_dW 
Pr  dqr  : 

be  applied  to  this  system,  where 


Pr  =~ 


dW 

a ql 


(r  = 1,  2,  3,  4) 


W = qlq*  + qlq 4 + 


pfrnfrrii  ( 2/im1m2 


h 

dq1 


p!2mxm3  2p!mxm3 

?7r~+ 


^a* 


The  new  variables  can  be  interpreted  in  the  following  way.  Suppose  that  at 
the  instant  t all  the  forces  acting  on  the  particle  p cease,  except  a force  of 
magnitude  m-jti^q2  directed  to  the  origin  ; and  let  a be  the  semi-major  axis 
and  e the  eccentricity  of  the  ellipse  described  after  this  instant : then 

ql  = [mxm2pa  ( 1 — e 2)}*  ql  = {mxm2pa\^. 

Further,  if  the  lower  limits  of  the  integrals  are  suitably  chosen,  pi  + q3  is 
the  true  anomaly  of  n in  its  ellipse,  and  — pi  is  the  mean  anomaly.  The 
variables  ql,  ql,  pi,  pi  stand  in  a corresponding  relation  to  the  particle  p. 


The  equations  of  motion  now  take  the  form 

dql  _ dH  dpi  _ dH 

dt  dpi  ’ dt  dql 


{r—  1,  2,  3,  4); 


when  the  particles  ra2  and  ra3  are  supposed  to  be  of  small  mass  compared  with 
ml,  and  are  describing  orbits  of  a planetary  character  about  m1,  it  is  readily 
found  that  H can  be  expanded  in  terms  of  the  new  variables  in  the  form 

H = a0j0>0)0  + cos  (nxpl  + rupl  + n3ps'  + nxpl), 

where  the  coefficients  a are  functions  of  (ql,  ql , ql,  ql)  only,  the  summation 
extends  over  positive  and  negative  integer  and  zero  values  of  nlt  n2,  n3,  n4> 
and  the  coefficient  u0j0t0>0  is  much  the  most  important  part  of  the  series.  As 
this  expansion  of  H is  of  the  same  character  as  that  obtained  in  § 184,  it 
follows  that  the  method  of  solution  given  in  the  folloiving  articles  is  applicable 
either  to  motion  of  the  planetary  type  or  to  motion  of  the  type  studied  in  § 171. 


186.  Removal  of  a periodic  term  from  H. 

We  shall  now  apply  to  the  system  another  contact-transformation,  the 
effect  of  which  will  be  the  removal  of  one  of  the  periodic  terms  from  H ; this 
will  further  accentuate  the  feature  already  noted,  namely  that  the  non-periodic 
part  of  H is  much  more  important  than  the  periodic  part  *. 

* Readers  familiar  with  Celestial  Mechanics  will  notice  the  analogy  of  this  method  with  that, 
of  Delaunay’s  lunar  theory  : the  analysis  is  different  from  Delaunay’s,  but  the  idea  is  essentially 
the  same. 
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Let  one  of  the  periodic  terms  in  H be  selected,  say 

«n„  w3,...,  n»  COS  p,  + U2p2  + . . . + nnpn). 

Write  H = a0,0 0 + % cos  ( n xpx  4-  n2p.2  + . . . + nnpn)  + R, 

so  that  R denotes  the  rest  of  the  periodic  terms  of  H ; when  we  wish  to  put 
in  evidence  the  arguments  of  which  ani,n2,...,n„.  is  a function,  we  shall  write  it 

anlt  »2, nn  (qu  q2,  ...,  qn). 

Apply  to  the  system  the  contact-transformation  defined  by  the  equations 

, dW  a W 


Pr  = 


dqr 


<lr  = 


dpr 


(r=l,  2, 


where  W = q^'px  + q*p2  + . . . + qn'pn  +f  (?/,  ql  • • • , qn',  0) 

and  0 = u-lPx  + n2p2  + . . . + nnpn ; 

we  shall  suppose  that /is  a function,  as  yet  undetermined,  of  the  arguments 
indicated.  The  problem  is  now  expressed  by  the  equations 

(iq,!  _ dH  dp^  _ 0 H 

dt  dpr'  ’ dt  dq,! 


0 = 1,  2,  ...,  n\ 


where 
H = (In 


'0,0 + •••.  ?»'  + «»!g) 


r 


at)’  "• 


5/\ 


+ ««,,», n.  •••>  ?»'  + «,»  J COS  0 + R, 


and  0 and  R are  supposed  to  be  expressed  in  terms  of  the  new  variables  by 
means  of  the  equations  of  transformation 


3/ 

* -*  + §£? 


qr  = qr+nrfe 


0=1,  2,  ...,  w). 


The  function  / is,  as  yet,  undetermined  and  at  our  disposal.  It  will  be 
chosen  so  as  to  satisfy  the  condition  that  0 shall  identically  disappear  from 
the  expression 

a/  „ , , „ dfy 


f , a/  , , a/\ 

0.0.....0  (/i  + +nn-^) 


+ CLi 


„n„...,nn  . ?»'  + «»  ^)  C0S  £ 

so  that  this  quantity  is  a function  of  ^/,  q2 , gw'  alone,  say 

® o,o, ...,o  (<?i  j $2  > ■••}  )• 

Then  the  equation 

( , df  , 3A 

So ok  •••>?»  +nn0g) 

+ + ql  + nn  ^ cos  0 = a\0. 

determines  3//30  in  terms  of  g/,  q2}  ...,  qn',  a'0t and  cos  0. 
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Suppose  that  the  solution  of  this  equation  for  df/d0  is  expressed  in  the 
form  of  a series  of  cosines  of  multiples  of  0 (which  can  be  done,  for  instance, 
by  successive  approximation),  so  that 

df  00 

^ = c0+  2 Ck  cos  Jc0, 

OU  fc=l 

where  c0,  c1}  c2>  ...  are  known  functions  of  q^,  q2,  q^,  a'M 0- 

Now  a0) 0,...,o  is  as  yet  undetermined,  and  is  at  our  disposal.  Impose  the 
condition  that  c0  is  to  be  zero;  this  determines  a'0>o,...,o  as  a function  of 
ql  ql  •••>  ql ; and,  on  substituting  its  value  in  the  series  for  df/dO,  we  have 

df/dd  = 2 ck  cos  k0, 

Jc= 1 

where  now  c1}  c2,  c3,  ...  are  known  functions  of  q/,  q2}  ...,  qn'.  Integrating 
this  equation  with  respect  to  0,  and  for  our  purpose  taking  the  constant  of 
integration  to  be  zero,  we  have 

/=  i % sin  ke. 

J 4=1  k 


The  equations  defining  the  transformation  now  become 


00  1 \ 

Pr  =Pr  + 2 J sin  k0 
k=i  k dqr 

00  | 

qr  = qr'+  nr  2 ck  cos  kO 

k=  1 ’ 


(r=  1,  2,  ...,  n). 


Multiply  the  first  set  of  these  equations  by  nlf  n2)  ...,  nn  respectively,  and 
add  them : writing 

nrpx  + n2p2  + . . . + nnpn'  = 0', 


we  have 


ff  = 0+2  1 -MI,  |%  + . . . + «n  p)  sin  kd. 

k=i  k \ a qx  dq2  dqnJ 


Reversing  this  series,  we  have 


0 = 0'+  2 dk  sin  k0', 

Jc= 1 


where  d1}  d2,  ...  are  known  functions  of  q(,  q2,  ...,  qn'.  Substituting  this 
value  of  0 in  the  equations  of  transformation,  they  become 


Pr  —Pr  + 2 rek  sin  k0' 
k=l 

OC 

qr  = qr'  + nr  2 gk  cos  k0' 

k= 1 


(r  = l,  2,  ...,n), 


where  all  the  coefficients  rek}  gk  are  known  functions  of  qx\  q2 , ...,  ql. 

Now,  before  the  transformation,  the  function  R consisted  of  an  aggregate 
of  terms  of  the  type 

R = 2 Q'mx,  m,2,  mn  COS  ( JYliPi  + . . . + Ttl nPn ) > 
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when  the  values  which  have  been  found  for  (qly  q2,  ...,  qn,  plt  ...,pn)  are 
substituted  in  this  expression,  and  the  series  is  reduced  by  replacing  powers 
and  products  of  trigonometric  functions  of  pf  p2,  . ..,  pn'  by  cosines  of  sums 
of  multiples  of  pf  p2,  . . . , pn',  it  is  clear  that  R will  consist  of  an  aggregate 
of  terms  of  the  type 

R = Xa'mit  m2, mn  cos  {m-rpx  + m2p2  + . . . + mnpn'), 
where  the  coefficients  a'  are  known  functions  of  (<?/,  q2 , . . . , ql). 


We  thus  have  the  result  (omitting  the  accents  of  the  new  variables)  that 
after  the  transformation  has  been  effected,  the  system  is  still  expressed  by  a set 
of  equations  of  the  form 


dqr  _ dU  dpr  _ __  dH 

dt  dpr  ’ dt  dqr 


(r=l,  2,  ...,  n) 

where  H = a' mx,  m2, ^ cos  (m1p1  + m2p2  + . . . + mnpn), 


and  where  the  coefficients  a'  are  known  functions  of  qx,  q2,  qn. 


Let  us  now  review  the  whole  effect  of  the  transformation.  The  differential 
equations  of  motion  have  the  same  general  form  as  before ; but  from  the 
equation 

^o,o, o d-  an  1 } n2j  nn  cos  (n-^p-y  -p  n2p2  . . . “P  nnpn ) = a 0>0j  „,}o 

we  see  that  one  term  has  been  transferred  from  the  periodic  part  of  H to  its 
non-periodic  part:  the  periodic  part  of  H is  less  important,  in  comparison 
with  the  non-periodic  part,  than  it  was  before  the  transformation  was  made. 


187.  Removal  of  further  periodic  terms  from  H. 

Having  now  completed  the  absorption  of  this  periodic  term  into  the  non- 
periodic part  of  H,  we  proceed  to  absorb  one  of  the  periodic  terms  of  the  new 
expansion  of  H into  the  non-periodic  part,  by  a repetition  of  the  same 
process.  In  this  way  we  can  continually  enrich  the  * non-periodic  part  of 
H at  the  expense  of  the  periodic  part,  and  ultimately,  after  a number  of 
applications  of  the  transformation,  the  periodic  part  of  H will  become  so 
insignificant  that  it  may  be  neglected.  Let  (aT,  a2,  •••,  an>  Pn  Aj,  •••>  fin)  be 
the  variables  at  which  we  arrive  as  a result  of  the  final  transformation : then 
the  equations  of  motion  are 

dOr_dH  d/3r__dj[ 

dt~d/3r’  dt  ~ dar  ( 

where  H,  consisting  only  of  its  non-periodic  part,  is  a function  of 
(«!,  «2>  •••>  «n)  only.  We  have  therefore 


(r=l,  2,  n), 
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which  shews  that  the  quantities  a are  constants,  and  the  quantities  /3  are  of 
the  form 

/3r  = /irt  + €r,  where  /xr  = — (r=  1,  2,  n) ; 

the  quantities  er  are  arbitrary  constants,  and  the  part  of  pr  independent  of 
(«1>  •••>  an)  is  sr. 

188.  Reversion  to  the  original  coordinates. 

Having  now  solved  the  equations  of  motion  in  their  final  form,  it  remains 
only  to  express  the  original  coordinates  of  the  dynamical  system  in  terms  of 
the  ultimate  coordinates  (alf  a2,  an,  /3lt  ...,  fin).  Remembering  that  the 
result  of  performing  any  number  of  contact-transformations  in  succession  is  a 
contact- transformation,  it  is  easily  seen  that  the  variables  (q1}  q2,  qn, 
Pi>  • • . , pn)  used  at  the  end  of  § 184  can  be  expressed  in  terms  of  (a1}  a2,  • ••>««, 
ft,  ...,  /3n)  by  equations  of  the  form 

fir=Pr  + 'Z  (miPl  + m 2^2  +***  + mnPn) 

qr  = ar  + 2mrkmii  ™2>  m>l  cos  (ra^  + m2p2  + . . . + mnpn) 

or 

Qr  ~fr  (ai>  • • •»  &n)  "b  , 171/2  f • • • 9 Rl'Tl  cos  (mxft  4-  ra2ft  + . . . + mn/3n) 

pr  = Pr+  ^mls  m2 mn  sin  K ft  + ™2ft  + • • • + mn/3n) 

(r=  1,  2,  ...,  n), 

where  the  coefficients  a and  h are  functions  of  ( alf  a2,  a^). 

From  this  it  follows  that  the  variables  (q1}  q2,  ...,  qn,  plt  ... ,pn ) of  § 182, 
in  terms  of  which  the  configuration  of  the  dynamical  system  was  originally 
expressed,  are  obtained  in  the  form  of  trigonometric  series,  proceeding  in 
sines  and  cosines  of  sums  of  multiples  of  the  n angles  ft,  ft,  ...,  /ft.  These 
angles  are  linear  functions  of  the  time,  of  the  form  prt  + er\  the  quantities 
er  are  n of  the  2 n arbitrary  constants  of  the  solution,  while  the  quantities 
pr  are  of  the  form  « 

gr  = -Sr+  2 Ckljk2,  «l  kl^ki  • • • CLnn, 

TC\  , ... 

the  coefficients  c being  independent  of  the  constants  of  integration.  The 
coefficients  in  the  trigonometric  series  are  functions  of  the  arbitrary  constants 
(«!,  «2,  an)  only. 

The  expansions  thus  obtained  represent  a family  of  solutions  of  the 
dynamical  system,  the  limiting  member  of  the  family  being  the  position  of 
equilibrium  or  steady  motion  which  was  our  starting-point. 

Evidently  also,  by  applying  the  integration-process  of  §§  186 — 188  to  the 
equations  of  motion  found  in  § 185,  ive  obtain  a solution  of  the  Problem  of 
Three  Bodies,  when  the  motion  is  of  the  planetary  type,  in  terms  of  trigono- 
metric series  of  the  kind  above  specified. 


| (r  = l,  2,  «), 
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For  the  farther  development  of  the  theory  of  the  present  chapter,  in  connexion  with 
the  Problem  of  Three  Bodies,  reference  may  be  made  to  treatises  on  Celestial  Mechanics : 
in  particular,  the  second  volume  of  Poincares  Nouvelles  Methodes  de  la  Me'canique  Celeste 
contains  an  account  of  several  methods  of  deriving  expansions,  with  a discussion  of  the 
convergence  of  the  series  obtained. 


Miscellaneous  Examples. 

1.  Let  cf)  denote  any  function  of  the  variables  qx,  q2,  ...,  q^Vxi  •••>  Pn  of  a dynamical 
system  which  possesses  an  integral  of  energy 

dd{qx,  225  —5  2^5^15  Pn)  = Constant; 

let  au  a2,  ...,  an , 6X,  ...,  bn  be  the  values  of  qt,  q2,  ...,  qn , plt  ...,  pn  respectively  at  the 
instant  t = t0;  and  let  {/,  g } denote  the  value  of  the  Poisson-bracket  (/,  g)  when  the  quan- 
tities qXi  q2i  •••>  2«5  i°i5  pn  occurring  in  it  are  replaced  respectively  by  ax,  a2,  ...,  an, 
l>i,  ... , bn. 

Shew  that 

0 (2l5  225  • • • 5 2«5^l5  •••  5 23w)==0  (®1j  «25  ^H5  ^1 5 •••>  ^n)  + (t  t^)  {(f),  ff} 


2.  Shew  that  the  dynamical  system  whose  equations  of  motion  are 

dqJbK  dp=_dH 

dt  ’bp  ’ dt  bq  ’ 


where 


*-***+ 53-— . 


iv  _ m 

2 q2  q 

possesses  a family  of  solutions  represented  by  the  expansion  (retaining  only  terms  of  order 
less  than  a*) 


3a 


3a 


where 


q=l+Ti+(j)‘ 

s=_(^+S)J+f’ 


and  a and  e are  arbitrary  constants. 
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( The  numbers  refer  to  the  pages , where  the  term  occurs  for  the  first  time 
in  the  booh  or  is  defined.) 


Absolute  integral-invariants,  265 
Acceleration,  14 

Action  and  Keaction,  Law  of,  29 
Action,  Integral  of,  243 
Adjoint  system,  281 

Admission  of  a contact-transformation  by  a 
dynamical  system,  308 
Angles,  Eulerian,  9 
Angular  momentum,  58 
Angular  velocity,  14 
Anomaly,  88 
Apex  of  a top,  151 
Aphelion,  84 
Apocentre,  84 
Appell’s  equations,  253 
Apse,  84 

Arc-coordinates,  19 

Attractive  regions  of  a field  of  force,  392 
Axes,  principal,  122 
Axis,  instantaneous,  2 
Azimuth,  19 

Bernoulli’s  principle,  182 
Bertrand’s  theorem  on  determination  of  forces, 
319 

Bertrand’s  theorem  on  impulses,  255 
Bilinear  covariant,  285 
Bodies,  Problem  of  Three,  327 
Boltzmann-Larmor  representation  of  the  Last 
Multiplier,  272 
Bonnet’s  theorem,  92 
Bracket-expression,  Lagrange’s,  287 
„ ,,  Poisson’s,  288 

Bruns’  theorem,  346 

Canonical  form  of  equations  of  motion,  259 
Central  forces,  76 
Centre,  instantaneous,  3 
,,  of  oscillation,  130 

,,  of  suspension,  130 


Centrifugal  forces,  41 
Characteristic  exponents,  388 
Christoffel’s  symbol,  39 
Classical  integrals,  346 
Coefficient  of  friction,  223 
„ „ stability,  384 

Collinear  Lagrange’s  particles,  381 
Collision,  230 

Components  of  a vector,  13 
Conjugate  determinants,  289 

,,  points  on  a trajectory,  248 
Conservation  of  energy,  61 

,,  ,,  momentum,  58 

„ ,,  angular  momentum,  59 

Conservative  fields  of  force,  37 
Constraint,  Gauss’,  250 
Contact-transformations,  282 

,,  ,,  homogeneous,  290 

,,  ,,  infinitesimal,  291 

Coordinates  of  a dynamical  system,  32 
„ elliptic,  95 

,,  ignorable  or  cyclic,  53 

,,  ignoration  of,  55 

,,  normal  or  principal,  177 

,,  quasi-,  41 

Cotes’  spirals,  81 
Covariant,  bilinear,  285 

,,  deformation-,  109 

Curvature,  least,  250 
Cyclic  coordinates,  53 

Deformation-covariant,  109 
Degrees  of  freedom,  33 
Density,  115 
Differential  form,  285 

, , parameters,  109 

Displacement  of  a body,  1 
,,  possible,  33 

Dissipation  function,  226 
Dissipative  systems,  222 


Index 
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Distance,  mean,  86 
Divisors,  elementary,  179 

Eccentric  anomaly,  88 
Elementary  divisors,  179 
Elimination  of  the  nodes,  329 
Ellipsoid,  momental,  122 
,,  of  inertia,  122 

,,  of  gyration,  122 

Elliptic  coordinates,  95 
Energy,  integral  of,  61 
,,  kinetic,  35 

„ potential,  37 

,,  total,  62 

Equations,  AppelPs,  253 

,,  first  Pfaff’s  system  of,  296 

,,  Hamilton’s,  258 

,,  Hamilton- Jacobi,  303 

,,  Jacobi’s,  329 

,,  Lagrangian,  37 

,,  Lagrangian  in  quasi-coordinates, 

41 

,,  Lagrangian  with  undetermined 

multipliers,  211 
,,  variational,  262 

Equidistant  Lagrange’s  particles,  381 
Equilibrium  configuration,  173 
Equimomental,  115 
Eulerian  angles,  9 
Exponents,  characteristic,  388 
Expressions,  Pfaff’s,  285 

,,  Lagrange’s  bracket-,  287 

,,  Poisson’s  bracket-,  288 

Extended  point-transformations,  282 
External  forces,  36 

Field  of  force,  29 

„ ,,  conservative,  37 

„ ,,  parallel,  91 

First  Pfaff’s  system,  296 
Fixity,  26 

Fixture,  sudden,  165 
Flux  of  a vector,  13 
Focus,  kinetic,  248 
Forces,  29 

,,  central,  76 
,,  centrifugal,  41 
,,  external  and  molecular,  31,  36 

„ reversed,  47 

Form,  differential,  285 
Frame  of  reference,  26 
Freedom,  degrees  of,  33 
Friction,  223 

,,  coefficient  of,  223 
Function,  dissipation,  226 


Function,  Jacobi’s,  330 
Function-group,  310 

Gauss’  principle,  250 
Gravity,  27 
Group,  Function-,  310 
Group  property,  283 
Gyration,  ellipsoid  of,  122 
,,  radius  of,  116 
Gyroscopic  terms,  191 

Hamilton’s  equations,  258 

,,  principle,  242,  245 
,,  theorem,  78 
Hamilton- Jacobi  equation,  303 
Helmholtz’s  reciprocal  theorem,  293 
Herpolhode,  150 
Hertz’s  principle,  250 
Holonomic  systems,  33 
Homogeneous  contact-transformations,  290 

Ignorable  coordinates,  53 
Ignoration  of  coordinates,  55 
Impact,  230 
Impulsive  motion,  47 

,,  ,,  Lagrangian  equations  of, 

49 

Index  of  stability,  385 
Inelastic  bodies,  230 
Inertia,  ellipsoid  of,  122 

,,  moments  and  products  of,  115 
Infinitesimal  contact-transformations,  291 
Initial  motions,  44 

Instantaneous  centre  and  axis  of  rotation,  2 
Integral  of  angular  momentum,  59 
,,  classical,  346 

,,  of  energy,  61 

,,  Jacobian,  342 

,,  of  momentum,  58 

,,  of  a system  of  equations,  52 

Integral-invariants,  261 

,,  „ absolute  and  relative,  265 

Invariable  line  and  plane,  142,  334 
Invariant  relations,  314 
Invariants,  integral-,  261 
Inverse  of  a transformation,  283 
Involution,  involution-systems,  310 
Isoperimetrical  systems,  261 

Jacobi’s  equation,  329 

„ function,  330 

,,  theorem  on  equations  of  calculus  of 
variations,  259 

Jacobi-Hamilton  equation,  303 
Jacobian  integral,  342 


Index 
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Joukovsky’s  theorem,  107 

Kinematics,  1 
Kinetic  energy,  35 
,,  focus,  248 
,,  potential,  38 
Kineto-statics,  37 
Klein’s  parameters,  11 
Koenigs  and  Lie’s  theorem,  269 
Kowalevski’s  top,  160 

Lagrange’s  bracket-expressions,  287 
,,  equations  of  motion,  37 
,,  ,,  with  undetermined  mul- 

tipliers, 211 

,,  ,,  of  impulsive  motion,  49 

,,  ,,  for  quasi-coordinates,  43 

, , particles,  381 
Lagrangian  function,  38 
Lambert’s  theorem,  90 

Larmor-Boltzmann  representation  of  the  Last 
Multiplier,  272 
Last  Multiplier,  270 
Law,  Newtonian,  85 
Least  Action,  243 
,,  curvature,  250 
Levi-Civita’s  theorem,  313 
Levy’s  theorem,  318 
Lie  and  Koenigs’  theorem,  269 
Line  and  plane,  invariable,  142,  334 
Liouville’s  theorem,  274,  311 
,,  type,  systems  of,  66 
Localised  vectors,  15 

Mass,  28 

Mathieu  transformations,  290 
Mean  anomaly,  88 
„ distance,  86 
,,  motion,  86 
Meridian  plane,  18 
Model,  46 

Molecular  forces,  31 
Moment  of  a force,  29 
,,  ,,  inertia,  115 

Momental  ellipsoid,  122 
Momentum,  47 

„ angular,  58 

„ corresponding  to  coordinate,  53 

,,  integral  of,  58 

Motion,  impulsive,  47 
„ initial,  44 
,,  mean,  86 
,,  reversed,  293 
,,  steady,  189 
Multiplier,  Last,  270 


Natural  dynamical  systems,  56 
Newtonian  law,  85 

Newton’s  theorem  on  revolving  orbits,  82 
Node,  337 

Nodes,  elimination  of,  329 
Non-holonomic  systems,  33 
Non-natural  systems,  56 
Normal  coordinates,  177 
,,  form,  376 
„ vibrations,  182,  191 

Orbit,  77 
„ periodic,  374 

Order  of  an  integral-invariant,  262 
,,  ,.  a system  of  equations,  51 

Oscillation,  centre  of,  130 

Parallel  fields  of  force,  91 
Parameters,  differential,  109 
,,  Klein’s,  11 

,,  symmetrical,  8 
Particles,  27 

,,  Lagrange’s,  381 
Pattern,  46 
Pendulum,  simple,  71 
,,  spherical,  102 

Perfect  roughness,  31 
Pericentre,  84 
Perihelion,  84 

,,  -constant,  85 

Periodic  solutions  or  orbits,  374 
,,  time,  86 

, , and  n on-  periodic  par ts  of  Hamilton  ian 

function,  402 
Pfaff’s  expression,  285 

,,  system  of  equations,  296 
Pitch  of  a screw,  5 
Plane,  invariable  line  and,  142,  334 
Planetoid,  341 

Poinsot’s  representation,  148 
Point-transformations,  282 
Poisson’s  bracket-expressions,  288 
,,  theorem,  308 
Polhode,  150 

Possible  displacements,  33 
Potential  energy,  37 
,,  kinetic,  38 
„ Schering’s,  43 

Principal  axes  and  moments  of  inertia,  122 
,,  coordinates,  177 
Principle,  Hamilton’s,  242,  245 
,,  of  Least  Action,  243 

,,  ,,  v|  Curvature,  250 

,,  „ superposition  of  vibrations,  182 

Problem  of  Threi^§Mies,  327 
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Problem  of  Three  Bodies,  in  a plane,  339 
,,  ,,  ,,  ,,  restricted,  341 

,,  ,,  two  centres  of  gravitation,  95 

Product  of  inertia,  115 

Quadratures,  problems  soluble  by,  53 
Quasi-coordinates,  41 

Badius  of  gyration,  116 
Rayleigh’s  dissipation  function,  226 
Reciprocal  theorem,  Helmholtz’s,  293 
Relations,  invariant,  314 
Relative  velocity,  14 

, , integral-invariants,  265 
Repellent  regions. of  field  of  force,  392 
Restricted  Problem  of  Three  Bodies,  341 
Resultant  of  vectors,  13 
Reversed  forces,  47 
,,  motion,  293 
Revolving  orbits,  82 
Rigid  body,  1,  31 
Rotation  about  a line  or  point,  1 
,,  instantaneous  axis  of,  2 

„ ,,  centre  of,  3 

Roughness,  perfect,  31 

Schering’s  potential  function,  43 
Screw,  5 

Similarity  in  dynamical  systems,  46 
Sleeping  top,  201 
Smoothness,  31 
Solubility  by  quadratures,  53 
'Solution,  periodic,  374 
Spherical  pendulum,  102 
,,  top,  155 
Spirals,  Cotes’,  81 
Stability  of  equilibrium,  182 
,,  ,,  steady  motion,  189 

,,  ,,  orbits,  384,  394 

,,  coefficient  of,  384 

,,  index  of,  385 

Steady  motion,  159,  189 
Sub-groups,  290 
Sudden  fixture,  165 
Superposition  of  vibrations,  182 


Suspension,  centre  of,  130 
Sylvester’s  theorem,  179 
Symbol,  ChristofM’s,  39 

,,  of  a transformation,  292 
Symmetrical  parameters,  8 
System,  adjoint,  281 
„ dissipative,  222 
„ involution-,  310 
,,  isoperimetrical,  261 

„ Pfaff’s,  296 

Thomson’s  theorem,  256 
Three  Bodies,  Problem  of,  327 
„ ,,  ,,  ,,  in  a plane,  339 

,,  ,,  ,,  ,,  restricted,  341 

Time,  27 

,,  periodic,  86 
Top,  151 

,,  Kowalevski’s,  160 
,,  spherical,  155 
,,  sleeping,  201 
Trajectory,  77,  241 
Transformations,  contact-,  282 
,,  Mathieu,  290 

,,  point-,  282 

Translation  of  a body,  1 
True  anomaly,  88 
Two  centres  of  gravitation,  95 
Type,  Liouville’s,  66 

Variational  equations,  262 
Vectors,  13 

,,  localised,  15 

Velocity,  14 

,,  angular,  14 

,,  relative,  14 

,,  corresponding  to  a coordinate,  32 
Vertex  of  a top,  151 
Vibrations  about  equilibrium,  173 
,,  ,,  steady  motion,  189 

,,  normal,  182,  191 
,,  . of  dissipative  systems,  228 

„ ,,  non-holonomic  systems,  217 

Work,  30 


